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PREFACE

In investigating the highly different phenomena in nature, scientists
have always tried to find some fundamental principles that can explain the
variety from a basic unity. Today they have not only shown that all the
various kinds of matter are built up from a rather limited number of atoms,
but also that these atoms are constituted of a few basic elements of build-
ing blocks. It seems possible to understand the innermost structure of
matter and its behavior in terms of a few elementary particles: electrons,
protons, neutrons, photons, etc., and their interactions. Since these parti-
cles obey not the laws of classical physics but the rules of modern quan-
tum theory of wave mechanics established in 1925, there has developed a
new field of ‘‘quantum science’’ which deals with the explanation of na-
ture on this ground.

Quantum chemistry deals particularly with the electronic structure of
atoms, molecules, and crystalline matter and describes it in terms of elec-
tronic wave patterns. It uses physical and chemical insight, sophisticated
mathematics, and high-speed computers to solve the wave equations and
achieve its results. Its goals are great, but perhaps the new field can better
boast of its conceptual framework than of its numerical accomplishments.
It provides a unification of the natural sciences that was previously incon-
ceivable, and the modern development of cellular bioclogy shows that the
life sciences are now, in turn, using the same basis. ‘‘Quantum biology’’ is
a new field which describes the life processes and the functioning of the
cell on a molecular and submolecular level.

Quantum chemistry is hence a rapidly developing field which falls
between the historically established areas of mathematics, physics,
chemistry, and biology. As a result there is a wide diversity of back-
grounds among those interested in quantum chemistry. Since the results
of the research are reported in periodicals of many different types, it has
become increasingly difficult for both the expert and the nonexpert to
follow the rapid development in this new borderline area.

The purpose of this serial publication is to try to present a survey of
the current development of quantum chemistry as it is seen by a number
of the internationally leading research workers in various countries. The

ix



X Preface

authors have been invited to give their personal points of view of the
subject freely and without severe space limitations. No attempts have
been made to avoid overlap—on the contrary, it has seemed desirable to
have certain important research areas reviewed from different points of
view. The response from the authors has been so encouraging that a
thirteenth volume is now being prepared.

The Editor would like to thank the authors for their contributions
which give an interesting picture of the current status of selected parts of
quantum chemistry. The topics in this volume cover studies of atomic and
molecular structure, collision and surface phenomena, electronic and
photoelectron spectra, as well as method developments including some
extensions of the self-consistent field approach. Some of the articles em-
phasize studies in fundamental quantum theory and quantum statistics,
and others applications to comparatively complicated systems.

It is our hope that the collection of surveys of various parts of quantum
chemistry and its advances presented here will prove to be valuable and
stimulating, not only to the active research workers but also to the scien-
tists in neighboring fields of physics, chemistry, and biology who are
turning to the elementary particles and their behavior to explain the de-
tails and innermost structure of their experimental phenomena.

PER-OLOV LOWDIN
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1. Introduction

The Schrodinger equation, within the Born—-Oppenheimer approxima-
tion, can be solved accurately for one- and two-electron diatomic mole-
cules. Therefore, since its inception these species have played an impor-
tant role in the development of quantum chemistry. One has only to
consider the papers by Burrau (1927), Heitler and London (1927), and
James and Coolidge (1933) to recognize this fact. These papers formed the
foundations for the work which is reviewed here. The Born—-Oppenheimer
electronic Schrodinger equation for the hydrogen molecular ion is separa-
ble in elliptic coordinates and Burrau successfully solved the separated
equations. Heitler and London placed the intuitive idea of the valence
bond on a firm quantum mechanical basis and this led to a qualitative

1
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2 David M. Bishop and Lap M. Cheung

understanding of the hydrogen molecule. Six years later James and
Coolidge, using the method Hylleraas had applied to the helium atom,
calculated the dissociation energy of the hydrogen molecule and obtained
agreement with experiment to within almost three figures. This paper, a
prototype of many to follow, showed that the molecular Schrodinger equa-
tion was capable of giving quantitative results. It was central to the
conversion of those remaining ‘‘doubters’’ to ‘‘believers’’ in the ways of
quantum mechanics.

The average reader might well ask why, approximately 50 years later,
papers are still being published in this area of quantum chemistry: Have
the problems not been solved? There are many answers to this question
and we will now give those which, to us, seem the most pertinent.

The first answer concerns the accuracy of calculated and experimen-
tally determined observable properties. The calculation of observables
has a pivotal position in quantum chemistry. As Sir Arthur Eddington, the
famous British astronomer, is reported to have said: ‘*You cannot believe
in (astronomical) observations before they are confirmed by theory.’’ This
interplay between theory and experiment is a major component in the
progress of science and as often as the theoretician must revise his results
in the light of new experiments, so must the experimentalist do the reverse
(e.g., the dissociation energy of H,, the van der Waal’s well in He,). For
one- and two-electron molecules the most important observables are
those obtained by spectroscopic methods and the accuracy for transition
frequencies is usually at least 0.1 cm™!. A dazzling example is that of
Wing et al. (1976) who obtained transition frequencies for HD* to within
+0.002 cm™!. To use units more familiar to theoreticians (the only com-
mon denominator in the choice of units by theoreticians and spectros-
copists is an abhorrence of SI units; in Table I conversion factors are
given), an energy of 0.1 cm~! is equivalent to 0.5 x 107¢ hartrees or 0.3

TABLE 1
UNITS®
Quantum mechanical International
(a.u.) Spectroscopic system
Distance 1 bohr (a,) 0.529177 A 0.529177 x 107 m
Energy 1 hartree 219,474.64 cm™! 4.359828 x 10718
Mass 1 amu (m,) 5.48580 x 10~ 9.10953 x 1073 kg

unified amu («)

2 Based on the fundamental constants given by Cohen and Taylor (1973).
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cal/mole, which, for the molecules under discussion, means energies must
be calculated to at least seven significant figures. This is an accuracy 3000
times greater than so-called chemical accuracy (1 kcal/mole). To achieve it
clearly requires that the Schrodinger equation be solved almost exactly
and that only the most refined wave functions will be relevant. This then
establishes work of this nature in the top left-hand corner of Pople’s (1965)
two-dimensional chart of quantum chemistry, and progress as being verti-
cal movement (from bottom to top) on the chart. Improvement in calculat-
ing, e.g., the rovibronic energies of Hf and H, is therefore not some form
of arcane sport but rather a reaction to and a reflection of what is happen-
ing experimentally. Lest it should be thought that it is only spectroscopic
observables that require near-exact wave functions for their evaluation, it
should be pointed out (see Section II,C) that only with the very best
wave functions can one even obtain two significant figures for the static
hyperpolarizability of H,.

It is apropos to mention here some recent papers by Woolley (1978)
and by Woolley and Sutcliffe (1977). They draw attention to the fact that
the Born-Oppenheimer approximation (assumption of infinite nuclear
masses) cannot be justified in any simple way in a completely nonclassical
theory. This then leads to the abandoning of molecular structures, poten-
tial curves, and surfaces, and leaves us with what is known as nonadiaba-
tic theory. It is stressed by Woolley that, more and more, experiments will
be concerned in the future with practically isolated molecules (very dilute
gases) and, with the concomitant higher resolution (increased accuracy),
there will be the need for nonadiabatic calculations. Though Woolley’s
articles are polemical and sometimes relate only to the philosophical and
conceptual nature of quantum mechanics, they are useful in that they
draw the attention of a wider audience to the dangers of the Born-
Oppenheimer approximation; theoreticians have been aware of this for
some time. Essén (1977) has taken a view somewhat contrary to that of
Woolley and, with a new derivation of the Born—-Oppenheimer approxima-
tion, has attempted to remove at least some of the conceptual difficulties
concerning molecular structure.

Some of the papers we will review have their raison d’étre in the
prediction of quantities which have yet to be measured experimentally.
These results can be especially useful in astrophysics. As an example, the
HeH* ion is found in the mass spectrum of discharges through He-H,
mixtures but no optical spectrum of it has yet been reported. Since He and
H, occur in high abundance in the universe it is reasonable to suppose that
HeH™ exists in some regions of stellar atmospheres or interstellar clouds.
Its detection has been made easier by recent calculations of its infrared
spectrum. Another astrophysical example is the accurate prediction of the
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most likely spectrum of H} to be observed by a Jupiter satellite. An
important property which has yet to be measured directly is the qua-
drupole moment of the deuteron. It can, however, be found from combin-
ing the measurement of the electric-quadrupole-interaction constant for
D, with the calculation of the electric field gradient. It is of profound
interest that the most recent value so obtained does not agree with that
predicted by various nuclear theories.

Very often approximate theories are tested on one- and two-electron
diatomics before being applied to larger molecules. Accurate results, as
reviewed here, thereby become the yardstick for the quality of the ap-
proximations.

Some of the work we will discuss is concerned with the interpretation
of highly complex results, particularly for the most accurate calculations.
It is essential, for the process of communication, that the results be pre-
sented in an easily understood form. This is contrary, perhaps, to Wool-
ley’s view but necessary if scientific links are to be maintained.

Important review articles have previously been written by Kolos and
Wolniewicz (1963), and by Kolos (1968, 1970, 1977). The intention of this
article is not only to cover the progress of the last few years but also to
serve as a compendium of the best ‘““numbers’’ available; to this extent we
will sometimes reference work which, though older, has not yet been
improved upon. Since it is impossible to cover everything in one review
(e.g., an important area we have omitted is that of collision theory), our
main emphasis will be (a) on results which are sufficiently accurate to be
considered final or nearly final answers, and (b) areas where the greatest
strides have recently been made (e.g., nonadiabatic calculations of Hf and
H,).

The review is divided into sections which parallel the theory: Born—
Oppenheimer calculations (electronic-nuclear coupling ignored), relativis-
tic and radiative corrections (arising from use of the Schrodinger equation
rather than the Dirac equation), adiabatic calculations (electronic-nuclear
coupling partly taken into account), and nonadiabatic calculations
(electronic-nuclear coupling completely accounted for); each section is
further subdivided according to molecular species. This order, though
the reverse of what would be logically deduced from the theory by starting
from the complete Schrodinger equation, corresponds to that of increas-
ing accuracy. The theory and corresponding equations will be introduced
as necessary in the appropriate sections. Most of them were developed
by Koftos and Wolniewicz, and their coupled names appear so frequently
that we have taken the liberty of referring to them by initials only, i.e.,
KWw.
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II. Born-Oppenheimer Calculations

The separation of the coupling of electronic and nuclear motions in a
molecule by use of the Born—Oppenheimer (1927) approximation is known
well enough not to require explanation. All that need be said is that
derivations differing from the original one have been given by Longuet-
Higgins (1961) and Essén (1977). The approximation leads to two equa-
tions in place of the single initial Schrodinger equation: one electronic and
the other nuclear.

The electronic equation has the form

H"y = EXR)Yy (D

(the subscript B indicating a Born—Oppenheimer wave function), where,
in atomic units, the Hamiltonian H° is

H =3 -1V +V, )

i

V% is the Laplacian operator for electron i (for later work, where it must
be defined, this is relative to the geometric center of the nuclei), and V is
the Coulombic potential between the particles. The eigenfunction ¥y is
the Born—-Oppenheimer electronic wave function and the eigenvalues
E°%R) are a function of internuclear separation R. Equation (1) can be
solved exactly for one-electron diatomic molecules when elliptic coordi-
nates are introduced for the position of the electron. The wave function
¥y is usually expressed in terms of mathematical polynomials, e.g.,
Laguerre and Legendre, with certain fixed coefficients. However, there is
no analytic solution for two-electron diatomic molecules; usually Eq. (1) is
solved variationally with some highly flexible trial form for ¥g.

The nuclear equation, after separating out the rotational coordinates,
is
[-(2u)"'d?*/dR* + E%R) + QuR?)'J(J + D]S. AR) = E, ;S AR), (3)

where u is the nuclear reduced mass, and v and J are the vibrational and
rotational quantum numbers, respectively. S, ,(R) is the vibrational wave
function and E, is the total rovibronic energy (having electronic, vibra-
tional, and rotational components).

Equation (3), a one-dimensional Schrodinger equation, is always
solved numerically and a whole review article could be written on just this
one topic. In brief, there are three main approaches: (a) the iterative
method of Numerov and Cooley; (b) the finite-difference boundary-value
method (a matrix method); and (¢) the variation method using harmonic-
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oscillator or Morse-eigenfunction basis functions. Wicke and Harris
(1976) have studied and compared these three techniques and found that
they all give accurate results when properly applied. We have found
Johnson’s (1977) modified (renormalized) Numerov method to be both
reliable and efficient.

In general, the calculations that we will now report have been carried
out as the first step of more accurate (adiabatic) investigations.

A. HJ and Its Isotopes

Since Eq. (1) is independent of nuclear mass, E%(R) and ¥ will be the
same, for a given internuclear separation, for all the isotopes of H. Peek
(1965) has tabulated E°(R) and the eigenparameters which define ¥y for
the electronic ground state 1so, and the excited state 2po, of Hi for
R = 0.1, (0.01), 1.0, (0.05), 30.0 bohrs. Likewise Madsen and Peek (1971)
have given eigenvalues and eigenparameters at R = 1.0, (0.5), 9.0 bohrs
for all the other states which correlate at large R to a hydrogen atom with
principal quantum number (n) = 3. The eigenvalues are accurate to 10—12
significant figures and these tables should replace the better known ones of
Bates et al. (1953). Murai and Takatsu (1974) have tabulated for R = 0.0,
(0.1), 5.0 bohrs electronic energies for those states which have a quan-
tum number (m) = 4 for angular momentum along the molecular axis and
united atom quantum numbers (n and /) such that m =1 =9 and
!/ + 1 = n=10. In addition, results are given at R = 0.0, (0.5), 10.0,
(1.0), 40.0 bohrs for n = 4. Ten significant figures are reported.

However, a computer program written by Power (1973) which evalu-
ates E°(R) for any specified state of any one-electron diatomic molecule is
readily available. This program is so fast that Power has said: ‘It is
cheaper to run it to get the eigenparameters written onto tape or cards
than it is to have one of the printed tables key-punched and verified.”” We
concur.

Values of the rovibronic energies E, ; for H3, found by solving Eq. (3),
have been determined for the electronic ground state (1so,) (Beckel et al.,
1970) and for the excited states 2pw, (Beckel et al., 1973) and 3do, (Shafi
and Beckel, 1973). The Dunham spectroscopic constants (¥ ;) as well as o,
and B, were obtained both by fitting these rovibronic energies to Dunham
expansions and by expanding the original E%(R) curves in a Dunham
series. The latter are more precise.

Montgomery (1977) has evaluated a number of expectation values for
the 1so, and 2po, states of Hj as a function of R. He lists the total en-
ergy, kinetic (T) and potential (V) components, the quadrupole moment,
(x%), and (z2), where z is the electronic coordinate along the molecular
axis, for R = 1.0, (1.0), 20.0 bohrs. The values of T and V are in agree-
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ment with Ruedenberg’s conception of binding in Hi. Other expectation
values, (z2), (r?), (r?), and (R"), have been found by Bishop and Cheung
(1978a) and averaged over the three lowest vibrational states for Hj,
HD*, and D3. The purpose of this exercise was to find out how they
changed when adiabatic and nonadiabatic wave functions were used (see
Sections IV,A and V,A).

The static dipole polarizabilities (¢, o) as a function of R have been
determined by both Montgomery (1978) and Bishop and Cheung (1978d)
and the two sets of results are in near-exact agreement. Some selected
values are given in Table II. They were calculated by using variational-
perturbation (first-order) theory; the zero-order wave functions were
found exactly. These are the first (except for R = 2 bohrs) accurate values
of o and ¢ to be published. It is interesting to note that as R increases a,
goes through a maximum and then approaches the value for a H atom,
whereas «; continues to increase, becoming extremely large. This can be
understood in the following way. The ground-state electronic wave func-
tion of H3 is symmetric about the xy plane (perpendicular to and through
the midpoint of the nuclear axis) and under the perturbation xF, (where
F, is the field strength), which is applied for finding o, this symmetry is
maintained in the sense that the electron density remains balanced on
either side of this plane. Hence, at large R values the perturbed wave
function is an equal combination of the perturbed wave functions for the
species H - - - H* and H* - - - H. The polarizability o, will therefore ap-
proach the H atom value. However, if the perturbation destroys this
symmetry, as zF, does, then the electron density changes from being
equally distributed about the xy plane (and about the two protons) to
being, at large R, practically wholly centered on one of the protons, i.e.,
either H - - - H* or H* - - - H. This change implies a massive transfer of
charge under the perturbation and a very large value of «;,. We might call
this the ‘‘egg-timer effect’’: an egg timer carefully balanced horizontally
needs only a slight perturbation for all the sand to end up in one bulb. A
detailed discussion of this effect has been given by Bishop and Cheung
(1979g).

Montgomery and Rubenstein (1978), using time-dependent variational
perturbation theory, have calculated the dynamic dipole polarizabilities of
Hj3, i.e., the values of a in an oscillating field. This calculation simply
required the zero-order Hamiltonian in the first-order perturbation equa-
tion to be modified by the inclusion of the term +hv, where v is the
frequency of the oscillating electric field.

Higher static polarizabilities have been discussed by Bishop and
Cheung (1979¢). Their importance lies in such things as, e.g., the compu-
tation of potential energy curves for H,—Hj interactions, pressure-induced



POLARIZABILITIES OF Hf AS A FUNCTION OF INTERNUCLEAR SEPARATION (R)®

TABLE II

R ] o Yzzzz Yaazrx Bzz:zz B.I‘IZ xrx sz:zz C.r.r:.r.t
0.2 0.32318(0) 0.31675(0) 0.16871(1) 0.16684(1) —0.52583(0) —0.51571(0) 0.93005(— 1) 0.92271(-1)
1.0 0.11196(1) 0.77623(0) 0.12964(2) 0.11471(2) —~0.39444(1) —0.2715%(D) 0.39445(0) 0.34140(0)
2.0 0.50777(D) 0.17577(1) ~0.40935(2) 0.73038(2) —0.4186%(2) —0.13249(2) 0.19113(1) 0.12670(1)
3.0 0.19700(2) 0.29366(1) —0.76142(4) 0.25711(3) —0.32957(3) —0.38618(2) 0.66921(1) 0.33714(1)
4.0 0.70047(2) 0.39644(1) —0.25926(6) 0.59604(3) —0.21268(4) ~0.78630(2) 0.17888(2) 0.71992(1)
7.0 0.2488%4) 0.47548(1) —0.39708(10) 0.14333(4) —0.27187(6) —0.15981(3) 0.85762(2) 0.25405(2)
10.0 0.72422(5) 0.45388(1) —0.46432(14) 0.13806(4) —0.19074(8) —0.13948(3) 0.16025(3) 0.43845(2)

* The number in parentheses is the power of ten by which the entry is to be multiplied.

All values are given in atomic units.
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spectra, collision-induced rotational Raman scattering. Hyper-
polarizabilities (y), quadrupole polarizabilities (B), and field-gradient
quadrupole polarizabilities (C) were calculated for Hf in what was a ‘‘dry
run’’ for H,. These constants can be defined in the following way. Let
Greek subscripts «, 8, . . . denote vector or tensor components equal to
x, y, or z, a repeated subscript denote summation over all three Cartesian
components, and F,, F,; be the electric field and field gradient, respec-
tively, at the origin due to external charges. Then, the total dipole moment
is

Mo = pa t ausFs + 3BusyFpFy + $Yapys FsFy Fs
+ %Aa:B‘YFB‘Y +4 uBtYBFBF‘YB + - 4

and the total quadrupole moment is
O = 005 + AyapFy + 3BysapFyFs + Copyslys + 00 ¢ . &)

The values of y, B, and C were found by applying single and double
perturbation theory in order to obtain the required second- and fourth-
order energies and the first- and second-order wave functions. The results
approach the known He* values as R — 0, and behave according to the
pattern established by «; and oy as R — ». Some selected values are given
in Table II. In the light of the many experimental advances that are being
made to determine these properties (Bogaard and Orr, 1975), it seems to
us that there will be many more calculations of this type in the future.

Finally, Bishop and Cheung (1978d) have published values of the
ground-state moment functions S, (k = -3, =2, —1, 1, 2) for R = 0.2,
(0.2), 4.0, (1.0), 10.0 bohrs. These are required in order to obtain radiative
corrections (see Section III,A) and are defined by

Sk =Y folEn — Eo), (6)

where the subscript zero refers to the ground state, the subscript n refers
to the nth excited state, E, and E, are the energies, and f;, are the oscil-
lator strengths. They were found by using the following equations:

S_y = 3 + 2V WD), @)

where W’ are first-order perturbation wave functions occurring in the
dipole polarizability calculation,

S =32 + o), (8)
S_1 = F(W|r?|W,), )
S, = 3T, (10)
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where T is the electronic kinetic energy, and
S, = §7p, (D

where p is the absolute value of the electronic density at the nucleus. The
values obtained were often strikingly different from those of Bates (1972),
who used Eq. (6) directly. These differences occurred because he failed to
include sufficient contributions from the continua in his direct summa-
tions.

B. HeH2?*

The only other one-electron diatomic molecule that has been exten-
sively studied is HeH?*. Much of the interest is stimulated by the problem
of scattering of He?* by H. Murai and Takatsu (1976) have calculated the
Born—-Oppenheimer electronic energies at R = 0.0, (0.5), 10.0, (1.0), 40.0
bohrs for all those states which in the united atom limit have a principal
quantum number of 5 or less—35 states in all. They list ten significant
figures. Winter ef al. (1977) have reported energies and derivatives of the
eigenparameters (separation constants) with respect to R for the 20 lowest
states at R = 0.1, (0.1), 20.0, (0.2), 80.0 bohrs. Though they give only six
significant figures, in fact the energies were calculated to 1 part in 10,
The 2po, 4fo, and 4f7 states were found to be weakly bound. The deriva-
tives are required for treating the He?*—H scattering in the perturbed-
stationary-state approximation.

C. H, and Its Isotopes

Progress in Born-Oppenheimer calculations for the hydrogen mole-
cule has taken three forms: greater accuracy, larger internuclear separa-
tions, and more excited states. Much of it has been an extension of Kolos
and Wolniewicz’s (KW) pioneering work in the 1960s. Since for H,, Eq.
(1) is solved variationally, increased accuracy is achieved in two ways: (a)
larger basis sets (more linear parameters), (b) more flexible basis func-
tions (more nonlinear parameters).

Because of electron indistinguishability the electronic wave function is
written as:

¥, = 3 CIO(1,2) = B2, 1), (12)

where the + and — signs refer to singlet and triplet states, respectively.
For X states the most flexible form of ®; used thus far is

D, = exp(—a ¢y - azfz)[exP(Bﬂh + B:m2)
+ (=¥ exp(— By — Beme) JETEN M ME p%, (13)
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where j = 0 and 1 for states of g and u symmetry, respectively. In Eq. (13)
£; and %; are the usual elliptical coordinates of the ith electron; p = 2r,/R
(r» is the interelectronic coordinate); m;, n;, k;, I;, and gq; are positive
integers; «;, a,, B;, and B, are four nonlinear parameters which may be
optimized. When o, = a, and B8, = 8, = 0 Eq. (13) takes on the James—
Coolidge (1933) form. These wave functions explicitly include the in-
terelectronic coordinate and therefore take into account electron correla-
tion. Wave functions which do this through configuration interaction will
be mentioned only briefly when we discuss certain properties later on.
For II states the most general wave function used thus far is

¥, = 3 CIO(1, 2%, = B2, Dxl, (14)

i=1

where x; denotes the Cartesian coordinate of the ith electron perpendicu-
lar to the nuclear axis and

D; = exp(—a €, — aé,) cosh(Bim + Bamp)éTéR nfmyp%. (15)

1. Ground-State Potential Curve

Near the equilibrium internuclear separation (1.4 bohrs) Bishop and
Cheung (1978¢) have shown that substantial improvement (a drop of 0.2
cm™!) can be made to the earlier KW (1968b) curve which was based on a
100-term basis set. They achieved this by considering basis sets chosen in
a systematic and orderly way; namely, if a basis set forming ¥y is denoted

as (apa,a, - - - /b), where a, = max(m; + k) = max(n; + [;) for gq; = p,
b = max(m; + n; + k; + I;) for any value of g; (the power of p), and all
functions within these constraints are included, then raising a4, a, - - - in

concert and separately raising b is an efficient test of energy convergence.
It was found that using the basis set (6453/7) energy convergence is less
than 0.02 cm™ and E°1.4) = —1.17447565 hartrees, lower by 0.19 cm™!
than the previous ‘‘best’’ value. This basis set contained 249 terms and it
was assumed that a; = «a,, 8; = B; = 0. This drop is due to the choice of
basis functions as much as to the increase in the number of them: Even for
the (5342/5) set (with 107 terms) E°, at R = 1.4 bohrs, is 0.11 cm™! lower
than the ‘‘best’” 100-term value of KW. Optimizing all four nonlinear
parameters does not appear to be necessary when one is close to the
equilibrium internuclear separation; Kolos and Rychlewski (1978) did op-
timize them and with a 130-term basis set found E%1.4) = —1.17447540
hartrees, which is only 4 X 1078 hartrees lower than Bishop and Cheung’s
130-term (6453/5) value. At least in this region of R, the optimization of all
the nonlinear parameters does not seem to be worth the effort: It is much
easier to expand, in a logical fashion, the basis set.
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For larger R values KW (1975b) have improved the ground-state curve
in the region 2.4 = R = 8.0 bohrs by using the basis functions of Eq. (13)
rather than James—Coolidge functions. Their best wave function con-
tained 72 terms. Near 4.4 bohrs the energy decrease is quite substantial
(about 5 cm™!) and this goes a long way to remove the previous differences
between the theoretical and experimental vibrational quanta; in fact the
corrections are almost exactly those which were semiempirically pre-
dicted by LeRoy and Bernstein (1968). For 6 < R < 12 bohrs a 60-term
wave function with the basis functions of Eq. (13) but with a; = «, and
B: = —B; has been used (KW, 1974). Improvement (over KW, 1965) of
several cm™! takes place at the short end of the range but it tapers off at
the long range to only 0.1 cm™'. These results have been used to investi-
gate the convergence of the perturbation expansion of the polarization
energy (Kotos, 1974).

A useful table of the best ground-state potential curve (including
adiabatic and relativistic corrections) has been given by Bishop and Shih
(1976, 1977).

2. Excited-State Potential Curves

The following singlet excited states have been investigated: the two
lowest 27 excited states labeled E,F and G,K (they both have double
minima, the first symbol being the label for the inner minimum); the three
lowest 'Z; states, labeled B, B’, and B”,B (the third having a double
minima); the two lowest 'I1, states, labeled C and D; and the lowest 'II,
state labeled 1. In most cases the work involves an improvement on that
previously published by an increase in the number of basis functions, so
that now, typically, 70-80-term wave functions are used.

For the E,F and G,K states Wolniewicz and Dressler (1977) used basis
functions of the form:

D, = exp(—aé; — aé + B T Bzﬂz)fi"ifgiﬂ’finlziPQi’ (16)

which, when symmetrized, are identical to those of Eq. (13). Born—
Oppenheimer energies are given for 1 = R < 15 bohrs, but the authors
caution that these cannot be considered final results and an improvement,
in the vicinity of the minima of the GK curve, of several cm™! is quite
possible.

The B '3} curve has been improved in the 1 = R = 12 bohrs range by
KW (1975a) with a drop of 5.2 cm™! near the equilibrium separation. This
was done by extending the basis set, Eq. (13), to 88 terms. It has also now
been calculated by Kotos (1975b) to include the 12 = R < 20 bohrs range;
in addition, he investigated the perturbation expansion of the polarization
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energy in this range. The B’ curve has been computed to within a few cm™!
(Kolos, 1976b) for 1.2 = R = 20 bohrs and does not show a previously
predicted double minima. On the contrary, however, the next higher 'Z}
state (B”,B) does; this is in agreement with experiment. This curve too
should be accurate to a few cm™! (Kolos, 1976b).

For the C and D states ('II,), the wave function of Egs. (14) and (15)
was used by Kotos and Rychlewski (1976). Curves are given for
1 = R = 12 bohrs and 1 = R = 25 bohrs for the C and D states, respec-
tively. An 80-term wave function was used for both states and the energies
are anticipated to have converged to 1-2 cm™.

Only one 'I, state (I) curve has been reported (Kotos and Rychlewski,
1977); it was based on a 75-term wave function with the form of Eq. (14).

In addition to the above singlet states, the following triplet-state
curves are available: a 32} (Kolos, 1975a), b 33F (KW, 1974), ¢ ®II, and i
31, (Kolos and Rychlewski, 1977). In general, 60-80 basis functions were
used with wave functions having the form of Eqgs. (12) and (14) for the =
and II states, respectively, and taking the negative sign in these equations.

3. Other Properties

Most of the properties of the hydrogen molecule have been evaluated
using the adiabatic approximation and these results will be given in Sec-
tion 1V,B. Spectroscopic properties (vibrational quanta, rotational con-
stants, etc.) calculated using the Born—-Oppenheimer approximation [i.e.,
solving Eq. (3) with the E°(R) of the previous two sections] usually agree
poorly with the experimental values and to blame this on the breakdown
of the approximation is understandable. In fact, one of the reasons for
obtaining BO values is to enable us to make comparison with more accu-
rate values.

Electronic ground-state vibrational quanta AG(v + 1) have been given
by Wolniewicz (1966) and Poll and Karl (1966) for H,, D,, and HD. They
differ by 1-2 cm™ from the experimental values. Vibrational energies and
rotational constants for the E,F and G,K states of H,, D,, and HD have
been listed by Wolniewicz and Dressler (1977), in both cases for values of
v up to the dissociation limit. A number of BO properties are known for
the B’ and B”,B states (Kolos, 1976b); these include dissociation energies,
vibrational and rotational quanta for H,, D,, HD. The discrepancies with
experiment are quite large (e.g., 40.3 cm™~! for D, for H, in the B’ state) but
clearly mass dependent and hence compatible with the breakdown of the
BO approximation. The same properties, with similar conclusions have
been found for the C, D, I, c, and i states (Kolos and Rychlewski, 1976,
1977).

Expectation values (¥5|O|W¥y) of the electronic coordinates (17, 712,
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13, 1y, 134, 12, rahy, XX, etc.) and the quadrupole moment for H, with a
range of R values have been given by KW (1965) for the electronic ground
state.

Ford and Browne (1973) have applied the direct sum-over-states
method to calculate the dynamic dipole polarizability and anisotropy of
H,, i.e.,

aw) = X fou/l(E, — Eo)? — h?v?). (17

The energies E, and oscillator strengths f;, were found from wave func-
tions, which were of the configuration-interaction type but modified so
that the S, = 2 and S_; = $(W¥|r?|¥) sum rules were satisfied. This tech-
nique had been originated by Dalgarno and Epstein (1969). Agreement
with experiment was roughly 1%.

The static higher polarizabilities v,.,.,, B....., and C,,.,,, as defined in
Eqgs. (4) and (5), have been computed by Bishop and Cheung (1979f) at
R = 1.4 bohrs using the methods previously applied to Hf. They turned
out to be extremely sensitive to the quality of the unperturbed and per-
turbed wave functions. In Table III we show a few cases where the basis
for the gerade component of ¥ is being expressed by larger and larger
expansions of the form used by Bishop and Cheung for the energy calcula-
tions. It is apparent that even with 194 basis functions convergence is only
1%. Static dipole polarizabilities (a) are also shown; KW (1967) have
calculated values of a for a range of internuclear separations using smaller
basis sets.

D. HeH*

Green et al. (1974a,b) have carried out configuration-interaction calcu-
lations for the ten lowest singlet 2 states of HeH*. They did so for a range
of R values from 0 to 50 bohrs and at the same time calculated the dipole,

TABLE III

STATIC POLARIZABILITIES OF H,%*

Basis N ., Yezzz B.o: Corizz
(5342/5) 107 6.3847 636 —-87.2 5.83
(6453/5) 130 6.3849 661 —88.8 5.94
(6453/6) 194 6.3851 667 —-89.2 5.97

% For R = 1.4 bohrs.
® Values are given in atomic units.
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gradient, and radial-coupling matrix elements between the states for use in
perturbed-stationary-state collision theory for light atoms.

Kolos (1976a) and Kotos and Peek (1976) have reported a much more
accurate calculation for the ground state of HeH* for R values of 0.9t0 9.0
bohrs. They used a variational wave function of the form of Eq. (12) with
83 basis functions of the type given in Eq. (16); these were not symmet-
rized as HeH" is heteronuclear. The nonlinear parameters («;, as, B, B2)
were, however, optimized with a smaller (45-term) basis. The resulting
potential energy curve has been used to compute the quasi-bound-state
spectrum (Kolos and Peek, 1976) and the infrared spectrum (Dabrowski
and Herzberg, 1977). The latter workers also, using the dipole moment
data of Peyerimhoff (1965) and Michels (1966), found the intensities of the
transitions.

In the paper by Kolos (1976a) results are also given for the two excited
states of HeH™: A '2Z* (4 = R < 10) and a *Z* (3 <= R = 10) and he has
studied the long range part of these curves. He concluded that the
He* . . . H interaction energy is mainly determined by the second- and
higher-order polarization and exchange energies. This 1s in contradistinc-
tion to his findings for H,, where (a) for two ground-state H atoms the
main contributions are first-order exchange and second-order polarization
energies, (b) for a 1s and 2po H atom they are first-order polarization and
second-order exchange energies.

Bishop and Cheung (1979b) have considerably improved the Kolos-
Peek curve. They used the same type of wave function but with 255 basis
functions, i.e., a (5321/5) basis set. Some near-linear dependence in these
functions was avoided by orthonormalizing with Léwdin’s canonical
method and excluding those orthonormal functions which correspond to
the smallest eigenvalues of the overlap matrix. The lowering of the
potential curve ranged from 2.3 to 5.4 cm™! and the extrapolated value
at R = = (found by putting a zero charge on the proton at R = 6.0 bohrs)
is only 0.3 ¢cm~! from the exact He value (Kolos’ value differed by
2.4 cm™). The inclusion of basis functions with a r}, component is un-
doubtedly one reason for the improvement.

E. He3"

The second state of 'S} symmetry and the first state of ‘2 symmetry
of this molecular ion appear to be capable of supporting six and eight
vibrational levels, respectively. This has been confirmed by Bishop and
Cheung (1979¢), who have calculated the BO curves with wave functions
of the form of Eq. (12) and have included 153 basis functions, i.e., the
basis set (552/5). In contrast to some earlier calculations these wave func-
tions lead to the correct dissociation products (He + He?*). Values of E,
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as well as the usual spectroscopic constants were tabulated. For (‘*Z})*
R, = 3.58 bohrs, w, = 620 cm™! and for '3} R, = 3.26 bohrs, w, = 658
cm™l.

III. Relativistic and Radiative Corrections

The relativistic and radiative corrections have only been calculated for
the electronic ground states of Hf and H,. The relativistic correction
makes up for the fact that the Schrodinger equation is used in place of the
Dirac equation and it has spin—orbit-interaction, mass-variable-effect, and
Darwin-effect components. It is of the order of a?, where « is the fine
structure constant. The radiative correction (Lamb shift) is quantum elec-
trodynamic in origin and is largely due to the self-energy of an electron in
its field; it is of the order of a®. Both effects are small compared with those
due to the assumption of infinite nuclear mass (see Sections IV and V) but
it is convenient to consider them now since they are often included in the
adiabatic calculations. As an indication of their importance, for the first
vibrational transition in HJ, the relativistic and radiative corrections are
0.036 and —0.009 cm™!, respectively.

A. Hi and Its Isotopes

Luke ef al. (1969) have shown, through reduction of the Dirac Hamil-
tonian to nonrelativistic form, that the relativistic correction to the BO
potential curve is

AE(R) = (‘I'BlHrell\pB>y (18)
where
et 8 |
Hoo = = R@ - ol
+ 13 (£ — 1)(8/9¢) — 2 1 — n?)o/8
= 4K LE+ W& %3(/851 nz)fn( URICTAL P
with
e = —2[E°R) — 1/R] 20)
and
Ko =[(1 — a®%/4)(¢& — n*) + 8a?¢/R]. 21

Bishop (1977) has evaluated the integral in Eq. (18) using a 96 x 96
Gauss—Legendre quadrature. The integral had to be subdivided, however,
because of the singularity at ¢ = n = 1. He listed values for R = 0.2,
(0.2), 3.0, (0.5), 10.0 bohrs. These have been used in the HJ calculations
discussed in the next two sections.
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Gonsalves and Moss (1979) have used a different method to obtain the
relativistic-correction operator (H,.) and have shown that all terms to
order o2 in Eq. (19) are included even when K| is put equal to unity [using
the expression in Eq. (21) brings in some, but not all, terms of order a*].
With K, = 1, the second term in Eq. (19) is simply —wa?p(R), where p(R)
is the electronic density at the nucleus. Values of this second term are a
mere 0.05% greater when K, = 1.

To second order in the electromagnetic interaction, the correction to
the BO energy due to radiative effects is given in cm™! by

AE(R) = 0.2272[9.781 — In(k,/ hartree)]p(R) (22)

(Bethe and Salpeter, 1957; Gersten, 1969). In this equation In(k,/ hartree)
is the Bethe logarithm and p(R) is again the electronic density at the
nucleus; both are functions of the internuclear separation. The Bethe
logarithm is notoriously difficult to calculate accurately, but it may be
approximated (Garcia, 1966) by

In ko = [d(In i)/ dk]i-2, (23)

where S are the moment functions, Eqs. (7)-(11). The S, moment func-
tion is equal to the number of electrons (Reich-Thomas—Kuhn sum rule)
and S, s = «. In order to determine this derivative S, must be expressed
in a functional form. Using the values given by Bishop and Cheung
(1978d), S, has been fitted to the following function of k:

S«(R) = gu(R) + 24; 4Rk + bRI2.5 — k)9, 24)

where
g(R) = fou(E, — Eo)* + folE; — Eyk (25)

[these are the first two terms in the sum in Eq. (6)]. The parameter g was
established by similar calculations on H and He [where the derivative in
Eq. (23) at k=0, 1, and 2 is known exactly] to be in the range
1.5<g<19. With g = 1.5 Bishop and Cheung found In(k,/
hartree) = 2.35 for R near the equilibrium internuclear separation; for
g = 1.9 it is 2.56. Corrections to the vibrational spacings with either of
these values of the Bethe logarithm were practically the same. Details are
given by Bishop and Cheung (1978d).

B. H, and Its Isotopes

The only relativistic corrections for H, are those evaluated over 15
years ago by Kolos and Wolniewicz (1964). They were computed using
the two-electron relativistic Hamiltonian which can be derived from the
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Breit equation in the Pauli approximation. The correction is then a sum of
the following four terms:

g1 = a?{1(A,Vp[A, W) — HEO) + EXWeV¥s) — KW V2¥)},  (26)

g2 = 3a®(Wpri[V, Vo + (r3) 'rin(r V) V] ¥s), 27
es = ma?(Wy[26(r,,) — 8(r)]¥s), (28)
es = 2ma?( WV 8(ri2)¥p). (29)

Values of these terms for 0 = R =< 3.6 bohrs were found by using a 54-
term wave function based on James—Coolidge functions.

The correction to the BO potential curve due to radiative effects is (in
cm™)

AE = 0.2195{4[3.225 — 0.330 In(k,/ hartree)]
+ £5[0.193 — 0.165 In(ky/ hartree)]} 30)

(Garcia, 1966; Bethe and Salpeter, 1957). Using the method already de-
scribed for HF Bishop and Cheung (1978¢) have shown that, in the region
of the equilibrium internuclear separation, the Bethe logarithm is close to
2.5 and practically constant. Using this value and the ¢, and g5 values from
KW (1964), AE was computed and the effect of the correction on the
vibrational levels determined. The v = 0 — v = | transition was changed
by 0.022 cm™! and this change declined to 0.011 cm™! for the
v = 9— v = 10 transition.

IV. Adiabatic Calculations

With respect to rigor, the adiabatic treatment lies between the Born—
Oppenheimer and the exact nonadiabatic treatment. It retains the concept
of a potential energy curve, while a nonadiabatic treatment does not, and
is consequently much more ‘‘acceptable’” to those who have classical
ideas about molecular structure. The theory has recently been thoroughly
reviewed by Kolos (1970) and we will therefore simply state the essential
equations. Incidentally, Kolos’s review contains an interesting discussion
of the limiting values of the adiabatic corrections.

Ignoring, for the moment, relativistic and radiative corrections, the
total molecular Hamiltonian, after separating out the center of mass coor-
dinates, can be written for an n-electron diatomic molecule as

H=H+H’, 31
where H? is defined by Eq. (2) and

n

2 n
H' = ~@u) i - G ( v,-) - Qu)" Ve 3. (D)

i=1
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In Eq. (32) V% is the Laplacian operator for one nucleus relative to the
other, V; is the gradient of the ith electron relative to the geometric center
of the nuclei, u is the reduced nuclear mass, and u, = mym,/(m, — m,),
where m, and m, are nuclear masses relative to the electron rest mass
(m.). Expressing the total wave function as an expansion of products of
nuclear functions and BO e¢lectronic wave functions (Born, 1951) and
introducing it into the Schrédinger equation with the above Hamiltonian
leads to a set of coupled equations. These may be uncoupled by neglecting
the so-called off-diagonal correction terms (this is the adiabatic approxi-
mation). This leads to the replacement in Eq. (3) of EXR) by U(R), where

UR) = (Vy|H|¥5) = EXR) + (Wg|H'|¥y) = EXR) + AE(R) (33)

and ¥y is defined by Eq. (1). AE(R) is the adiabatic correction to the BO
potential energy curve. If ¥y is symmetric (e.g., Hf, HD*), the last
(heteronuclear) term in Eq. (32) does not appear in AE(R).

We will now discuss a few general facts concerning the evaluation of
AE(R). First, the correction is not particularly sensitive to the quality of
V. For example, Bishop and Cheung (1978¢) have found that for H, near
the equilibrium separation the difference in AE(R) using their 107-term
(5342/5) wave function and using the KW (1964) 54-term wave function is
only 0.02 cm™!; whereas, the difference in E°(R) for the two cases is about
1.0 cm™!. Consequently, much smaller basis sets can be used to find AE(R)
than can be used to find E°(R).

Kari et al. (1973) have suggested an alternative adiabatic approxima-
tion, whereby the so-called mass-polarization term, —(8u) (2%, V)%, is
added to H® before Eq. (1) is solved. This produces a slightly different BO
wave function (V%) and AE(R) becomes

AE*(R) = (WE|(H® + H")|¥§) — (Va|H|Ws). (34)

Both Pritchard and Wolniewicz (1976) and Bishop and Cheung (1978¢)
have tried this out for H, near the equilibrium separation and concluded
that the alternative approximation drops the adiabatic correction by only
0.04 cm™!.

Colbourn (1976) has followed up the proposal of Hunter et al. (1966)
that in the electronic equation the electron reduced mass wu, =
me(m, + m,)/(m, + m, + m,) should be used in place of m,. She has
computed the adiabatic curves for HD* with both approaches and finds
that they differ by roughly 0.009 cm™!. The differences in the vibrational
quanta are negligible—one or two parts in 105,

As well as adding AE(R) to E°(R) one can also add the relativistic and
radiative corrections. Use of such a curve in Eq. (3) will then produce
adiabatic-relativistic-radiative rovibronic energy levels.
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A. H} and Its Isotopes

Accurate adiabatic corrections for Hi have been tabulated for
R = 0.2, (0.1), 10.0 bohrs by Bishop and Wetmore (1973a). They were
given in their component parts of —(Wg|V3| ¥y )/2u and — (V3| V2| g )/8u
and the exact ¥y was used. With these values, vibrational quanta were
calculated for Hf, HD*, and D3 (Bishop and Wetmore, 1973a,b, 1974). As
an example of the effect of the adiabatic correction, a few values are
shown in Table IV for Hj. It is seen that the spacings decrease by several
tenths of a reciprocal centimeter.

Beckel et al. (1970) have also carried out adiabatic calculations for Hj.
They used Kolos’s adiabatic corrections, which were available for a lim-
ited number of R values. By expanding their curves in a Dunham series,
they were able to find the spectroscopic constants Yj;, w,., and B,.. The
values of w, are 2323.55 and 2324.38 cm™!, respectively, with and without
the adiabatic correction and the values of B, are 29.9511 and 29.9674
cm™!, respectively.

Two tables of the rovibronic energies for H3 and its isotopes have been
published. One is by Hunter ez al. (1974) for H, HD*, and D; and adiaba-
tic corrections are included. The other is by Bishop (1976a) for HD+, HT™,
and DT* and both adiabatic and relativistic corrections are included.

The effect of the adiabatic corrections on the electronically and vibra-
tionally averaged values of z2, r2, r,, r2, r;', R™%, R, R, R? has been
investigated by Bishop and Cheung (1978a) for H}, HD*, and Dj. It was
found that the expectation values of all the coordinates to positive powers
increase (attributed to nuclear relaxation) and those to negative powers
decrease. The magnitude of the changes was approximately inversely
proportional to the reduced nuclear mass. Values for the ground state
(v = J = 0) of Hi are given in columns 2 and 3 of Table V.

Adiabatic curves have been published for only two of the excited
states of Hy, namely 2pm, and 3do, (Bishop et al., 1975). For the 2pm,

TABLE IV

VIBRATIONAL QUANTA AG(v + ) FOR H7 ¢

v Born-Oppenheimer Adiabatic
0 2192.0 2191.3
1 2064.7 2064.1
2 1941.6 1941.1
3 1822.1 1821.7

¢ Values are given in cm™.
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TABLE V

ADIABATIC (A,) AND NONADIABATIC (A,) CORRECTIONS TO
THE BORN-—-OPPENHEIMER (BO) EXPECTATION VALUES
FOR THE GROUND STATE OF Hj ¢

BO A, A,
(z2) 1.1717 0.0004 ~0.0004
(r?) 2.4795 0.0007 0.0003
(ra) 1.6925 0.0003 0.0002
(r2) 3.5572 0.0012 0.0003
(Y 0.84281 —0.00012 —0.00020
(R?) 0.24405 ~0.00013 0.00000
(R™) 0.49084 —0.00013 0.00000
(R) 2.0634 0.0005 0.0000
(R?) 4.3111 0.0023 0.0000

@ Values are given in atomic units.

state, corrections are given at R = 2.0, (0.5), 5.0, (0.1), 15.0, (0.5), 30.0
(5.0), 90.0 bohrs and for the 3do, state, at R = 1.0, (0.5), 3.0, (0.1), 14.0,
(0.5), 30.0, (5.0), 90.0 bohrs. Adiabatic spectroscopic constants and rovi-
bronic energies (0 = v =< 11and J = 1for2pm,and 0 < v =< 30and J = 0
for 3do,) were determined. The 1so,~2pw, transitions are of importance
to astronomers investigating the atmosphere of Jupiter. The Lyman-«
satellite associated with the [sg,—2pm, transition, previously predicted to
lie at 1240.5 A, is shifted by adiabatic effects to 1241.3 A. This change in
wavelength makes it now unlikely that the 1240.5 A absorption in the Zeta
Tauri spectrum is due to the 1so,—2pw, satellite.

B. H, and Its Isotopes

1. The Electronic Ground State

More than 15 years later, the best values of the adiabatic corrections
AE(R) for H, remain those of KW (1964). They were determined at
0.4 = R < 3.7 bohrs using a 54-term electronic wave function. As men-
tioned previously, Bishop and Cheung (1978e) have confirmed these re-
sults in the region of the equilibrium internuclear separation and found
that more accurate wave functions do not substantially change them (only
by approximately 0.02 cm™!). In the literature there is only one alterna-
tive, but less accurate, calculation: that by Ford et al. (1977). They used
14- and 24-term configuration-interaction type wave functions and do give
some results at R values not considered by KW (i.e., 4, 6, 8 bohrs).
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However, their accuracy is probably no better than 2 cm™!. As well as
listing the total correction at each R value, they also give its component
parts and, in particular, V% is split into (8%/8R?) and (L% + L2) and the
corresponding integrals are calculated separately. It is the integral over
9% 0R? which is the most difficult to evaluate. It has also been calculated
by a sum-over-states procedure (see Section 11,C,3) by Ford (1974) at
R = 1.4 bohrs.

Bishop and Shih (1976, 1977) have tabulated potential energy curves,
for both H, and D,, which incorporate adiabatic and relativistic correc-
tions and are based on the best available data. With these curves they
computed E, ;for0 =v=14and 0 = J = 4 for H; and for 0 = v = 20
and 0 = J = 4 for D,, as well as the vibrational-kinetic energies and rota-
tional constants. Their results for E, ; differed, on average, by about 0.1
cm~! from those of KW (1975b), since the latter had used outdated values
for the nuclear masses.

Expectation values of various coordinates of H, (e.g., %, 322 — r%,r;},
Z,Z,) using adiabatic vibrational-rotational wave functions, have been cal-
culated by Wolniewicz (1966). They were based on the unaveraged values
of KW (1965} and, though somewhat outdated, are still the only ones in
the literature. Because of its importance in astrophysics (it allows the
determination of H, abundances in planetary atmospheres), Poll and Wol-
niewicz (1978) have recently investigated the quadrupole spectrum of H,.
They calculated the matrix elements of the quadrupole moment between
different vibrational-rotational states to an accuracy of approximately
0.1%. The quadrupole moment as a function of R was also given (see
Section V,B,1). Similarly, the hexadecapole moment of H, has been com-
puted by Karl et al. (1974) in order to allow interpretation of the induced
spectrum of H, at high pressure.

2. The Electronic Excited States

Adiabatic corrections for the lowest (double minima) excited state of
symmetry 'ZF (E,F) have been calculated (KW, 1969) for H, in the region
1.5 = R = 4.7 bohrs. They show a sharp peak near the maximum of the
BO potential curve. Wolniewicz and Dressler (1977) have computed the
corrections for the second excited state of symmetry 2} (G,K) for
1.5 = R = 4.5 bohrs. They have also tabulated vibrational energies and
rotational constants for H,, HD, and D, for both excited states when the
adiabatic corrections are added to the BO curve. Though the E,F state can
support a number of vibrational levels, the G,K state for H, can support
only one in each of the minima. The accuracy of their results is difficult to
determine since the errors vary unsystematically due to the different in-
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terpolations of the adiabatic corrections. In comparison with experiment,
the v = 0 levels of the E,F state lie about 6 cm™' below the calculated
ones for all three species and the near equality of these differences indi-
cates a remaining error in the BO E,F potential curve. As v increases the
differences become greater and show a systematic dependence on the
reduced nuclear masses. This indicates either errors in the adiabatic cor-
rections or the importance of the interaction with the G,K state (or with
even higher '>] states), i.e., nonadiabatic contributions, which have been
neglected. The lowest inner-minima vibrational level of G,K is within 6
cm™! of the observed level; this good agreement is due to a cancellation of
errors (BO error and neglect of nonadiabatic effects).

The adiabatic corrections (1.5 = R = 5.0) for the lowest state of '}
symmetry (B) have been worked out by KW (1966) using a 54-term wave
function of the correct symmetry. Combining them with an accurate BO
curve, KW (1975a) have determined the vibrational levels for H,, HD and
D, for this state. They differ from the experimental values by amounts, in
places, as large as 12 cm™! (for H,) or 8 cm™! (for D,). The discrepancies in
vibrational quanta are nonuniform and less than |1 cm™'. The burden for
these differences is, once more, placed upon nonadiabatic effects and an
inaccurate BO curve. Ford et al. (1977) have used their configuration-
interaction method to extend the range of the corrections from R = 5.0 to
10.0 bohrs, as well as repeating the calculations at KW’s points. As was
the case for the ground state, the agreement with KW when 26 configura-
tions were used is within 2 cm™'. There appears to be a minimum in the
correction near 8 bohrs.

The same workers (Ford et al., 1977) have been the only ones to
estimate the corrections for the two lowest 'I1, states. They used a 6- and
an 18-term wave function for the C and D states, respectively, and, com-
bining the results with the BO curves of Kolos and Rychlewski (1976),
determined the vibrational energies for H,. They thereby removed most of
the mass-dependent part of the previous discrepancies between theory
and experiment. The remaining discrepancies are: mass-independent
[1.5-3.2 cm™! and 6 cm™! for C and D, respectively (BO in nature)] and
mass-dependent [1.0-3.5 cm™! and 4 cm™!' for C and D, respectively
(nonadiabatic in nature)].

Ford et al. (1975) have calculated approximate (10-20 cm™! accuracy)
adiabatic corrections for the second lowest 'Z! state (B’) using
configuration-interaction wave functions.

Adiabatic corrections have been estimated for only one triplet state:
a 3%t (KW, 1968a). Five values were found in the range 1.5 < R < 4.0
bohrs and were used, together with the BO curve, to determine the vibra-
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tional energy levels, vibrational quanta, and rotational constants for H, in
this state. The energy levels differ from the experimental ones from 1 to 5
cm™.

C. HeH*

The only accurate adiabatic calculation for HeH* was carried out by
Bishop and Cheung (1979b). The corrections for 0.9 < R < 6.0 bohrs
were found by using the same 45-term wave function [with basis functions
as in Eq. (i6)] that Kolos (1976a) had used to optimize the nonlinear
parameters in the calculation of E%R). The corrections were added to the
“improved”’ Kolos-Peek BO curve discussed in Section II,D and the
rotational-vibrational levels were found for 0 = v =2, 0 =J < 2. For
these levels the accuracy was considered to be better than 1 cm™! and, due
to error cancellation, even better for the vibrational spacings. For higher v
values the accuracy declines since the potential curve is defined by a very
limited number of points. It was found that adiabatic effects decreased the
dissociation energy (if the products are He and H*) by 7.6 cm~! to 14,873.6
cm™! and that, e.g., AG(®) and AG(#) are decreased by 0.9 and 0.8 cm™!,
respectively. Expectation values of R", n = —3, (1), § for the three purely
vibrational states, were also reported.

An approximate calculation of the corrections for HeH* has been
given by Price (1978), who has used them to obtain the energies and
widths of the quasi-bound (high J value) rotational-vibrational states of
several HeH™* isotopes. The differences between his corrections (adjusted
to zero at R = «) and those of Bishop and Cheung are of the order of a
reciprocal centimeter.

V. Nonadiabatic Calculations

The methods we now consider are the most accurate of all and are, in
principle, exact; they are said to be nonadiabatic. To date, nonadiabatic
calculations have only been carried out for two species (and their
isotopes): Hy and H,.

Following KW (1963), two coordinates describing overall rotation can
easily be removed from the complete nonrelativistic, nonradiative
Schrodinger equation (from which the center of mass coordinates have
already been separated out) by introduction of a particular rotating coor-
dinate system. The total wave function is represented by

X
¥ =3 Qf.auf (3%

A=-K
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where 1}, . are eigenfunctions of K? (the operator for the square of the
total angular momentum of the molecule in the space-fixed reference sys-
tem), K.. (the component of K in the direction of the space-fixed axis z'),
and L, (the z component of the electronic angular momentum). They are,
because of the axial symmetry of diatomic molecules, the same as the
wave functions of a symmetric top.

The Schrodinger equation then becomes a set of 2K + 1 coupled equa-
tions:

K K K = K
Hyauf + Hyptth_y + Hyaqufs = Equf,

A=-K, -K+1, ...,K, (36)

where
HA',A = <Qlll‘;K,A'|H|QIIfIK,A>' (37)

The u¥ depend only on the relative positions of the particles. Explicit
expressions in elliptical coordinates for the terms entering H, , are to be
found in the appendix of KW (1963). Only for nonrotational = states
(K = 0) is there a single equation, i.e.,

Hyoud = Eous, (38)
which is often written simply as
HY = EV¥ (39

with the understanding that H is to be read as (Q3,|H|Q3,).

Differences of approach in nonadiabatic calculations arise when it
comes to solving Eqgs. (36) or Eq. (39). Bishop and Cheung (1977b, 1978e)
have solved Eq. (39) for H and H, variationally using very large basis
sets (e.g., 1070 terms). The basis functions explicitly involved both elec-
tronic coordinates and the internuclear separation (R). Because the gener-
alized eigenvalue problem, which had to be solved, involved very large
matrices (which were neither sparse nor had off-diagonal elements which
were small compared with the diagonal ones) a special method had to be
found for its solution. This was achieved through the group-coordinate
relaxation method (Cheung and Bishop, 1977), where groups of coeffi-
cients in the eigenvectors were varied simultaneously. Iteration was con-
tinued until convergence had been achieved.

Wolniewicz and co-workers have used first-order variational perturba-
tion theory to solve a number of nonadiabatic problems: the vibrational
energy levels of the electronic ground states of Hy and HD*; the rotational
energies of H;, HD, and D,; the dipole transitions in HD.

Much more approximate methods are those involving (a) multichannel
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quantum defect theory, (b) Rayleigh—Schrodinger perturbation theory
coupled with the Unsold approximation, and (c) semiempirical Hamilton-
ians.

Another approach to the nonadiabatic problem is that based on the
Born (1951) or Born and Huang (1956) expansion. It is assumed that the
Born-Oppenheimer electronic equation has been solved to yield a spec-
trum of electronic wave functions ¥,(r, R), where r and R stand for
electronic and nuclear coordinates. The full Schrodinger equation is then
solved on the assumption that the required solution ¥(r, R) can be writ-
ten as

V(r, R) = 3 ¥lr, AR (40)

Woolley and Sutcliffe (1977) have criticized this procedure, but do admit
that it is justified for diatomic molecules, if not for polyatomics. Nonethe-
less, there are, a priori, no grounds for expecting the expansion in Eq. (40)
to converge quickly; there are expansions like Eq. (40) (see Section V,A, 1)
which do, but the s, are not then the BO electronic wave functions. Eq.
(40), with two terms, has been used by Orlikowski and Wolniewicz (1974)
to calculate the nonadiabatic vibrational levels of H, and D, in their elec-
tronic ground state and by Dressler ez al. (1979), again with two terms, to
calculate the nonadiabatic coupling between the E,F and G,K 'Z} states
of H,, HD, and D,.

Very recently it has been suggested that the Generator Coordinator
Method (GCM), which has been developed by physicists for constructing
nuclear wave functions (Griffin and Wheeler, 1957), could be used in
nonadiabatic molecular calculations (Lathouwers et al., 1977; Lathouw-
ers, 1978). This suggestion has yet to be put into practice but we will
sketch the basic principles. The complete wave function is written as an
integral over generator coordinates («) and is reminiscent of the integral-
transform functions once used by Bishop and Somorjai (1970) for atomic
wave functions:

V,(r, R) = [ f(o)u(r|0$(Rla) de. @1

In this equation r and R represent electronic and nuclear coordinates,
respectively; f(a) are weight functions, where a nuclear configuration is
denoted by a set of a values; y,(r|a) are eigenfunctions of Hy(a); and
&(R|a) is a disposable function sharply peaked around «. In essence the
finite sum in Eq. (40) has been replaced by an infinite sum of continuously
labeled configurations which are weighted by f(a). These latter functions
may be determined from integral equations derived from the variational
principle. It can be seen that if ¢(R|a) is chosen to be 8(R — a) then
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¥, (r, R) simply becomes f(R)y,(r|R), the BO solution. The GCM has been
used as an alternative to the configuration-interaction method in molecular
calculations by Laskowski et al. (1978); it will be interesting to see how it
works out in actual practice for nonadiabatic calculations.

Finally, many of the nonadiabatic wave functions are highly complex
and intrinsically avoid the well-loved concepts of structure and potential
curves. This is part of the price we must pay for accuracy. However,
some attempts have been made to make them more ‘‘accessible’’ and
these will be discussed.

A. Hf and Its Isotopes
. Exact Calculations

Following the preliminary investigation by Bishop (1974), Bishop and
Cheung (1977b) have calculated certain low-lying infrared transition
frequencies for H, D, HD*, HT*, and DT*. This work was stimulated
by the highly accurate (+0.002 cm™') measurement of the vibrational-
rotational spectrum of HD* by means of an ion-beam laser-resonance
method (Wing et al., 1976). Eq. (39) was solved variationally by using as a
trial wave function

!\.

im ke
v = Y Cudurlé, m, B)
i=0 j=0,2 k=0
i gk
+ 3 X S Cudulé, m, R. (42)
i=0 j=1,3 k=0

In this equation the second triple summation only occurs for the
heteronuclear molecules. The Cy;, are linear variational parameters found
by solving the usual secular equation. The basis functions, where £ and 7
are electronic elliptical coordinates and R is the internuclear separation,
were expressed as

duc(€, m, R) = exp(—af) cosh(Bn)En’R > expli(—x?)]Hi(x), (43)

where x = y(R — 8); H,(x) are Hermite polynomials; «, B8, v, and & are
adjustable parameters chosen to minimize the lowest energy level; and i, J,
and k are integers. In order to increase the basis-set size and study the
resulting energy-convergence logically, the values of i, j,, and k, were
raised in unison, but with the proviso that basis functions with
(i +j+ k) > 15 were excluded. This raising was continued until the
energy of the vibrational level under consideration changed by less than
2 x 107° hartrees. For the heteronuclear molecules the required number
of terms in the second triple summation in Eq. (42) was not very great and
il, jm, ki, were raised together, but with no restriction placed on
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(i +j + k). As an example of basis-set size, for the third lowest nonrota-
tional energy level of the heteronuclear molecules, the values i, = 9,
Jmn = 14, k, = 15,1, = 4,jI, = 5,k], = 6 were used—>515 functions in all.

Values of the nonadiabatic as well as the adiabatic energies (the differ-
ence is labeled A,) and the relativistic-radiative corrections (A,) were cal-
culated for the low-lying states (0 < v < 2,0 <= J < 2; v is the vibrational
and J the rotational quantum number) of all five ions. The change in the
nonadiabatic correction due to change of rotational quantum number (the
nonadiabatic calculations were restricted to rotationless states) was deter-
mined by an approximate formula (Colbourn and Bunker, 1976); the effect
(4A;) is so small that this approximation is not at all serious. Sample results
for the ensuing transitions, labeled (v, J) — (v’, J’), are given in Table VI
for HD™*. The final frequencies, with estimated accuracy to +0.002 cm™',
are in more than satisfactory agreement with the experimental values
(final column). It is interesting to speculate that if the theoretical and
experimental values were determined to an accuracy greater by one order
of magnitude, the accuracy of the masses of the nuclei assumed in the
theory would determine the degree of agreement. The dissociation energy
of H can be found from the results presented to be 21,379.4 cm™'.

An interesting alternative calculation (though not as accurate as the
previous one) of the nonadiabatic corrections for the four lowest vibra-
tional levels of Hf and DJ has been performed by Wolniewicz and Poll
(1978). They write the total wave function as

v =v,+V¥, (44)

where W, is the adiabatic wave function, and then solve variationally the
first-order perturbation equation

(H - Ea(l)‘P’ = _H,\I,ady (45)

TABLE VI

TRANSITION FREQUENCIES AND CORRECTIONS FOR HD**

Transition Vadiabatic A, Az 4, Viotal Vexnt
(1,0)-(0,0) 1913.1243 0.0240 -0.1522 0 1912.9961 —
(2,00-(1,0) 1816.9800 0.0216 —0.1369 0 1816.8647 —
(1,00-(0,1) 1869.2621 0.0226 -0.1522 0.0026 1869.1351 1869.134
(1,h-(0,2) 1823.6600 0.0212 —0.1522 0.0052 1823.5342 1823.533
2,h-(1,0 1856.8983 0.0227 -0.1369 —0.0026 1856.7815 1856.778

“ Values are given in cm™'.
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where H' is defined in Eq. (32). The nonadiabatic correction is then given
by the second-order energy

E" = (V|H'|V.q). (46)
¥, was determined in the standard way and ¥’ was expanded as
V' =% Cuahn(R)gc(&)Pi(m), 47)

nkl

where

g = exp(—yENE + 1P[(€ — D/(€ + DY,
h. = R™2 exp[—B(R — Ry)IH,[B(R — Ry)],

P, and H, are Legendre and Hermite polynomials, respectively, and C,y,
v, a, B, and R, are all variational parameters. Nine Hermite polynomials
and 22 g,.P, combinations were included in the sum in Eq. (47)—198 terms
in all. As an example of their results, values for the energies of the lowest
three nonrotational states of H} and HD* are shown in Table VII and
compared with Bishop and Cheung’s (1977b) completely variational re-
sults. A reasonable explanation for the latter’s better (i.e., lower energy)
values is that their calculation involved roughly 50-100% more basis func-
tions.

Nonadiabatic corrections for (z%), (r?), (r,), (R7%), etc. have been
calculated using the best variational wave functions for Hf, HD*, and Dy
(Bishop and Cheung, 1978a; see Table V). They are negligible for expecta-
tion values involving R (Karl and Poll, 1967, have previously noted that
the correction for such values is zero to first-order perturbation theory)
and of the same order of magnitude as the adiabatic corrections for the
others (making it futile to calculate one correction without the other).

TABLE VII

NoNADIABATIC ENERGIES OF Hf AND HD**

Hy HD+
v W and P B and C W and P Band C
0 —0.597139050 —0.597139062 —0.597897961 -0.597897967
1 —0.587155616 —0.587155676 —0.589181818 —-0.589181825
2 —0.577751795 —-0.577751866 —0.580903575 —0.580903679

" Values are given in atomic units.
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2. Interpretation of Exact Results

Here, we would like to briefly discuss two possible ways which have
been used to interpret the exact nonadiabatic Hj calculation: One turned
out to be a failure and the other a success.

The failure was the belief (Bishop and Hunter, 1975) that if the
nonadiabatic wave function for each vibrational state was expressed as

W(r, R) = ¢(r, R)f(R), (48)
where ¢(r, R), the conditional probability amplitude, is defined such that
(¢(r, R)|§(r, R)), = 1 (49)

(integrating over electronic coordinates), then a nonadiabatic pseudopo-
tential

U(R) = (¢(r, RYH¢(r, R) ), (50)

would be both relevant and only slightly different (due to nonadiabatic
effects) from one state to the next. It was hoped that U(R), as well as being
only slightly different from the adiabatic potential curve, would also be
variational so that a trial ¢(r, R) could be optimized and found without
recourse to a full nonadiabatic calculation. Unfortunately, Bishop and
Cheung (1977a) have shown through a counterexample (the generalized
coupled-harmonic-oscillator problem) that U(R) is not variational, and
Czub and Wolniewicz (1978) have shown that the f(R) are nodeless and
that consequently there are potential barriers in U(R) at the positions of
the nodes of the adiabatic vibrational wave function for states v # 0. The
fact that f(R) is nodeless for the coupled-harmonic-oscillator case is
verified by inspection of the equations; for H; a phase change (creating a
node) was inserted in the values derived for f;(R) by Bishop and Hunter at
the position where more recent and closer inspection reveals there is only
a minimum and not a zero.

More successful and fruitful was a natural-orbital analysis of the H
nonadiabatic wave function (Bishop and Cheung, 1979a). The theory they
developed was independently and almost simultaneously discussed by
Goscinski and Palma (1979), though these workers gave no applications.
Basically, the idea was to expand the total wave function in natural orbi-
tals (NOs) separately involving electronic and nuclear coordinates, just as
two-electron correlated wave functions can be expressed in terms of
natural orbitals which involve a single electron. The equation which ex-
presses this is

V(R = 3 mrb(X(R), 51)

i=1
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TABLE VIII

THE EFFECTS OF TRUNCATION OF THE NATURAL ORBITAL EXPANSION OF THE
GROUND-STATE NONADIABATIC WAVE FUNCTION OF Hf ON E, §, (z%), AND (R?2)®

Number of
terms AE AS A{z?) A(R?)
1 —0.0053963326 0.0021411826 -0.012252 0.000290
2 -0.0000886488 0.0000167198 —0.000094 0.000006
3 —0.0000014136 0.0000001888 —0.000001 0.000000
4 ~0.0000000217 0.0000000023 0.000000 0.000000
S —0.0000000004 0.0000000000 0.000000 0.000000

% The values given are the differences between the exact values and those obtained by
using one to five terms in the natural orbital expansion (with renormalization). The exact
values are: energy, F = —0.5971390625; overlap, § = 1; (z2) = 1.171737; and (R?) =
4.313278. All values are given in atomic units.

where the n; can be considered occupation numbers, and ®,(r) and X(R)
are called electronic and nuclear natural orbitals, respectively. The X(R)
were determined such that the first-order density matrix is diagonal:

p(R, R") = (¥(r, RI¥(r, R, = 3 nX(RX{R) (52

i=1

and the ®,(R) were found from
®(r) = ni7"*(¥(r, R)|X(R) )s. (53)

Eq. (51) bears a resemblance to the Born expansion, but this resem-
blance is only superficial; plots of the ®/r) show that though ®,(r) is
similar to the lowest BO electronic wave function, the subsequent ones
are not. Furthermore, natural-orbital expansions are known to converge
very rapidly (there is no such proof for the Born expansion, though it has
often been assumed) and this is illustrated by the results in Table VIII. It is
apparent that the original 308-term wave function can be satisfactorily
reproduced by just five NOs of each type. It might even be possible to
determine a priori the NOs of Hf, and hence the nonadiabatic wave func-
tion, by using a method similar to that which Kutzelnigg (1963) used to
determine the electronic NOs of He.

3. Approximate Hamiltonians
An approximate Hamiltonian to replace the one in Eq. (3) and which
effectively accounts for nonadiabatic effects has been intuitively deduced
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by Bishop and Shih (1976, 1977). It was later put on a more rigorous
foundation by Bunker and co-workers (1977; Bunker and Moss, 1977). For
nonrotational states it takes the form

H. = —(2u)™' d?/dR? + U(R) + o(R{U(R) — E,o}, (54)
where U(R) is the adiabatic potential,
a(R) = —k(2u)"'(y°|d?/dR*y°), (55)

k is an adjustable parameter, ° is the BO electronic wave function and
E,, is the adiabatic vibronic energy. The value of K was chosen so that the
lowest energy level coincided with the true nonadiabatic value. It seems
to work quite well, since the lowest vibrational spacings for Hf and D3
agree to six figures with the exact ones.

These results, together with some experimental data, have been used
by Kuriyan and Pritchard (1977) to model a correction term AV such that
when it is added to U(R) and Eq. (3) is solved there is agreement with the
known nonadiabatic rovibronic energies. By doing this they have been
able to tabulate ‘‘nonadiabatic’’ energies for a broad range of rotational
and vibrational quantum numbers for Hf and D#. For the J > 0 levels
these are probably the most reliable values available.

B. H; and Its Isotopes
1. The Electronic Ground State

There has only been one entirely successful nonapproximate non-
adiabatic calculation of the lowest energy level of H, (Bishop and Cheung,
1978e). The method used was completely variational and based on a wave
function expanded as

N M
v = E E Cil®d(1, 2) + B2, Dlx;, (56)
i=1 j=0
where the C;; are linear variational parameters, the basis functions ®;
take the form of Eq. (13) with a; = a; and B8, = B8, = 0, and the basis
functions x; are written as

X; = R exp(—x*/2)Hj(x), (57

where x = y(R — &) and Hj(x) are the usual Hermite polynomials. The
nonlinear parameters «,, y, and & were respectively fixed at 1.117 (the
optimized value in adiabatic calculations), 4.3 (determined from the force
constant of H,), and 1.4 (the equilibrium internuclear separation). When
there are a large number of linear parameters, the results are not overly
sensitive to the choice of v and 8.

By using 107 electronic basis functions (N = 107), i.e., the basis set
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(5342/5), see Section I1,C,1, and ten radial functions (M = 9), the lowest
energy was found to be —1.16402413 hartrees. One less radial function
gave —1.16402411 hartrees, suggesting convergence with respect to M of
0.01 cm™!. Since the BO calculations at R = 1.4 bohrs showed that a
change of electronic basis from (5342/5) to (6453/7) lowered the energy
(E® by 0.08 cm™!, the final nonadiabatic energy should also be lowered by
this amount. Combining this result with the relativistic and radiative cor-
rections (Bishop and Cheung, 1978c) the final dissociation energy of H, is
determined to be 36,117.96 cm™! (Table IX), with a possible error due to
incomplete convergence of 0.1 cm™!.

This value may be compared with a semiempirical value
(36,117.8 = 0.4 cm™') found by combining the theoretical dissociation
energy of HF with the experimental ionization potential of H, (Herzberg
and Jungen, 1972) and the energy of the H atom. Stwalley (1970) has
analyzed the experimental vibrational levels of the B '3} state and con-
cluded that the ground-state dissociation energy is 36,118.6 = 0.5 cm™!.
Finally, from ultraviolet absorption studies on H,, Herzberg (1970) finds a
value lying between 36,118.3 and 36,116.3 cm~'. Looking at Table IX, it is
clear that though there is agreement between the theoretical value and the
semiempirical value, there is not with Stwalley’s value. The reason for
this is not known, though there is a similar disagreement for the dissocia-
tion energy of D, (I.eRoy and Barwell, 1975).

Comparison with adiabatic calculations showed that the lowest level in
H, is lowered by nonadiabatic effects by 0.42 cm™~'. Bunker (1972), by
considering the experimental vibrational spacings and the theoretical
adiabatic values and assuming that the differences are nonadiabatic in
origin, has predicted a value of 0.43 cm~!. This agreement between the
two values is very satisfying.

TABLE IX

DissoCIATION ENERGY OF H,?

Theoretical Experimental
Nonadiabatic 36,118.60 Semiempirical
(from Dy(H3) and IP) 36,117.8 = 0.4
Basis-set correction 0.08 Stwalley analysis 36,118.6 = 0.5
Relativistic correction —0.54 Herzberg’s absorption
Radiative correction —-0.18 limits 36,118.3 t0 36,116.3
36,117.96

@ Values are given in cm™.
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Several ground-state nonadiabatic expectation values of H, have been
evaluated (Bishop and Cheung, 1978a) and comparison with the adiabatic
values leads to conclusions similar to those made for the H7 calculations.
The ground-state rotational constant (B,) was found to be 59.337 cm™!, in
agreement with the experimental value, 59.336 + 0.001 cm™!, of Fink et
al. (1965).

Poll and Wolniewicz (1978) have estimated the nonadiabatic contribu-
tions to the H, quadrupole matrix elements of the form (vJ|Q|v'J') for
v' =J=J =0and 0 = v = 5. They did so by using perturbation theory
and the Unso6ld approximation, and this led to the expression

AQ, = QUAE)™\( xold*Q./dRx.) (58)

for the contributions. In Eq. (58) AE is the Unso6ld average excitation
energy (approximately 0.61 hartrees), Q. is the electronic part of the quad-
rupole moment operator, and x, are the adiabatic vibrational wave func-
tions. The values of AQ, were determined to be 0.1-0.2% of the adiabatic
totals. For (00|Q|00) they obtained (including the correction) a value of
0.9688 a.u.; using the expectation values of Bishop and Cheung (1978a)
one gets 0.9696 a.u. We suspect that most of the difference between these
values lies in the adiabatic part. This was calculated by Poll and Wol-
niewicz on the basis of vibrationally averaging the expectation value
(Wg|Q|Wg) with 72- and 80-term BO wave functions. This may be inaccu-
rate since Bishop and Cheung (1979f) have shown that the electronic part
of this integral at R = 1.4 bohrs changes from 0.5225 to 0.5232 to 0.5234
a.u. as one uses 54-, 78-, and 107-term BO wave functions.

A property of fundamental interest to both physicists and chemists
alike is the nuclear quadrupole moment of the deuteron (Q). Unfortu-
nately, nuclear-model calculations (McGurk, 1977) of its value differ by a
disturbing 2% from those obtained from combining the electric field
gradient ¢ in HD or D, with the appropriate experimental electric-
quadrupole-interaction constant eqQ/h (Reid and Vaida, 1975). Since the
evaluation of ¢ had been made using the adiabatic approximation it ap-
peared possible that nonadiabatic effects were responsible for the lack of
agreement between the two treatments; Bishop and Cheung (1979d) have
shown that this is not the case, however, and have confirmed Reid and
Vaida’s value. They calculated the electric field gradient at the deuteron in
the lowest rotationless state of D, using a 540-term nonadiabatic wave
function of the form of Eq. (56) (with 54 electronic and 10 nuclear basis
functions) and found (g') to be 0.16812 a.u. The corresponding adiabatic
value is 0.16795, and g is related to (¢’) by

q=2e{q"), (59
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where

(@) = (PR =3 3 (27 - rdiri| ). (60)

This difference shows that nonadiabatic effects are much less than the
desired 2%.

A calculation, similar to that for H,, has been reported for HD (Bishop
and Cheung, 1978b). They used an 858-term wave function composed of
702 basis functions [(5321/5) with 9 radial functions], with (k; + [;) even
(2, type) and 156 basis functions [(4210/4) with 6 radial functions] with
(k; + I) odd (Z, type). The parameters k; and /; are powers of 1, and 7,
and, because of the heteronuclear term in the Hamiltonian (k; + [),
can be odd for HD. The relativistic-radiative-nonadiabatic dissociation
energy (products = H + D) was estimated to be 36,405.49 cm™!. This
agrees only moderately well with the experimental value of 36,406.2 + 0.4
cm™~! (Herzberg, 1970) and the semiempirical value, based on the ioniza-
tion potential of HD (Takezawa and Tanaka, 1972), of 36,405.8 = 0.6
cm™l,

The effect of 2, terms was to lower the rovibronic ground state energy
by 0.046 cm™! and this is in perfect agreement with Wolniewicz’s (1975)
second-order variation-perturbation value. Several ground-state expecta-
tion values were also computed.

Wolniewicz (1976b) has calculated the nonadiabatic corrections to the
rotational energies of H,, HD, and D,. He solved the first-order perturba-
tion equation variationally and then determined the second-order energy
correction due to the nonadiabatic terms in the Hamiltonian. The operator
H' of Eq. (32) was split into a part diagonal in the angular momentum
representation (H ;) and the rest (H"), and for H, and D, the perturbation
equation was written as

(H — E))¥' = —H{V,, (61)
where
H=H"+ H} (62)
and
o = [J(J + DI"*(1|L.|0)/2uR?, (63)

where L, has its usual significance and the subscripts 0 and 1 stand for
symmetric top wave functions with A = 0 and 1, respectively. The cor-
rection was given as

E" = 2<\P’|H’1/()|\P0> (64)
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and ¥’ was expressed as a linear combination (with variational coeffi-
cients) of products of functions based on those defined by Eqs. (13) and
(57). The 198 linear coefficients in ¥’ were found by solving the inhomo-
geneous equations resulting from Eq. (61). The convergence error in the
computed corrections was stated to be less than 1072 cm™!. The calculated
rotational quanta, after the corrections were included, showed satisfac-
tory agreement with experiment. The remaining discrepancies were as-
signed to either experimental errors or small inaccuracies in the adiabatic
energies.

Using a two-term Born expansion, Eq. (40), containing the two lowest
24 BO electronic wave functions (X and E,F), Orlikowski and Wolniewicz
(1974) have solved the relevant pair of coupled equations. Because of the
very limited expansion they only obtained approximately 20% of the
nonadiabatic correction to the vibrational quanta.

Very approximate nonadiabatic corrections to the vibrational quanta
have been found by Bunker (1972) and Ford (1974). They used Rayleigh—
Schrodinger perturbation theory coupled with the Unsdld approximation.
The latter introduces an average excitation energy and, since its value is
unknown, it is usually found by inspired guesswork.

2. The Electronic Excited States

The number of nonadiabatic calculations for the excited states of Hs,
HD, and D, is very small indeed. Quite recently, Dressler et al. (1979)
studied the mutual vibronic coupling between the two lowest double-
minima excited states of '2f symmetry (E,F and G,K). Essentially, they
used a two-term Born expansion:

T = i(R)¥, + xAR)Y,, (65)

where V¥, and ¥, are the electronic wave functions for the E,F and G,K
states, respectively. For these they used 40-term wave functions derived
from those of Wolniewicz and Dressler (1977) referred to in Section
I1,C,2. The functions x;(R) were expressed as

Xxi(R) = (IR)F(R)Y}(6, ¢), (66)

where the F,(R) were expressed as combinations of the vibrational bound
states in the E,F and G,K adiabatic potentials; the linear coefficients were
found by solving the two Born coupled equations variationally. Vibronic
energies and rotational constants were tabulated for H,, D,, and HD and
compared with experiment. The irregularities of the observed vibronic
E,F and G,K progressions were well reproduced and most, though not all,
of the previous discrepancies between adiabatic theory and experiment
were accounted for. The results, however, should not be considered as
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final since they suffer from two kinds of error: (a) restricted BO electronic
wave functions and (b) the neglect of higher states of '3} symmetry.

In an extremely important development, Jungen and Atabek (1977)
have applied the methods of multichannel quantum defect theory (Seaton,
1966) to the calculation of the rovibronic energy levels of the B '3} and
C 'II, states of H, and D,. The theory is essentially an extension of the
methods of collision theory into the range of negative electron energies
where the scattered electron becomes a bound electron. The only imput
data needed were the adiabatic potential energy curve of Hf or Df in its
ground state, the ionization potential, and two BO potential curves of =
and IT symmetry. The energies, which in principle contain adiabatic and
nonadiabatic effects, were found to agree to within a few cm™! with the
experimental values for both states. They are substantially better than the
BO or adiabatic values.

3. Dipole Transitions in HD
The vibrational-rotational transition moments for a (v, J) = (v', J’)
transition in HD may be determined from the equation

My w0 = <‘I'g,1ld| wa) + <q'1’;,.lld|‘l'g',w>, (67)

where d = e(r; + r,) and ¥, ; is given by the first-order perturbation equa-
tion

H°® — E )Wy, = —H'Y,. (68)

In Eq. (68) the perturbation is the heteronuclear component of the H’ of
Eq. (82), i.e.,

2
H = —}u, Vi 3 V. (69)
=1

Wolniewicz (1975, 1976a) has solved Eq. (68) variationally using the same
methods he applied to calculate the nonadiabatic corrections for the rota-
tional quanta of H, (see Section V,B,1). His results were separated into
the two contributions arising from the X, and II, components of ¥' and
were tabulated for the 0—v transitions of the R(J) lines for 0 =< v < 4,
0 = J = 3. The agreement of the moments with experiment was satisfac-
tory (a few percent) except for the 0-0 band, where the theoretical values
were 1.4 times larger than the experimental ones.

This discrepancy has also been detected by Ford and Browne (1977)
who used Rayleigh—Schrodinger double-perturbation theory (the pertur-
bations are H' and d) to formulate the problem in terms of an instanta-
neous dipole-moment. function. This function was split into components,
the largest of which could be evaluated accurately from ground-state ex-
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pectation values. The remaining components were found by the same
sum-over-states method which had been used previously for computing
the dynamic polarizability of H, (see Section II,C,3). Results were pre-
sented for the 0-v vibrational bands of the P(J) and R(J) branches with
0 = v = 6 and J = 3. Again agreement with experiment was good except
for the 0-0 band.

Recently (Tipping et al., 1978) this discrepancy has been interpreted as
destructive interference between the allowed and the collision-induced
dipoles.

4. Semiempirical Hamiltonians

The effective Hamiltonian of Eq. (54) has been applied to both H, and
D,; the variable parameter k (see Eq. (55)) was chosen in each case so that
the rms deviation between experimental and predicted vibronic energies
(relative to the lowest) was minimized (Bishop and Shih, 1976, 1977). The
quality of this Hamiltonian is reflected by the fact that the rms deviation is
only 0.09 cm™! for H, and 0.05 cm~! for D,. The nonadiabatic correction to
the dissociation energy of H, can be found from this Hamiltonian; it is 0.49
cm™! in comparison to the exact value of 0.42 cm™'.

Kurivan and Pritchard (1976) have added a nonadiabatic correction
AV(R) to the relativistic-adiabatic potential curve of H,. It was chosen so
that it reproduces the experimental rovibronic energies to an accuracy of
about =0.1 cm™!. The values of AV(R) were tabulated for a finite number
of internuclear separations.

V1. The QOutlook for the Future

The 1960s saw the foundation of the basic principles and techniques
for accurate calculations on one- and two-electron molecules, the 1970s
saw the refinement of these methods to give even greater accuracy. What
do the 1980s hold for us?

First, we foresee a much closer examination of the excited states of H,
and its isotopes taking place. For many of these states there are, at pres-
ent, no adiabatic calculations. Second, the solution of the coupled equa-
tions (36) is likely, so that rotational states and II states can be considered
nonadiabatically. Third, the accurate calculation of many properties other
than rovibronic energies will be completed, e.g., intensities,
polarizabilities. Finally, we are likely to see the extension of the tech-
niques reviewed here into the field of many-electron diatomics. The com-
putational problems are horrific, but in the end, we expect that they will be
solved. Clary (1977) has made a start by using limited James—Coolidge
wave functions for He7 and He,.
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I. Introduction

In studying the properties of atoms, molecules, and crystals by means
of quantum mechanics, one of the most essential characteristics one en-
counters is the nonorthogonality problem. Lowdin (1947, 1950) first ex-
plained the cohesive and elastic properties of alkali halide crystals by
using the orthogonalized wave functions. At that time, he proposed a
recipe for construction of orthonormal functions, later called the symmet-
ric orthonormalization, expanding a method given by Landshoff (1936). As
a method to build up the orthonormal vector set {{¢;}} = ¢ from the
nonorthonormal set {|y;)} = s, we recall the well-known Schmidt proce-
dure. This is to construct orthonormal |¢;)’s step by step by taking out
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|¥:)’s one by one from . Since a way of taking out |y;) is arbitrary, one
can construct various kinds of ¢. On the other hand, the symmetric or-
thonormalization brings forth the only ¢ by taking out all |§;)’s equiva-
lently, i.e., symmetrically. In this respect it may safely be said that the
symmetric orthonormalization has advantages over the Schmidt method.
As will be described in the following sections, our variational method
adopts the symmetric orthonormalization as a starting point. Therefore,
the method has the same advantages as the symmetric orthonormalization
does.

The nonorthogonality problem in molecular orbital theory of atoms
and molecules was studied by Pauling (1931), Slater (1931), and others,
who developed the so-called maximum overlapping principle from the
consideration that the strength of a chemical bond should be measured by
the degree of the overlap between the orbitals involved. In this sense, the
principle is closely related to the maximum nonorthogonality. Pauling’s
hybrid orbitals are constructed from an atomic orbital set so as to satisfy,
first, the normalization, second, the orthogonality, and third, an implicit
condition that hybrid orbitals can be spanned completely by a set of
atomic orbitals. The last condition, which may be called a unit orbital
contribution, cannot be overlooked in our variation method for ket-
vectors.

The degree of orthogonality and normality, or more generally, of over-
lapping, is measured by the inner product of two ket-vectors |{) and |6),
i.e., the overlap integral (|6). Here, ({)|¢) may contain an operator suchas
|8) = F|n), |n) being another ket-vector. Furthermore, the measure is
preferably set in a form such as ($|6)(0|y) = || (Y|0)|? = w, so as to take
a real value. In the first place, a key to the problem of nonorthogonality
and nonnormality is therefore in the consideration of a metric matrix, the
overlap of two vectors. Next, how to choose the measure w depends upon
the properties of a physical system under consideration. Afterward, one
has only to optimize w variationally.

That one can build up and/or cancel the overlapping just as one wishes
is based upon the superposition principle, i.e., the linearity of ket-vectors.
From another assumption that the inner product exists, one can consider
the complete orthogonality (¢8) = 0 and the normality () = 1 as spe-
cial cases. As is well known, these have not only a mathematical impor-
tance but a close connection to quantum mechanical phenomena. The last
of the necessary assumptions is that (|¢) = 0if and only if |{s) = 0; this
is important in relation to whether the vectors and states under considera-
tion are possible, i.e., whether they are linearly independent.

In 1970 Lowdin published a review article on the nonorthogonality
problem in Volume 35 of this series. At present it seems timely to review
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more closely the same problem from a different point of view. Section 11
contains a general description of a new variational approach for ket-
vectors with the orthonormality constraint (orthonormality-constrained
variation, hereafter abbreviated ONCYV), a method of characterization of
eigenvalues by use of ONCV, comments on the stability of solutions, and
derivation of SCF equations with comparison to the usual Lagrange mul-
tipliers method, clarifying significance of some unrevealed aspects of
Lowdin’s orthonormalization method. Section III deals with the maxi-
mum and minimum overlap, localized, and hybrid orbitals using a sum of
the squared overlap as a measure. Section IV briefly describes a relation
of the ONCV method to the Edmiston—-Ruedenberg localized orbital
method. And finally, Section V expands the ONCV method to a pair
of ket-vector sets and proposes a method for constraining pair-
orthogonality—orthogonality between two basis sets—in the course of
variation.

II. Orthonormality-Constrained Variation (ONCY) for
Ket-Vectors

A. Symmetric ONCV

We must first establish a variation method for ket-vectors. Conven-
tional variation methods optimize an assumed functional of vectors (in
real form) together with constrained conditions which are functions in real
form as well. Different from this, our aim is to treat ket-vectors them-
selves variationally under constrained conditions.

Let us consider the orthonormality as a most typical metric. A problem
to be solved is as follows: Let the orthonormality be fulfilled in every step
of arbitrary variations for a given set of orthonormal ket-vectors |¢;)’s.
For the sake of simplicity, we denote a set of |¢;)’s by a row matrix

é= (|¢1> |¢2> c) n
and its adjoint by a column matrix
(¢
o =] (& }: 03]

where ¢'¢ = I (unit matrix). We write ¢ — ¢ + 8¢ = ¢ for an arbitrary
variation of ¢, 8¢ being an arbitrary and infinitesimal variation vector. It
is a matter of course that s here is not orthonormal. As is well known, if
the shifted vectors [;) are linearly independent, then ¢s'{s turns out to be
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a positive definite matrix. Therefore, the matrix (ys'ys)~/2 is uniquely de-
termined. In this case, Ys(p'y) V"2 corresponds exactly to Lowdin’s sym-
metric orthonormalization (Lowdin, 1947, 1950), a method to build up an
orthonormal vector set from a nonorthonormal one. We can make sure of
its orthonormality since

{w(d’w’)—lm}+{¢(¢‘r¢)—1/2}' = (lpflp)—l/z(‘pw‘lb)(!’lw“b)—l/z = 1. (3)

If we expand Eq. (3) in terms of the arbitrary variation 8¢ to first order,
we have

b=o + 8 ~ 1p(3d'd + o' 8d), 4

with ¢'¢p = I. The process ¢ — ¢ thus is an answer to the problem that
we set up at the outset (Morikawa, 1972). We shall call this the symmetric
ONCYV method hereafter. If we use the partitioned ¢,

b= (¢1I¢2| ce), ;= (|¢u> |¢i2> ce), (&)
the partitioned relationship corresponding to Eq. (4) becomes
b Bi=bi+0bi—1 S biudbid: + bk 5. ©)
k=1

Equations (4) and (6) can be written in an operator form as (Morikawa,
1975a)

& — (B, + Db, @)
[y = (By + D), 8
where
P,= oo = 2 didl, )
i=dpd' — 1@’ + &' )P (10)

What the process ¢ — ¢ means physically and where it can be applied
will be made clearer in the successive sections.

B. Application to Eigenvalue Problems

Most cases when the orthonormality appears are typically eigenvalue
problems, and hence investigation of eigenvalue problems is of great im-
portance in theoretical formulations and practical calculations. Generally
speaking, eigenvalues cannot be determined accurately, so that one must
strive to set up the corresponding variation equations with the restriction
of orthonormality.

First, we consider the expectation value of a self-adjoint operator
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F(F' = F) which is bounded from below and does not explicitly depend
upon ¢:
w(¢) = i = trip'Fe), (1n

with
w; = (¢ Flo;). (12)
Note that w is a real quantity and ¢ is composed of many components.
Also note |¢;) (b # 1. If ¢ is composed of only one component and F is a
Hamiltonian operator, then the measure w is the total energy of the sys-
tem.
An arbitrary variation of w leads to

dw(¢p) = tr[ddp'F ¢ + Hermitian conjugate (H.c.)], (13)

which does not meet our present requirement. Instead, we must optimize
o under the orthonormality constraints. Though the Lagrange multipliers
method is usually used for this purpose, we here apply the ONCV method
to the variation of . If we define 8w = w(d) — w(¢), then a simple calcu-
lation using Eq. (4) shows that

8w = tr(¢'F) — tr(¢'Fo) = tr{dd'(1 — ¢ )FP + H.c.}, (14)

retaining terms in first order in 8¢, so that different from the arbitrary
variation 8w, Sw turns out to be an infinitesimally varied quantity which
satisfies the orthonormality conditions. Since 8¢ is an arbitrary infinitesi-
mal variation vector, a solution to the equation 8w = 0 is

(1 —¢pdp)YFp =0, (15)
or we can write
Fop = ¢p@'Fo) = de, with g=¢'Fo. (16)

On the other hand, since w is invariant under a unitary transformation
among |¢;)’s, as is F, the form of ¢ is not disturbed by this transformation
(Morikawa and I'Haya, 1978b). Therefore, we can choose a specific ¢
which diagonalizes the Hermitian matrix g:

Fop = ¢pegy, £q: diagonal. a7
We thus obtain the eigenvalue equation of the form
Flo:) = |di)e;. (18)

Equation (18) includes the Schrédinger equation as a special case. If ¢
is a solution to the equation dw = 0, i.e., ¢ is stable, then w; = ¢, (i = 1,
2, . . .) are eigenvalues of F and the corresponding vectors become
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eigenvectors. Thus, a method of variational characterization of eigen-
values is considered to be a basis for the variational treatment of the
operator F, on the one hand, and of special importance as the starting
point of an argument of upper and lower bounds of eigenvalues, on the
other.

Two procedures, recursive characterization and independent (or
maximum-minimum) characterization, have been studied in detail
(Gould, 1966). In the former, the eigenvaluesgi(i = 1,2, . . .) are charac-
terized by the recursive use of variation; using the first eigenfunction ¢,,
which corresponds to the lowest eigenvalue g,, the second eigenvalue g, is
obtained by the minimization of {(¢,|F|¢.) subject to the orthogonality
condition {¢,|¢,) = 0 etc. The latter is based on the Rayleigh theorem,
which states that a relationship between w; andg; is givenase; < w; =< €4
under single arbitrary constraint; viz., ¢ which gives an ith eigenvalue of
the system is the one that makes (¢|F|¢) minimum under i — 1 constraint
conditions. Both procedures are reputed to be always capable of charac-
terizing eigenvalues from a purely theoretical standpoint.

However, it is not clear how one can carry out variation of ket-vectors
under given constraints, and what kinds of variational methods one can
use. The above-mentioned example of derivation shows that our symmet-
ric ONCV method yields a concrete procedure for characterization of
eigenvalues, different from the recursive and independent characterization
methods. It may be called a method of symmetric characterization and is
discussed in detail in the literature (Morikawa and I"Haya, 1978a).

The equation 8w — 0 is thus considered a variational equation includ-
ing the neighborhood of 3w = 0. In other words, it is to give an equation of
variational expression in which an eigenvalue equation is involved as a
specific point. The variational equation of this type will play an important
role in what follows.

C. Higher-Order ONCV Method

We now examine the stability of a solution in the neighborhood of the
equation 8w = 0 by use of the ONCV method. From such information it
will become clear whether the equation dw = 0 is sufficient to obtain a
solution that leaves nothing to be desired, and whether the solution is
stable. For this purpose, we develop an ONCV method which takes care
of second-order terms in 8¢ as well as first-order terms.

Expansion of y(y')~"2 up to second order leads to

d=0¢ + 5b — 1d(dd'D + ¢’ 3b)
— 15D + b 5d) — 1 5’ 8 + idb(BdD + &' d¢p, (19

where we denote $ in order to distinguish it from ¢ in Eq. (4). The
procedure ¢¢ — ¢ may be called a second-order ONCV method. Higher-
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order ONCV methods beyond third order can be developed in a similar
manner. The quantity

Sw = w(qzb) — wlp) (20)

corresponds to the variation of the measure w up to second order, satisfy-
ing the orthonormality conditions; i.e.,

5w = tr{d¢'(1 — pdp)FP + H.c.}
+ tr{dd'(1 — pp)Fpd' 8¢ + Hc.} + - - - . @1

From this, it can be mentioned (refer to Epstein, 1974) that the first two
statements are in accord with those described by the well-known variation
principle.

(1) If¢ is an eigenvector of F, i.e., (1 — ¢pdp)Fp = 0, then the first
term in Eq. (21) vanishes and only the terms of second order in 8¢» remain.
Therefore, w is stationary at ¢ when ¢ changes continuously. The error in
w is second order in the error in ¢.

(2) Since 8w — 0 for an arbitrary variation 3¢, one can put

8 = —u(l — SNFd = —uFd = dey), (22)

where u is a complex number, and obtain
dw = —(p + w¥) tr{FP — dea)'Fd — dea)t — 0. (23)

This is valid only when F — ¢peq = 0. Therefore, if ¢ is a stationary
point (or vector), ;= (¢|F|d;) is an eigenvalue of the operator F and
|@;)’s are the corresponding eigenvectors. The w; has no stationary point
other than ;.

(3) Suppose that 8¢ is chosen as a vector that belongs to the same
type as ¢; the type here implies, e.g., an irreducible representation of
point groups. If so, thenyy = ¢ + ¢ will belong to the same type as well.
It is clear that ¢ also belongs to the same type, since Y('y) 12 is in-
variant under a unitary transformation (Slater and Koster, 1954); i.e., the
process 8w — 0 is used only for obtaining a stationary point in variation
space of the same type. This is just what the symmetric ONCV method
means physically. One should consider that, in connection with item (1),
the variation principle, as well as the ONCV procedure, are to be applied
to eigenvalues and eigenvectors of different types individually. For exam-
ple, one can obtain an optimal state of each irreducible representation of
the point group under consideration.

(4) When ¢ is composed of just one component, say |¢,), we arrange
the eigenvalues of F in the orderg, =g, < - - -, with F — g, = 0. Fora
rather large |8¢,), the relationship (8¢,|(F — &,)|8¢,) > 0 holds, i.e.,
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e, = w is a stationary point and an absolute minimum of w. In other
words, (lelF |J>1) is an upper bound to the minimum eigenvalue. The proof
is simple. Letting ¢; (i # 1) be higher eigenvalues and choosing the varia-
tion vector as |8¢;) = 2,.|d;), we obtain (8¢|F — &4¢;) =< 0. The choice
of [5¢;) = Z;-id;) leads to (8¢|F — &4|d;) = 0, i.e., w is a saddle point at
&;, neither a maximum nor a minimum. Thus w, the functional of ¢, is an
upper bound to the minimum eigenvalue (¢; = w;).

D. Derivation of SCF Equations

In this subsection, we consider the case that the operator F depends
upon |¢;). The most well-known example is the one for the so-called
closed-shell model of atoms or molecules, the Hartree-Fock operator
defined by (Roothaan, 1951)

oce

F=H+ 2 (2J; — K), (24)

where H is the core repulsion operator, and J; and K; are the Coulomb and
exchange operators, respectively. Note that the latter two depend upon

[i).
The total energy of the system is expressed as
oce
w.= D, ($|F + Hlg;) = tr{¢p'(F + H)p}. (25)
i
An arbitrary variation of Eq. (25) becomes
dw, = 2 tr(d¢p'F¢p + H.c.). (26)
Here we have used the relationship
tr(d' 8F¢) = tr(3d'Fp + ¢'F 8¢), 27

which will be utilized often in later sections. The symmetric ONCV pro-
cedure for w, leads to

Sw, = 2tr{6¢'(1 — pdp")Fd + H.c.}. (28)
Then, from the equation 8w, = 0, we obtain the well-known equation
F¢p = ¢e, with g=¢'Fe. 29)

Since F and o are invariant under unitary transformation among |¢;)’s,
Eq. (29) is transformed into an eigenvalue equation.

The extended Hartree—Fock and/or unrestricted Hartree-Fock meth-
ods are usually used for calculations of the doublet and triplet states of
free radicals and molecules (Pople and Nesbet, 1954). The 8w in these
methods are 8w, = 2 tr(d¢',F,¢p, + H.c.) for the a-spin-orbital set ¢,
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and have the same form for the B-spin-orbital set ¢p5. The ONCV method
should be applied separately to dw, and 8w;, because ¢, and ¢, can be
chosen independently:

éwu =2 tr{ad)tx(l - ¢G¢L)Fa¢a + H'C'}v (30)
dwp = 2 tr{8¢’(1 — dsdls)Fs + Hoc ).

Thus, we obtain the variation equations §w, — 0 and w; — 0 correspond-
ing to the extended Hartree—Fock method. ¢, and ¢, have the degree of
freedom of a unitary transformation. By using the freedom, we will be
able to make them orthogonal. The ONCYV method effective for a pair of
set vectors will be developed in a later section.

Taking a step forward, we consider the case that individual F; depend
upon each |¢;):

Swgcr = 2{%c (8¢i|Fildbi) + H.C.} , 3D
where
F; = fi[H + > (2awd; - binj)]- (32)

The case has been investigated frequently in many papers (Roothaan,
1960; Birss and Fraga, 1963; Huzinaga, 1969). It is well know that varia-
tional treatments of many-electron systems in atoms and molecules lead
to an SCF equation. In that case, in order to maintain the orthonormality
for orbitals ¢; the Lagrange multipliers method is usually applied, intro-
ducing an arbitrary parameter 6;; (Roothaan, 1951, 1960). It has been often
pointed out (Goddard et al., 1969) that due to an incorrect treatment of the
off-diagonal terms of 8;;, errors of certain type have appeared in the litera-
ture on this subject. In order to improve this situation, another parameter
has been introduced, so that two kinds of arbitrary parameters are in-
volved in the usual SCF-operator. Of these, the latter parameter exerts
influence upon the form of the so-called coupling operator.

The ONCV method does not contain any arbitrary parameter and
gives directly an exact SCF equation when applied to Swgcr. In what
follows, we will generalize the symmetric ONCV method and discuss
where those parameters mentioned earlier come from and why unavoid-
able errors arise in the conventional SCF theory. The method may then be
called a generalized ONCYV method in which any unknown parameter is
not involved (Morikawa, 1975b). We will be able to clarify the physical
meaning of the individual vector appearing in the ONCV procedure.

To begin with, we substitute \;, for the coefficient —§ before the third
term in Eq. (6):



52 Y. J. 'Haya and Tetsuo Morikawa

[d:i) = i) = |i) + [8) + g Nl D Y (Sl i) + (i 86bi)). (33)

This implies that the constraint 8{(¢i|d;) = (8di|d;) + (Pu|8p;) = 0
multiplied by the undetermined multiplier A;;,, as well as spanned by the
vector |¢y), is added to the arbitrary variation of the vector |¢;),
b + |860).

What sort of relationship is required among the A;’s in order that the
varied |¢;)’s maintain the orthonormality? From Eq. (33), we have the
following equation to first order in §:

(Bildi) = (Dild) + ((Bdslhi) + (dsl8d Ny + Nf + 1) (34)
Hence the relationship
ANt A +1=0 (35
or its matrix form
A+tAT+u=0 (uy; = 1 for all iand j) (36)

is the necessary and sufficient condition for the varied vectors {|¢;)} to
satisfy the orthonormality. If the A;’s are assumed to be real numbers,
then Eq. (35) becomes

Ag + A +1=0, (37

from which all diagonal elements A;; are found to be —34. If A is Hermitian,
then from Eq. (36) one finds that A\ = —4u, or A; = —4 for all/ andj. Ina
few words, the generalized ONCV method (Eq. (33)) is reduced to the
symmetric ONCV method (Eq. (6)) under the specific choice of A;;’s. This
choice corresponds to one degree of freedom for the orthonormal vectors.
Thus, it now becomes clear what physical meaning the third and fourth
terms in Eq. (6) have; we have shown in what manner the vectors in the
third and fourth terms, (8¢;|¢;) and (¢;|8¢;), should be added to the
arbitrarily shifted vector 8¢ in order to make |¢;) and |¢;) orthogonal
and/or make each of them normal.

In the usual manner of derivation of an SCF equation, a term
—20; 8{¢;ld;) is added to Swscy in order to maintain the orthonormality
condition. Instead of doing so, we use the generalized ONCYV method and
obtain the following equation:

Bscr = 2§[<6¢1~|(F,- - SI80(ilGu) 1) + Hc] (38)

Here we have defined
Gri= — (WiFi + MuFo), (39)
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and used the relationship

22 Ml Dl Fildie) (3l ) = 23 M Bcbil i) (Sl Fil ). (40)

i k i k

If the A;’s are real, then G,; becomes a Hermitian operator. Though the
operator in the parentheses in Eq. (38) depends upon suffix i, it can be
unified into one operator with the use of the so-called coupling operators
(Huzinaga, 1969). In defining such an operator, one should pay attention
to the condition Eq. (35). The SCF variation equation dwgcr — 0 suggests
the following methods for solving the SCF equation:

(1) Since |8¢;) is an arbitrary vector, one obtains from Eq. (38)

(Fi - 21\: l¢k><¢k|Gki)|¢)i> =0, @1
or
(Fi - k§¢: |¢k><¢lek1)|¢z> = [d’z)((ﬁ,lF,'d)z), (42)

which is an exact SCF equation under the correct constraints of Eq. (35)
and becomes a starting point of the coupling operator method. One can
obtain a solution in an iterative manner by the diagonalization of the
matrix representation.

(2) In Eq. (38), one can put

|5) = —ui(Fi > |66 (B4l ) 600, @3)

which is considered to be an extension of McWeeny's steepest descent
method (McWeeny, 1956) if u, is defined as a positive number.

(3) Equation (38) directly gives a relationship between the SCF
energy wscr and its gradient. This is because |8¢;) in Eq. (38) is an arbi-
trary and infinitesimal variation vector. Note that the necessary or-
thonormal conditions are involved in grad(Swgcr). Therefore, Eq. (38) can
be regarded as an extension of Fletcher’s conjugate-gradient method
(Fletcher, 1970).

III. Maximum and Minimum Orbitals

A. Maximum Overlap Orbitals

In the following, we will show that hybrid orbitals in molecules can be
derived from an ONCYV treatment using the squared overlap as a measure.
As was mentioned in the Introduction, the principle of maximum overlap-
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ping serves as one of the most important concepts in obtaining informa-
tion on bond strengths, the directional property of chemical bonds, hy-
bridization of atomic orbitals, the geometrical structure of molecules, and
other various atomic and molecular properties. Some aspects of these old,
yet from another vantage new, subjects in quantum chemistry have been
reviewed by Randi¢ and Maksi¢ (1972).

Our goal is to throw light upon the theoretical aspects of the maximum
and minimum orbitals and to show that the variation equation finally leads
to the required solution. L.owdin (1956) proposed a method of canonical
orthonormalization as well as that of symmetric orthonormalization. The
canonical orthonormalization is obtained by the multiplication of a unitary
matrix U which diagonalizes the matrix 6'9:

o(o‘ro)—lle = Ud—lleTU — Ud—1/2 = ¢c’ (44)

where d is a diagonal matrix. As Lowdin (1970) pointed out, if @ is given as
a set of atomic orbitals of a molecular or solid-state system, the set ¢, =
6(6'¢) 12 is rather delocalized compared with @, though still strongly
localized, whereas the set 8(9'0)~'/2U will be much more delocalized over
the entire system. It is true that both ¢, and ¢, are orthonormal vectors,
but the latter will often be more advantageous than the former as a basis
function for treating phenomena in solid-state systems. In later sections,
we will show that solutions in the form of maximum overlap, localized,
and hybrid orbitals are nothing but specific species of the Lowdin or-
thonormalization. In this section, a solution to §w = 0, where w is the
measure of squared overlap, is shown to be given by an eigenvector of a
certain eigenvalue equation. This is in contrast to the case of the symmet-
ric orthonormalization in which the necessary equation is not an eigen-
value equation but an equation containing unknown vectors.

We start from the sum of the absolute squares of overlap integrals over
the basis vector set x = (|x1) |xz) - - - |x:)) and an unknown vector |¢;):

w; = ;; [{Xul®:)[%, (45)

which was first introduced by Lykos and Schmeising (1961) when they
studied maximum overlap orbitals. Using a projection operator
P.= |¢,){¢;| (P? = P;), one can rewrite Eq. (45) compactly as

w; = trix"Px)- (46)

Instead of Egs. (45) and/or (46), we consider the measure which collects
alw; 1=1,2,...,n):

W, = 2 w; = tr(X'PyX), 47
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with
P, = dd' = Y |¢:) (. (48)
Using the symmetric ONCYV, Eq. (4), one can obtain the following varia-

tional expression for the projection operator P,, provided that terms
higher than second order in 8¢» may be neglected:

P,—> P,=¢d' + 86'p + &' 8p — dBd'd + & )b’ (49)
A procedure in which Eq. (49) is used may be called an idempotency-
constrained variation method for the variation of the projection operator

P, (Morikawa and I’Haya, 1978b). Thus, one can readily write the varia-
tion of w, as

Sw, = trix'Pyyx) = trix'P,x) = tr{d¢'(1 — dd" Py + H.c.}, (50)
where
= XX =3 X (Xl - (51

From 8w, = 0, one obtains
P,¢ = ¢, with & = ¢'Py, (52)

which is a special case of the eigenvalue problem, Eq. (16). Similar to the
discussion given in Section III,B, the unitary transformation does not
disturb the formation of the eigenvectors, so that one has

P = ¢d,, d.: diagonal. (53)

Thus, the eigenvector belonging to the maximum @; (d; = (¢;|P,|#;)) turns
out to be a maximum overlap orbital.

Putting it another way, we consider the matrix representation of Eq.
(53) based on the x-space. If we set ¢¢ = xC just as in linear combination
of atomic orbitals, Eq. (53) becomes

8§zC = SCd,, (6L

where S = x"x. A solution to this equation then is
C =8§7'2C' = C'd'”, (59)

where C’ is a solution to the eigenvalue equation
SC'=C'd’, d = C''SC’' = d. (56)

The maximum overlap orbital can hence be taken as

C =8"12C' = C'd~12. (57
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C implies Lowdin’s canonical orthonormalization, since ¢, = xC =
xS712C’ = xC'd™"2, The |¢.;), which corresponds to the maximum
eigenvalue d;, becomes the maximum overlap orbital. The above-
mentioned setting of ¢ = xC also implies that we are to obtain a vector
which spans over the space with x as a basis and is a solution to the
equation P, ¢ = ¢p(¢p'P, ). The final result ¢, = xS~12C’ suggests that the
transformation based on the e-space, where e = x(x'x) ™12 = xS~ (Low-
din’s symmetrically orthonormalized vector), leads to ¢, = eC’ and e'P,e
= S;i.e., if we express P, = ¢p(dp'Py) in a matrix form with e as a basis,
we get the equation SC' = C'd’, from which we can easily obtain the
solution.

On the other hand, the results obtained above can be derived by the
direct application of the ONCV method instead of using P, — P, as in Eq.
(49). In that case, we rewrite Eq. (47) in terms of operator P, instead of
P,:

o, = tr(d'Py), (58)

and obtain results exactly the same as before from the equation dw, = 0
after applying the variation ¢ — ¢ (Morikawa and I’Haya, 1978b).

B. Maximum Localized and Hybrid Orbitals

Since general aspects of variational treatment for maximum localized
and hybrid orbitals are analogous to those for the maximum overlap orbi-
tals mentioned in Section III,A, the former will be discussed here only
briefly. Let the partitioned x be (xa| xs| - - *), where x4, xs, €tc. represent
a sequence of atomic orbitals centered on atom A, atom B, etc. To what

extent an orbital |¢;) localizes over atom A will be measured by a real
value

Wy = 2 Hxul®) P = (di|Paldi), (59
HEA
where
Py=Y |x)xl (60)
MEA

is the projection operator over atom A.
Therefore, in a manner similar to_Section III,A, we can obtain the
following equation from the equation dw,; = 0:

Paldai) = |dadass 61)
which turns out to be a matrix form based on the x-space,

Sa8,7Cai = SChidys, (62)
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or based on the e-space,
SiaChi = Chidy,. (63)

Here, S, = x'xa (rectangular matrix), |¢,;) = xCai, Cii = S'*C,y, and
Sia = S712S,8% §712, Thus the maximum localized orbital is given by |, )
= xC, = xC""d~V2C'C} (C} is a unitary matrix), which is a special case of
Lowdin’s orthonormalization. Note that d,; represents an extent of locali-
zation. If |¢, ;) is normalized, then an inequality 0 < d,; < 1 holds since 0
< |Pa|dbai)] = 1. The |@4;) completely delocalizes on atom A whend,; =
0, and the localization is maximal when d,; = 1. The orthogonalized
eigenvectors to be obtained are thus made to localize on a specific atom to
any extent one wishes.

Next, we describe maximum hybrid orbitals, for which an overlap
between the orbitals and the given hybrid orbitals |¢;) becomes maxi-
mum. Murrell (1960) and Golebiewski (1961) independently constructed
approximate hybrid orbitals which maximize X(6;/¢;) when the fixed
ligand orbitals |¢;)’s bind to a central atom, such as X in molecule XY,,.
The value 2(0,-](15,-), however, is not necessarily real and therefore is not a
desirable measure of hybridization. The degree of the overlap is rather
measured by

> [<odeoP, (64)
which was suggested by Gilbert and Lykos (1961). Rewriting Eq. (64) as
2. (DilPoil i) = wp, (65)

where
Py = [6:)(8l, (66)

one finds that Eq. (65) resembles the measure for the SCF equation men-
tioned in Section II,D. The only difference from that case is that Py; does
not depend upon |¢,).

Application of the symmetric and/or the generalized ONCV methods
to Eq. (65) yields

Sw, = 2{ @61 P = 3 30 (o0u )90 + He ), (6D
i k
with
Ori= —(\5iPg;i + MNuPor), (68)

where A\,;’s are arbitrary parameters among which the relationship Eq.
(35) holds. Using the coupling operator in the SCF theory (Huzinaga,
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1969), we can rewrite Eq. (68) into an operator that does not depend upon
suffix i:

Re|¢9i> = |¢0i>30ia €91 = <¢0i|Re|¢9i>- (69)

Eq. (69) is a generalized version of the results obtained by Gilbert and
Lykos (1961), and is similar in form to the general SCF equation. The
maximum hybrid orbital is then obtained as |¢;), which corresponds to
the maximum eigenvalues.

IV. Unitary Transformation and ONCV

As is well known, a linear transformation with the orthonormality of
vectors preserved is a unitary transformation which is often utilized in
studies of atoms and molecules. For example, the Hartree—Fock equation
for a closed-shell system, Eq. (18), can be obtained, since the Hartree—
Fock operator F is invariant under the unitary transformation between
occupied molecular orbitals and so is the total electronic energy of the
system. Using this degree of freedom, Edmiston and Ruedenberg (1963)
maximized the orbital self-repulsion energy

(ﬁ (il ¢s) = @, (70)

i

and obtained localized orbitals. The usefulness of their localized orbitals
was fully discussed by them. In this section, we will derive a method
widely applicable to quantum chemical problems, choosing a variation of
¢ s0 as to become a unitary transformation.

In the symmetric ONCV method, we have seen that §¢p can move
freely and arbitrarily in the variational space under consideration. That
the orthonormal ¢ receives a variation under a unitary transformation
implies that a vector set to be obtained after the variation can be expanded
by the original vector set ¢. Therefore, we will only have to confine 6¢ to
the ¢p-manifold, so that we substitute ¢p¢p'8¢ instead of 8¢ into ¢ using
the projection operator ¢’ = 2|d;)($;|. The result written as ¢ is

b=¢ —16@p'd — &' 5¢) an
or in component form:

@) = [di) =33 [d)((ddilbi) — (Pil8b)). (72)
k

Note that the coefficient —3 may be replaced by any other real number.
The process ¢ — ¢ is the variation method which meets the present
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purpose and may be called the unitary ONCV method. The process is
proved to be a unitary transformation since one can write

¢ = oU, (73)
U=1-i03p'd — o' 86), (74)
U'U =1 (75)

Application of Eq. (71) to 8w, = w.(d) ~ w.(¢) yields
b =2 S{ (861 3 6)(BI0 - Did0 | + He 70

Since~|6¢,-) is arbitrary, the following necessary condition is obtained
from 8w, = 0:

3l diliJi — J)lé) =0 (i=12,...), o)
j
which gives ($;(J; — Jj)|¢;) = 0, since ¢;’s are linearly independent.
This is the same as the result obtained by Edmiston and Ruedenberg
(1963). The unitary ONCV method has been applied to various atomic and
molecular systems (Morikawa and Narita, 1977).

V. Variational Method for a Pair of Basis Sets

A. Construction of Pair-Orthogonal Basis Sets

Instead of treating just one basis set as done previously, we expand
our discussion on variation problems to include the treatment of a pair of
basis sets. Examples in which such a pair of bases effectively work out are
met often: a- and B-spin-orbital sets constructing a single Slater determin-
ant in the unrestricted Hartree-Fock (UHF) theory, a basis and its recip-
rocal basis called biorthogonal bases and/or dual bases (Narita and
I’Haya, 1974; Norbeck and McWeeny, 1975), etc.

Let us denote the two sets by row matrices

U= (¢ g -0, £= (&) &) -, (78)
and their adjoints by column matrices
(| (&l
U= W) €= (§2I i 79
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Here, we assume that the sets {|y;)} and {|¢;)} are linearly independent,
but not necessarily orthonormal. As mentioned in the preceding sections,
a mutual relation between the basis vectors can be measured by the de-
gree of overlapping, so that the so-called overlap matrices must be care-
fully investigated. The most important is a specific case that the overlap is
zero, i.e., orthogonality. A unitary transformation among - and 8-spin
orbitals in the UHF method leaves the Slater determinant unchanged
except for its phase. Using this unitary invariance, one can eliminate
off-diagonal terms of the overlap matrix between the orbital sets. This has
been called the pairing theorem by Lowdin (1962) and the orbitals ob-
tained in this manner have been called the corresponding orbitals by
Amos and Hall (1961). We hereafter refer to orthogonality between two
basis sets as pair-orthogonality in order to distinguish it from orthogonality
between components of a basis set.

The biorthogonal sets ¢’ and ¢’ have the same dimension and are
linked close together by the relations, ' = @, £ = 6(6'9)™", 0 being an
arbitrary starting set, e.g., an infinitesimally shifted vector set. Further,
they are normalized to unity, '’¢’ = I. On the other hand, two sets
constituting pair-orthogonal vectors may have different dimensions and
need not necessarily be normalized. In addition, each starting set need not
be the same in the two sets; i.e., the pair-orthogonal sets are more gener-
alized than the biorthogonal sets and contain the latter as a special case.
Another extension of the biorthogonal sets is possible, where we can take
a basis and its reciprocal basis as ' = (') and ¢ = 66'¢)*!, A
being an arbitrary real number (Narita and I’'Haya, 1974). These may be
called a dual basis and reduce to the biorthogonal basis under the condi-
tion A = 0 or 1. In what follows, we discuss the properties of pair-
orthogonal vectors from a variational point of view, and demonstrate the
usefulness of the method of pair-orthogonality-constrained variation
(Morikawa, 1977) that will be described.

For the sake of simplicity, we first deal with two orthonormal sets ¢,
and m, as starting vectors: b, = (ld)ol) |¢02> C), W = (|7rol> |7702> c ),
did, = 1,, and mwlar, = L. We wish to find out two vector sets ¢, and =,
which have the properties of the orthonormality, ¢t,d, = L, wimw, = L,
and of the pair-orthogonality, {m,|¢,;) = Du8. If ¢, is orthonormal, then
S0 is ¢,A, A being a unitary matrix; (¢,A)(d,A) = AtA = I,. Similarly,
(w,B)(wr,B) = B'B = 1, B being another unitary matrix; i.e., an ortho-
normal vector set has the degree of freedom of unitary transformation.
Using this freedom, we can calculate the pair-orthogonal sets ¢, and
77, from the starting basis sets ¢, and .

Two manifolds spanned by ¢, and =, are characterized by projection
operators P, = ¢,¢), and P, = m,l, respectively. Expressing one of
the unknown sets to be obtained as ¢, then P, ¢ turns out to be a projec-
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tion over the manifold ¢, and further P, P, ¢ is a projection of P, ¢ over
the manifold 7r,. We now deal variationally with the sum of squared over-
laps (squared norms) of P, P, ¢,

E P, no %¢i||2 = tr(p' Py Pr Py, ) = w4,(d), (80)

under the orthonormality condition ¢'¢p = I. Application of the symmet-
ric ONCYV method to Eq. (80) leads directly to

Sw, (@) = tr[dp’(1 — PPy P, Pod + H.cl. (81)
Solving the equation Sw%(d;) = 0, one obtains
Py P, Py b = &(p'Py Py Po ). (82)

Substituting ¢ = ¢,A and multiplying both sides of Eq. (92) by ¢, one
has
(phmomrhdo)A = A(D'D), (83)

where D = zi,¢p, = Bz h¢,A. Equation (82) is nothing else but an eigen-
value equation whose eigenmatrix is A. Similarly, it follows from w, (7)=
te(m'P, P, P, m and 8w, () = 0 that

P, Py P.o = w(@'P, Py Pryr) (84)
and the corresponding eigenvalue equation
(oo mr,)B = B(DD). (85)

Note that the order of occurrence of the projection operators is different in
Egs. (83) and (85).

If the unitary matrices A and B diagonalize ¢ 'ymr i, and wh i,
respectively, then ¢, = ¢p,A and &, = «r,B definitely come out to be
pair-orthogonal sets, because

A'¢plmaridp,A = D'D(diagonal) = ¢l ' b, (86)
B'w o r, B = DD'(diagonal) = i, ary. (87)

Equations (83) and (85) have been obtained by several ways of derivation
which are different from the above (Amos and Hall, 1961; King et al.,
1967; Jankowski, 1976). Both equations are quite within the bounds of
possibility that one can evaluate pair-orthogonal vectors. The operators
P, P, P, and P, P, P, are considered to be a sort of the outer- and
inner-projection operators discussed in detail by Lowdin (1965). The
pair-orthogonal vectors thus have the properties characterized by these
two projections.

We can now construct pair-orthogonal sets s, and £, from the original
sets ¢ and £. First, with the use of the Lowdin orthonormalization, con-



62 Y. J. 'Haya and Tetsuo Morikawa

struct orthonormal vector sets ('yp)™2 and £(£'¢)"'2. Then, the
manifolds spanned by s and & are characterized, respectively, by the
projection operators

Py = YW") " "{ P Pp) 2} = ) Nt (88)
P = E(EETHEEE) Y = £(EE)TE (89)

Substituting P, and P, for ¢,¢’, and w7}, in Egs. (83)—(87), one has the
corresponding equations for s, and £&,. When ¢ and ¢ are orthonormal,
then s, and &, reduce to ¢, and 7, respectively.

B. Pair-Orthogonality-Constrained Variation Method
Finally, we propose a method for constraining pair-orthogonality in the
course of variation:

{w, £} — (¥, £}, (90)

with
U=y + 5 — $&OEY + € 8Y), on
E= ¢+ 8¢ — Wr(BP'E + ' 8¢). (92)

Here, Yz = Y(P'P) ' and &; = E(£'€)! are the reciprocals with respect to
Y and &, respectively. In this method, direct calculation shows that the
equality £y = £'y exists, so that the mixed overlap matrix set up initially
is preserved in every step of variation. When one chooses the pair-
orthogonal vectors {s,, £,} as starting sets, then Egs. (91) and (92) may be
called the pair-orthogonality-constrained variation (POCV) method:

W, &1 = (U, &} (93)

If one uses the method of constructing ¢, and 7r, twice, one obtains an
alternative form of the POCV method:

{¢p’ Trp} i {d_’ps 'ﬁp}’ (94)

where ¢, = A, w, = 7B, etc. In contrast to the procedure shown in Eq.
(93), this procedure preserves the orthonormality condition. Note, how-
ever, that the mixed overlap matrix on the right-hand side is different from
that on the left-hand side.
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1. Introduction

Over the last decade, the quantum theory for polymers and molecular
crystals has witnessed a growing interest directly related to the appealing
properties (their conductivity, phase transitions, etc.) displayed by one-
dimensional unsaturated systems (Keller, 1977; Pal et al., 1977). These are
expected to play a major role in the development of organic conductors,
e.g., TTF-TCNQ and similar charge complexes, in the discovery of new
types of superconductors such as (SN), (Street and Greene, 1977) and
possible superconductors at room temperature driven by an excitonic
mechanism (Little, 1964; Davis et al., 1976), and also in biological pro-
cesses (Ladik, 1973, 1978). The range of applications of this quantum
theory is not at all restricted to such unusual materials; as a matter of fact,
many interesting and puzzling questions are still open even in the case of
most common stereoregular polymers. For all these materials, and in the
same way as for simpler molecules, quantum chemistry is now starting to
provide powerful instruments for interpreting and predicting the physical
and chemical properties (structure, bonding, reactivity, etc.) for which a
rather detailed knowledge of the electronic structure is required.

65
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The word ‘“‘polymer’’ embraces a large class of complex and diverse
compounds among which the quantum theory at present considers only a
rather restricted subset. The main limitation comes obviously from the
ability of the model to comprise the physics and chemistry of what is
actually a ‘‘regular’’ polymer. Fortunately, there are now systems whose
structural and physical features allow a reasonable modeling by isolated
infinite and regular chains. This legitimizes the search for the full potential
of quantum theory in the physics and chemistry of polymers in much the
same way as quantum chemistry is applied to gaseous molecules and
solid-state physics to three-dimensional crystals. Using stereospecific
catalysts, polymer chemists are now able to synthesize chains of high
stereoregularity (polyethylene, polypropylene, etc.) whereas nicely or-
ganized polymers (polydiacetylene, polyoxymethylene, etc.) are obtained
through solid-state polymerization. These few examples do not exhaust
the list of possible candidates for quantum investigations but their well-
defined structures illustrate well enough the fact that theoretical models
will not be far removed from reality and may conceivably bring a valuable
contribution to polymer science.

Another reason for developing quantum methods for polymers is the
increasing use of refined techniques (XPS, IR, NMR, etc.) to solve fun-
damental polymer problems; e.g., XPS (or ESCA—electron spectroscopy
for chemical analysis) spectra obtained with monochromatic X-ray radia-
tion turn out to be powerful tools with which to study the electronic
structure of polymers, both by providing precise information on core level
binding energies and line shapes and by allowing the recording of the
distribution of the valence electronic levels that might constitute a real and
unique ‘‘fingerprint’’ of the polymer.

This proclaims the need of theoretical methods for polymers in order
to supply the necessary background for interpreting more and more com-
plex experimental data.

From a conceptual point of view, it appears that polymer quantum
chemistry is an ideal field for cooperation between solid-state physicists
and molecular quantum chemists. There exists a common interpretation in
discussions concerning orbital energies, orbital symmetry, and gross
charges by chemists and solid-state physicists who use less familiar terms
like first Brillouin zone, dependence of ‘‘wave function’ (in fact the
monoelectronic wave function is called an orbital by the chemist) with
respect to wave vector £, Fermi surfaces, Fermi contours, and density of
states.

Actually, both scientists use the same quantum mechanical back-
ground, the same approximations, and even the same degree of sophistica-
tion in order to understand one another. Thus an interesting feature of
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polymer theoretical chemistry is that its scientific language is partly that of
quantum chemistry and partly that of solid-state physics. For example,
model polymers are described by three-dimensional LCAO orbitals with
only one direction of periodicity so that usual concepts of solid-state
physics such as Bloch functions, Brillouin zones, and energy bands can be
applied. Consequently, this field could have a considerable impact in
teaching solid-state terms (such as first Brillouin zones, energy bands, or
density of states) to chemists with a certain knowledge of basic quantum
chemistry. However, polymer quantum chemistry is not, strictly speak-
ing, one-dimensional physics; the three-dimensionality of the basic Bloch
orbitals renders important theorems for a strictly one-dimensional system
invalid (McCubbin and Teemull, 1972). A now classical example is the
linear zigzag polyethylene whose energy bands exhibit extrema at points
of the first Brillouin zone which are not high symmetry ones.

In this chapter, we summarize the general LCAO theory of polymers
while emphasizing some practical aspects which are very important for a
meaningful comparison with experiment. These are band ordering and
accurate calculations of long-range electrostatic effects. In the last part,
we show by specific examples the actual ability of polymer quantum
chemistry to interpret and predict experimental results.

II. LCAO Methods for Band Structure Calculations of
Polymers

A. General Formalism

The aim of this part is to present the general LCAO theory, as pres-
ently used, for studying the electronic properties of regular macro-
molecules. Since bonds in a polymer are not different from usual bonds
in organic molecules, the methods already proved successful in the inves-
tigation of the electronic structure of molecules can be used for describing
the electronic properties of polymers. Therefore, the one-electron energy
band model has been and is still one of the most used approaches to the
description of the electronic states in solids and stereoregular polymers.

If one uses a molecular approach, electronic states of large chains are
represented by drawing the orbital energies (filled and empty) associated
with chains of increasing length. In a series of homogeneous molecules,
the number of energy levels increases with the molecular size and, corre-
spondingly, the distance between these energy levels vanishes.

For the infinite regular chain, another description can be given. Due to
the one-dimensional periodicity, the monoelectronic levels (orbital ener-
gies in the molecular description) may be represented as a multivalued
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function of a reciprocal wavenumber defined in the inverse space dimen-
sion. The set of all those branches (energy bands) plotted versus the
reciprocal wave number (k-point) in a well-defined region of the reciprocal
space (first Brillouin zone) is the band structure of the polymers. In the
usual terminology, we note the analogy between the occupied levels and
the valence bands, the unoccupied levels and the conduction band.

The deduction of the restricted Hartree-Fock equations for infinite
regular polymers is well described in the literature (Ladik, 1965, 1975,
1978; Del Re et al., 1967; André et al., 1967a,b, 1971a; André, 1969, 1970,
1975; André and Delhalle, 1978). However, for sake of clarity, we find it
appropriate to begin with a brief summary of the key LCAO-CO (CO—
crystalline orbital) relations. Moreover, a recent appraisal of long-range
contributions (Delhalle et al., 1978a; Piela and Delhalle, 1978a,b; André et
al., 1978), typical of systems built of infinitely repeating patterns and
generally not included in actual polymer calculations, makes this survey
opportune.

Let us consider a one-dimensional periodic lattice consisting of a large
number, 2/ + 1 (¥ — =), of unit cells of length a, each containing Q
nuclei at positions A;, A,, . . . , A, relative to the cells origins jaZ, j = 0,
*1,*£2,. .., %/, and 2n, electrons distributed along the chain. A strict
electroneutrality of the cells 2n, = Z, + Z, + - - - +Z,,) is necessary.
The electrons are assumed to doubly occupy a set of one-electron orbitals,
&,(k, r), of Bloch type written as periodic combinations of w basis func-
tions, x,(r).

+.4 w
dalk, £) = 2N + D72 3 X Copkle™iyy(r — P —jaz), (1)

j=—N p=1
where r is the position vector measured from an arbitrary but fixed
origin, Z is a unit vector in the direction of lattice periodicity, P is the
center of the basis function x,(r), and k is a point in the first Brillouin
zone (BZ), [—mw/a, +m/a], of the polymer; Ly, the length of this

Brillouin zone, is equal to 27/a; w is the size of the basis set.

The ¢,(k, r)’s represent the wave function of a single electron in the
periodic potential created by the nuclei and the other electrons. The
optimal set of those polymer orbitals for a given atomic basis set is
obtained in the usual way by solving the Hartree—Fock equations. The
self-consistent field (SCF) monoelectronic operator has the explicit form

+.% Q

F(r) = =% V() - 2 2 Z,jri — A, — hat|!

h=—N u=1

+ 3 S 2ee) — K}, @
n'=1 k'
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where n, is the number of doubly occupied bands. The Coulombic and
exchange terms are detailed as

JwiT)dulk, 1) = f(bﬁ'(k', r)ri' ek, r;) dod(k’, r), 3)
Ky iw(r)dalk, ) = Iﬁ'(k', r)ri' dalk, ry) dvsdn(k', ry). @

The terms included in Eq. (2) are, respectively, the kinetic operator, the
attraction of a single electron with all nuclei centered in all cells, the
averaged electrostatic potential of all electrons, and the averaged ex-
change interaction.

As is the case for complicated problems where expansions into
known functions are required, the final computational expressions are
cast in matrix form. By forming the expectation value of the mono-
electronic Hartree—Fock operator and by applying the variational pro-
cedure for the LCAOQ coefficients, C,,(k), the following system of
equations, of size w, is obtained:

S Culh) (3 e, - (DS ) = 0. )
» J
The compatibility condition of this system

=0 (6)

Y eia(Fi, — E(k)Si,)
j

gives the band structure, {E,(k)}, as a multivalued function of k in the
reduced zone scheme. We note that Fj, is a matrix element of the
monoelectronic operator, F(r;), between the atomic orbital x, centered
in the origin cell and the atomic orbital x, centered in cell j. Si,, an
overlap integral, has the same meaning for the unit operator. Both
matrix elements decrease exponentially with the distance between the
orbitals, giving rise to a natural convergence of the summation over
cells appearing in the secular systems (5) and determinants (6).

In the Hartree—Fock self-consistent procedure, the matrix elements
Fi, have the general form:

Fly=Thy — 2 X ZWVih, A) + 2 X X X DEIEIR) — (5] O
h wu h l r 8
when defining:
the kinetic integrals
The = —4[X(r = P) VAX)xo(r — Q — ja2) dbv, (®)
the nuclear attraction integrals

Vigdh, A) = [xpr — P)r — A, — haZ["'xr — Q —ja?) dv, (9)
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the electron repulsion integrals
G217 = JIxu(r, — P)xo(r; — Q — ja2)ry)
X x4rs — R — haZ)xr, — S — la2) dv, dv,, (10

In these expressions and from now on (j, A, ), (4, v), and (p, q, r, §)
indices will refer, respectively, to summations over cells, nuclei, and
basis functions.

The iterative part of the computation involves elements of the so-
called density matrix, Dj,, which are computed at each iteration by
numerical integration over the first Brillouin zone of the polymer
(Delhalle, 1972, 1974a; Delhalle and Delhalle, 1975):

Din=S Chk)Crak)e™ = Lz} f C S CLCaRe™ e dk (1)
k.,n n=1
= Lt [ Dylk)e ™ dk. (12)

The total energy per unit cell of the polymer, electronic plus nuclear,
is obtained in the following way:

Er=S33 DiFi+ L) + 3 33 ZZJA, A, + hat)|™".
J P q h v u
(13)

I}, collects the one-electron terms
Ly = Ty — X, D Z,Vig(h, A). (14)
h u

The prime on summations excludes terms whose denominator vanishes.
The above expressions are general.

In every LCAO ab initio procedure of the single determinant quality,
Fock matrix elements thus consist of three physically different terms:
a kinetic contribution, an electrostatic attraction and repulsion contribu-
tion, and an exchange part.

The kinetic term

The = [x(r = PY~} VOt - Q — ja?) dv (15)

decays almost exponentially with distance between orbital x,(r — P),
centered in cell o, and orbital x,(r — Q — jaz), centered in cell j.
Recalling the probability density interpretation of the wave function in
quantum theory, the orbital product

Ppy(r) = xp(r — P)x(r — Q — jal) (16)

is the probability density of an electron shared by the orbitals x,(r — P)
and x,(r — Q — jaZ). The kinetic integral can be interpreted as the mean
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kinetic energy of the charge distribution Pj,(r). The explicit dependance,
however, is not straightforward because of the particular nature of the
operator V2, The kinetic energy integrals are usually small when the
overlap involving the same orbitals is small, thus producing a fast
decrease with respect to the distance between orbital centers.

The exchange contributions

Xp=~2 2 2 % DEAL (17)
h 1 r 8

cotrect for the electron self-repulsion included in the Coulomb electro-
static potential and also include the effect of the Pauli principle on the
independent electron model. Clearly, if the centers of two functions
X» and x, are widely separated, the exponential form of the basis orbitals
ensures that the product Pj,(r) will be small everywhere so that the
leading terms in the exchange contributions to a matrix element are:

Xjg= — 2 2 Di (o) = —Di (% 4, (18)

It is to be pointed out, however, that exchange contributions can be
important for those matrix elements between widely separated orbitals
since the decay of both two-center repulsion integrals (35;) and ele-
ments of density matrices is very slow (~r!) with distance and not
exponential as for other contributions. This results in a global r2
dependence of exchange quantities.

The electrostatic attraction and repulsion terms are very important;
they have the explicit form:

Cha = ; (— Y ZuVigh, A,) + 2 > Y 2DNE, ) (19)
u r 8

They are simply the Coulomb energy of a negative charge distribution
Pi, (r) in the field of the positive framework of all the nuclei and of the
negative electron distribution P%(r). Due to cell electroneutrality, the
total charge is zero so that electrostatic contributions of cells far apart
from the center of the charge distribution P, (r) goes to zero. In this
sense, even if individual nuclear attraction and electron repulsion
integrals decrease very slowly (in fact they diverge individually) there
is a strict cancellation at medium or large distances between the diverging
nuclear attraction and repulsion terms since positive nuclear charges
compensate the negative electron density of an equal number of elec-
trons. This is easily illustrated by analyzing the contributions of electro-
static interactions from cell # with charge distribution P (r):
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puie(- 3 g+ 5 S S 08 [ 2 ),
(20)

Let us denote the center of charge distribution P}, (r) by U(j) and the
center of charge distribution P!(r) by haz + V(h — [). When the & index
becomes large, one can approximate Eq. (20) as follows:

DhlShl
( 2|haz+A —U(])|+222 |haz+V(h—l)~U(i)|)'
2n

For very large values of h, quantities A — U(j) and V(h — 1) — U(}j)
become negligible with respect to haZ and at infinity an absolute
cancellation takes place due to electroneutrality requirements:

->Z,+2> 3 > Disii=0. (22)
u 1 r s

In a practical way, the summation over /% in equation (19) is of poor
convergence, especially in cases where the centers of positive (nuclei)
and negative (electron cloud) charges within the unit cell are quite
distant; this corresponds mathematically to the following series:

- i nt+ i (n+ 87, (23)

well known for its slow convergence. The number of terms required for a
desired accuracy depends on the value of 8. Too strong a limitation will
give erroneous results.

After completion of the integral calculations, energy terms and band
structure are iteratively obtained from the previously defined matrices.
The complex eigenvalue problem is solved for the k-points requested by
the numerical integration (11). Diagonalizations are generally achieved
with the very efficient and self-contained routine CBORIS (Zupan, 1975)
which uses successively the Cholesky decomposition, the Houselholder
similarity transformation, and the QL algorithm.

It is to be noted that the dimensions of the matrix equations to be
solved are equal to the number of atomic orbitals, w, per unit cell, the
effect of the infinite lattice being included in the naturally converging but
formally infinite sums.

The equations show that in a general way a polymer can be considered
as a large molecule, making the usual methods of quantum chemistry
appropriate to investigate the electronic structure of polymers. As a con-
sequence, we are allowed to introduce, in practice, the well-known ap-
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proximations of molecular quantum mechanics into the formalism of
polymeric orbitals. For instance, we can either restrict the number of
electrons to be considered or approximate several electronic integrals or
groups of integrals. In this way, we will speak about ab initio or ‘‘nonem-
pirical’’ techniques when considering all electrons and calculating all the
necessary integrals. On the other hand, we will use semiempirical meth-
ods if a reduced number of electrons (e.g., valence electrons) are taken
into account and, hence, the necessary integrals are approximated from
experimental data.

B. Practical Procedures

In this section, we summarize some of the specific procedures which
have been reported in the literature for calculating band structures of
polymers.

1. The Parametric and Extended Hiickel Methods for Polymers

In the simple Hiickel method, only w-electrons of purely conjugated
molecules are taken into account and all interactions, excepting those of
nearest neighbors, are neglected (Hiickel, 1931, 1932). This method is
similar to the original formulation of the ‘‘tight binding approximation’’ in
solid-state physics (Bloch, 1928). It obtained a considerable success be-
cause of its simplicity and the good validity of the approximations made
for conjugated hydrocarbons. Due to the neglect of nonnearest interac-
tions, only the first translation is retained in the secular system and deter-
minant. As a consequence simple k-dependence of the m-energy bands are
produced. Practical calculations are even easier since the atomic Hiickel
basis is assumed to be orthogonal; the overlap Bloch sums in those condi-
tions reduce to the & functions. The method has been applied with success to
polyene chains, to graphite and to simple conjugated polymers (Ladik and
Biczo, 1965; André et al., 1967a,c).

Around 1950, a very simple type of Hiickel parametrization, easily
extended to o-bonded systems, was suggested (Mulliken, 1949; Wolfsberg
and Helmbholtz, 1952). Ten years later, this method was taken up and
applied to a large variety of saturated and conjugated molecules
(Hoffmann, 1963).

This is now well known as the extended Hiickel theory (EHT). In this
procedure, only valence orbitals are considered. One-center interactions
are estimated from ionization potentials and electroaffinities. Two-center
integrals are computed from one-center ones by the Mulliken approxima-
tion and calibrated by a scale factor. Those integrals vary exponentially
with distance so that Bloch sums are generally extended over 10- or 15-
unit cells in secular systems. Due to the nonorthogonality, diagonalization
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procedures are more involved and sophisticated band structures can be
generated. Since the procedure does not take into account the explicit
electron—electron interactions, the method is noniterative and directly
produces a stable band structure. Modifications to introduce explicit de-
pendence on electronic charges have been attempted, giving rise to more
complex iterative extended Hiickel methods (IEHT) (Viste and Gray,
1964; Berthier et al., 1965; Cusachs and Reynolds, 1965; Reinet al., 1966).

A large variety of polymers have been studied by the standard
EHT techniques including polyethylene and its fluoro-derivatives,
polydiacetylenes, and substituted compounds. biopolymers. A detailed
survey of the literature is given in Section III of this article.

2. The Semiempirical NDO Methods for Polymers

In 1965, more sophisticated methods were proposed which no longer
have their justification on a global evaluation of matrix elements between
basic orbitals (as in EHT) but rather on a closer analysis of energy terms
(Pople et al., 1965; Pople and Segal, 1965; Cook et al., 1967). The matrix
elements are split into their kinetic, attraction, and repulsion parts and
some integrals are either neglected or approximated by careful proce-
dures. Fundamentally, those methods attempt to reproduce by means of
one-electron models the one-electron results of the many-electron
Hartree-Fock theory. Sometimes, the fit to experimental data results in
an implicit inclusion of a part of the correlation effects, although in a very
indirect way. In the quantum theory of polymers, those relatively cheap
empirical techniques could, in principle, play an interesting role but, from
the start, they suffer from crude approximations and arbitrary simplifica-
tions. This makes the interpretative work ticklish, especially when at the
point of discriminating between an interesting chemical effect and a failure
of the method.

3. The ab Initio LCAO Methods for Polymers

The Hartree—-Fock theory obtained its considerable success with the
ab initio calculations on molecules of ‘‘chemical’’ sizes. In these calcula-
tions, all the electrons are taken into account and all the necessary integ-
rals are explicitly computed for a given basis of atomic orbitals. There is
actually a considerable development of ab initio type calculations on mol-
ecules.

However, it must be stressed that sophisticated ab initio methods,
already very time consuming for middle- or large-sized molecules, be-
come very costly when applied to polymers of interest. It thus makes
sense to find compromises between the necessary computer investment
and the quality of the results. This has prompted some groups to develop
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techniques, working at a strict minimal basis set level and retaining the
full coherence of ab initio approaches, in order to perform affordable
quantum mechanical studies of regular polymers.

An interesting approach is a generalization of the floating spherical
Gaussian orbital (FSGO) technique (Frost, 1967) to calculate electronic
band structures of regular saturated polymers within a simple and fast
computing scheme (André et al., 1976b). The iterative cycles of the usual
SCF scheme are completely avoided by using a number of basic orbitals
equal to the number of electron pairs in the unit cell. In that case, the
density matrices are unequivocally fixed and computed by an inversion
procedure on overlap integrals between Bloch functions. The order of
one-electron energies of various alkanes computed with this FSGO tech-
nique relates well with the results obtained when using more extended
basis sets and confirms this procedure as a valuable approach for inter-
preting XPS spectra (André et al., 1976a). Similarly, variations in bond
lengths and structures are in good agreement with experimental data.
Such trends hold equally well for hydrocarbon polymers where X-ray
scattering factors and properties directly related to electron distribution
are well estimated (André and Brédas, 1977) while successful comparisons
of theoretical electronic density of states with XPS spectra have been
recently obtained for polyethylene and isotactic polypropylene.

However, in its initial form, the FSGO-CO method is not at all
adapted for applications to unsaturated systems or more generally to
those polymers for which an adequate description of the electron density
within the unit cell requires a number of basis functions larger than the
number of electron pairs. A recent and more elaborated FSGO-CO tech-
nique avoids this difficulty and keeps the full versatility and applicability
of more sophisticated ab initio procedures (Brédas et al., 1978). This tech-
nique has been found to be conceptually very simple and very well de-
signed for testing numerical methods of the quantum theory of polymers.
In practice, the procedure can be implemented either by the use of
localized fragment orbitals or by atomic Gaussian lobe functions.

In the first approach generally known as ‘‘Christoffersen’s molecular
fragment approach’ (Christoffersen, 1971, 1972), only 1s Gaussian-type
orbitals (GTO) are used. Part of these orbitals are placed at points of
space other than on nuclei, e.g., in bonding regions. In conjugated sys-
tems, the o-framework is adequately described by somewhat localized
FSGO’s while the 7-density is reproduced by antisymmetrical combina-
tion of s-Gaussian orbitals which are symmetrically placed above and
below the atoms involved in the -bonding.

In the second approach, we no longer make use of localized orbitals
but instead keep the notion of atomic orbitals constructed as representa-
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tions of Slater-type orbitals (STO). This type of basis set (Whitten, 1963,
1966) differs from the ordinary ones by the choice of 2p orbitals which, as
in the previous case, are formed by non-nuclei-centered antisymmetrical
combination of two s-GTO’s.

4. The Simulated ab Initio LCAO Methods for Polymers

As previously noted, it is highly desirable to dispose of techniques
which offer the advantages of both semiempirical (computationally fast)
and ab initio (more reliable) schemes. Methods based on the simulated ab
initio molecular orbital techniques (SAMQO) (Duke and O’Leary, 1973;
Duke et al., 1975; O’Leary et al., 1975) or on the application of the linear
combination of localized orbitals (LCLO) (Delhalle e al., 1977a) have
been proposed. The principle of those methods is to build the Fock matrix
elements of the polymer from transferable ab initio data obtained on large
molecules. The a priori advantages are a very negligible cost (typically of
the order of magnitude of an extended Hiickel calculation) and the ab
initio character of the approach. However in addition to the rather tedious
generation of a huge number of matrix elements, it is still impossible to
interpret persistent and significant discrepancies (shape and widths of
electronic energy bands, etc.) with respect to reference LCAO-CO re-
sults. Moreover the total energy is out of reach by this method, thus
severely restricting its interest.

Another promising and tempting procedure is based on the use of
effective Hamiltonians (Barthelat and Durand, 1978). In such an ap-
proach, it is supposed that the valence Hamiltonian that reproduces the
Fock operator is the sum of a kinetic term and of various effective atomic
potentials for atoms within their characteristic chemical environment. For
computational reasons, these effective potentials are chosen as nonlocal
spherical or nonspherical Gaussian projectors. Parametrization of these
potentials is performed by least-square fitting on corresponding valence
Fock operators for small pattern molecules. This model has been success-
fully checked on small alkanes and on polyethylene and polypropylene (P.
Durand, G. Nicolas, J. M. André, L. A. Burke, and J. Delhalle, unpub-
lished results). It is also able to correctly reproduce interatomic distances
and force constants.

At present time, all the previously cited methods (empirical, semiem-
pirical or ab initio) are used to calculate energy band structure of poly-
mers. Nonempirical methods are dependent on the fourth power of the
number of orbitals considered, whereas empirical methods are more de-
pendent on the square power. If N is the number of cells for which all the
overlap and Fock elements are greater than a given threshold (e.g., 1079)
and w is the size of the basis set in a unit cell, we have to calculate
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Naw(w + 1)/2 Fock integrals and also Nw(w + 1)/2 overlap terms. The
repulsion operator by its two-electron character gives rise to much more
complex matrices. Those matrices (of number N3) contain w*(w + 1)?/8
integrals as a first approximation. As a consequence, the time-consuming
part of an “‘ab initio”’ program is of a general N%w*/8 time dependence.
Extended Hiickel or CNDO band calculations have a much easier Nw?
dependence for the integral calculations. The time-consuming process is
then the diagonalization and, as a consequence, those types of calcula-
tions are feasible on medium-sized computers in realistic computation
times. Since extended Hiickel calculations avoid SCF iterative process,
one might think that the computing time ought to be less than the time
needed for the CNDO method. However, the former involves heavy ma-
trix transformations in order to treat the nonorthogonal atomic and Bloch
basis, while the atomic and, consequently, the Bloch basis, are assumed
to be orthogonal in the CNDO-type methods. As a result, computing time
is very similar for both methods.

C. Numerical Aspects

In this part, we would like to show some numerical aspects of the
actual quantum theory of polymers. Two main problems will be dis-
cussed; namely, the accurate computation of long-range electrostatic ef-
fects in linear chains and the correct indexing of energy bands.

1. Accurate Calculation of Long-Range Interactions

As pointed out in Section II,A, the Fock matrix elements are built
from two divergent series representing the nuclear attraction and electron
repulsion effects. Indeed, each term of the nuclear attraction as well as
each term of the electron repulsion decays like r~! and diverges individ-
ually. Only an appropriate combination will produce a finite result pro-
vided the neutrality of the cell is satisfied. For a system as simple as the
linear chain of hydrogen atoms, it was found that going from 6 to 16
nearest neighbor interactions, the total energy is affected by an amount of
5 x 107* a.u. and the Fermi level changes by an amount of 1072 a.u.
(Kertesz, 1976).

Polar systems will even be more difficult to deal with since a large
separation of positive and negative charges will result in an extended
summation over unit cells. In a linear model of LiH molecules, 100 cells
have to be considered on each side of the origin unit cell for getting matrix
elements accurate up to 107% a.u. (Delhalle et al., 1978a).

In an FSGO study of polyethylene, including 50 cells on each side of
the origin unit cell does not give numerical values more accurate than 1073
a.u. Moreover, too strong limitations produce band structures with incor-
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rect band crossings (André et al., 1978). This difficulty is not restricted to
the computation of matrix elements but is also apparent in the calculation
of total energies. This problem has been outlined for a long time (Lowdin,
1956a,b).

Total energies of large systems are proportional to the number of elec-
trons, i.e., to the length of the polymer or to the number of unit cells it
contains. For sufficiently large systems, the contribution to the total
energy per unit cell is thus a constant. A detailed analysis shows that three
divergent terms are involved in this contribution: the electron—nuclei at-
traction, the electronic repulsion, and the nuclear repulsion. A finite and
stable numerical value can only be found by combining those three diver-
gent terms in a proper way to electroneutral unit celis.

It must be noted that accurate resulits of total energies are requested if
a conformational analysis or a vibrational analysis must be performed. In
those cases, an accuracy of about 0.5 kcal/mole must be obtained on total
energies (i.e., 1072 a.u.). Such an accuracy on total energy needs a preci-
sion of about 1073 to 107® a.u. in the evaluation of individual matrix ele-
ments.

In current applications, it is obviously impossible to deal with arbitrary
large values of N (the number of unit cells between which we accurately
compute all elementary integrals) since the two electron part of an LCAO
calculation involves a large number of repulsion integrals going like N3w*.

A first possibility can be obtained by using accurate approximations of
the F, functions involved in the integral evaluation over spherical
Gaussian-type orbitals. It has been shown (Schaad and Morell, 1971) that
for large arguments (x = 16), the F, function is accurately computed (er-
ror less than 107%) by the expression:

Fo(x) = $(arlx)'2, (24)

Such an argument is rapidly obtained in molecular and polymer calcula-
tions. For hydrocarbons, in a FSGO scheme, this corresponds to dis-
tances of the order of 3.6 A for C—C bonds and C—H bonds, of 1 A for 1s
carbon cores. The use of the previous approximation results in a signifi-
cant gain in computation time but does not conceptually change the
numerical procedure (Delhalle et al., 1978a).

Much more elegant is the use of the Fourier transformation technique
or the multipole expansion.

The first technique (Piela and Delhalle, 1978a,b) is based on the mul-
tipole expansion of the interaction operator r3, within the Fock operator.
This procedure is valid as soon as there is no longer overlap between the
charge distributions whose interactions are to be calculated. This tech-
nique has the advantage that it takes into account the long-range effects on
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the Fock matrix elements directly within the framework of the exact
LCAO-CO formalism. It is thus possible to perform the iterations to relax
the charge distribution of the system in its own field. In this way, the
induced multipole interactions are automatically taken into account.
Exact summations up to infinity are carried out in such a way as to
minimize the round-off errors. Selective control on the convergence and,
more specifically, on the quantities one can afford to compute (electric
moments) is possible. The method is implemented straightforwardly into
computer programs since the necessary quantities are one-electron inte-
grals and are easy to evaluate. The number of such integrals grows as the
second power of the basis length and is proportional to the number of
interacting cells, i.e., ®®*N. The computing time is thus negligible with
respect to the usual technique where a number of w*N? is to be computed.
The method has the supplementary advantage of being physically appeal-
ing through the multipole moments which constitute a traditional frame-
work for interpreting electrostatic interactions.

The second technique (André et al., 1978) makes use of the approxima-
tion, Eq. (24), of the F, function. It is thus only valid for the formalism
where those functions are found, i.e., mainly for Gaussian-type integrals.
If this approximation is used in the infinite summations of the LCAO-CO
formalism, we isolate quantities which are immediately recognized as
traditional Madelung expressions. Those Madelung summations, charac-
teristic of the system and of the basis set used, can be evaluated by a
direct application of the Fourier representation method (Harris and Monk-
horst, 1970; Harris, 1972, 1975).

As in the multipole expansion, the long-range effects are included
within the SCF cycles. There is a formal advantage since no approxima-
tion of the rj operator is involved as is the case in the multipole expan-
sion. In its application to the determination of long-range effects in poly-
mers, the technique is presently restricted to Gaussian bases only.

2. The Band Indexing Difficulty

In the reduced zone scheme, the band structure E,(k) is a multivalued
function of k and the successive values of n for any given k correspond to
increasing levels: first to the inner core electrons, then to valence bands,
and finally to unoccupied bands. Due to prohibitive computing time asso-
ciated with the complex diagonalization:

F(k)Cylk) = S(k)Co(K)E,(K), (25)

the energy bands are known at discrete wave number values only, E, (k).
Bands are usually given an index n, increasing in order of increasing
energy, but difficulties arise because the rule breaks down at degeneracy
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Fig. 1. Crossing (a) or noncrossing (b) of energy bands resulting in the absence (a) or the
existence (b) of an energy gap. (Reproduced with permission from Delhalle, 1975.)

points. Figure 1 illustrates this situation in the case of two energy bands.
Two possibilities exist: either band crossing or noncrossing. To these two
alternatives correspond entirely different physical realities; in the first
case, there is no band gap, whereas such an energy gap does exist in the
second case. If point symmetry exists within the unit cell the problem can
be solved by group theory (McCubbin, 1971), but when there is a low
symmetry and a large number of bands this becomes practically untracta-
ble. For the present time, the band indexing problem is generally solved
by visual inspection or in a more based way using a graphic interactive
program with the knowledge of the local first derivatives, E;(k;) of the
energy eigenvalues. A general technique, easily applicable, for determin-
ing locally the k-derivatives of all bands in each k-point (André et al., 1972;
Delhalle, 1972) has been obtained by considering the scalar product:

E, (k) = C(k)F(k)C,(k) (26)
with
CA(k)S(k)C, (k) = 1. 27
Hence,
OE, (k) _ 0C(K) vy OFK) o C, (k) .
a ) = SSHE PR + Cik) S5 Gk + CHROFR) =57
(28)
After straightforward matrix manipulation, we get the working formula:
OE, (k) dF(k) _ s aS(k)

which simplifies in an orthogonal atomic or Bloch basis to:
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dE, (k) dF(k)
ok ok

Since the k-dependence of F(k) and S(k) matrices is very simple:

= Cy(k) Cu(k). (30)

ell) _ B3 explikja)Fhy = ia 3 J explikjaFhe, (D)
J J

@g‘;(@ = ;—k 2 exp(ikja)S, = ia 2 Jj explikja)Siq. (32)
J J

It has been possible to implement this procedure into an algorithm of
general use for polymer consideration (Delhalle et al., 1978c).

In a practical way, the band structure calculation program is linked to
a graphical device (plotter or graphical display) and the variations of E, (k)
are graphically represented by a rotating fixed length vector centered at
(E,(k), k) points as represented in Fig. 2. When two or more bands are not
separated enough in the graph, it is possible to enlarge the graphic. Ex-
perience has shown that nearly all kinds of bands can be labeled by this
procedure and the time and the difficulties of data manipulation are drasti-
cally reduced.

D. Band Structure Calculations and Electronic Properties of Polymers

As soon as the final eigenvalue equation (5) has been set up according
to one of the various methods described above, the problem of getting
information to compare with experiment has to be considered. Indeed,
making guesses or interpretations on properties is the most fruitful and
rewarding aspect of theoretical studies. Numerous experimental quan-
tities can be correlated with terms deduced from electronic charge dis-
tribution and from band structure calculations. However, band structure
is not measured directly and one has to apply transformations to bring
calculated data to a form readily comparable to experiment. This is typical
of the electronic density of states distributions. Electronic charge distribu-
tion is also very attractive to consider when discussing chemical bonds.

In polymeric materials and in three-dimensional crystals, the number
of atoms is very large and the eigenvalues are very dense and bounded; it
is therefore more convenient to deal with energy levels distribution func-
tions than with individual values. Density of states is defined as the num-
ber of allowed energy levels per unit energy:

DE) = @m) Y |dKIER)sy0-s: (33

Such a function has the advantage of providing a synthetic description
of one-electron levels and of being closely related to experiment.
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Fig. 2. Energy bands E (k) plotted from their discrete values at 21 k-points and their first
derivatives E}(k). The example represents the four last-occupied valence bands of
polyethylene (3, 4, 5, 6).

Though conceptually simple, electronic density of states distributions
are not straightforward to evaluate numerically but the problem has been
well analyzed and described in the literature (Delhalle, 1974a,b; Delhalle
and Delhalle, 1975). Whenever the first derivative of E,(k), E(k), goes to
zero, there will be a large contribution to the density of states, giving rise
to singularities in the spectra. We know in advance there are at least three
values of the wave number k where E, (k) vanishes identically, i.e., kK = 0
and kK = +n/a. However other extrema can occur but their number and
location cannot be predicted a priori. When implementation by computer
is to be considered, one has to turn to a new function D(E;), the density of
electronic states histogram. It exhibits the same behavior as Z(E) but
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fortunately gives rise to finite peak height only. It is an average of Z(E)
over some energy interval AE

E{+AE[2
D(E) = (MBS [," 2EVE,
E;=E,+iAE, i=0,1,2,..., AE>0. (34

The value of AE is chosen according to a particular experiment to inter-
pret. @(E, is obviously the limiting function of D(E;) when AE goes to
zero. D(E;) is the height of the ith rectangular box centered at E;; it
represents an element of the histogram of the density of states.

Various approaches to compute these D(E;) have been proposed. The
histogram method involves generating the eigenvalues E, (k) of the system
at a large number of points in the Brillouin zone and then counting the
results into boxes that subdivide the energy range. Another approach,
more effective in the sense of saving computing time and numerical stabil-
ity, is currently preferred. Basically, it consists of an analytical or con-
tinuous integration over small intervals [k; — Ak/2, k; + Ak/2] located at
wavenumber values for which a diagonalization has been requested.

Density of electronic states distributions can be used to test results on
energy band structure obtained from various methods. It is known that
derivatives enhance variations of a function; therefore, it is no wonder a
density of states distribution is a more sensitive test on energy bands since
it involves the inverse of first derivatives E (k).

Most of the comparisons between theory and experiment cited in the
next section are based on photoelectron spectroscopy mainly by XPS (or
ESCA), which has been proven to be a valuable means for investigating
ground-state properties of polymers (Delhalle ez al., 1974b; Pireaux et al.,
1974, 1977).

Experimental XPS spectra are not directly comparable to density of
states, but two additional effects must be introduced in the calculations to
produce curves with almost the same type of content as in the experiment.
Firstly, one has to take the photoionization cross section into account. It
induces an appreciable modification of the general shape of the density of
states. Until now the calculations of the XPS intensities have been made
mainly according to the empirical model of Gelius (1972):

LE) ~ 3 Ch®) (S $mkICah) ) o3, (35)

where I,(k) represents the intensity of the nth energy band at the point
k of the first Brillouin zone whose LCAO coefficients are {C,,(k)}.
Sie(k) is an overlap integral between Bloch functions p and g at point k.
The o,’s are the relative photoionization cross sections referring to a
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particular atomic subshell; approximate values were obtained by Gelius
by applying the intensity model to small molecules with known orbital
assignments. This produces the density of electronic states distribution
modulated by the XPS cross sections, D(E;), where each energy
eigenvalue contribution is weighted by I,(k):

E/2

— o E;+AE/2
D(E) ~ (AB™ 3 [ AIELR) L0} dE. (36)

Secondly, XPS spectrometers have an inherent limitation in their resolu-
tion. For example, the HP.5950 A ESCA spectrometer shows a resolution
ranging from 0.5 to 0.7 eV. However, it is found that the experimental
resolution function is reasonably well fitted by a Gaussian function of
full width, T, at half maximum of 0.7 eV. The final theoretical simula-
tion D,(E;) of the experimental spectrum is obtained after the convolution
of D(E;) by the Gaussian fitting curve has been made:

DJE) ~ [ D(E) exp[~(E ~ E/20%] dE, (37)

where I = 2.345¢.

I1I. Applicationsb of LCAO Methods to Stereoregular Polymers

Historically, polymeric orbital theory has followed the general scheme
which in turn was followed by molecular orbital theory. In this sense,
early applications were mainly concerned with the general understanding
of mr-electrons of aromatic or conjugated one- or two-dimensional poly-
mers. The pioneering works in this field were the independent descriptions
of the electronic structure of graphite in a Hiickel-type procedure (Brad-
burnet al., 1947; Wallace, 1947; Barriol and Metzger, 1950). Similar work
was already published for the infinite polyene chain (LLennard-Jones, 1937;
Kuhn, 1949). After the work of these pioneers, both graphite and polyene
were studied by approximate theories taking account of the details of
electron interactions. The aim of these works was primarily to establish or
to demonstrate the existing link between molecular orbital theory and
solid-state physics. The generalization of LCAO methods to all electrons
or at least to all valence electrons in a polymer is quite recent, and the first
all valence calculations on a significant polymer is the extended Hiickel
band structure of polyethylene (McCubbin and Manne, 1968). More re-
cently, advances in mathematical techniques and programming have
reached the point at which moderate-sized polymers can be studied by
sophisticated methods. This allows the quantum theory of polymers to
advance in a clearly defined way. The purpose of this section is to present
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some selected problems which can be accurately investigated by band
structure methods. The first question is concerned with polyethylene.
Polyethylene is to the quantum theory of polymers what the hydrogen
molecule is to molecular physics: a traditional test case for each newly
developed technique. Then some results for polypropylene will be pre-
sented. Chemically polypropylene is the methyl derivative of
polyethylene. This substitution has the effect of producing different tac-
ticities. The methyl groups can be located on the same side of the main
chain (isotactic polypropylene), can alternate on each side (syndiotactic
polypropylene), or can be aleatory (atactic polypropylene). Furthermore,
while polyethylene in its stable conformation is a perfect zigzag chain,
polypropylene in its different tacticities is a helix. This raises the ques-
tions of the influence of conformational effects on observable electronic
properties and the possible inference by quantum methods. Finally, the
series of fluoropolymers provides an example of the effects of systematic
substitutions.

Most of the compounds studied in this part are available as well-
crystallized samples. Experimental ESCA spectra have been determined
(Pireaux et al., 1974, 1977) and thus a homogeneous series of experimental
results can be compared to theoretical results of band structure calcula-
tions.

A. Polyethylene

Polyethylene provides an example of the recent proliferation of band
structure calculations for polymers. Its band structures is well described
in the literature as obtained from extended Hiickel (McCubbin and
Manne, 1968; Imamura, 1970; André et al., 1971b; André and Delhalle,
1972; Falk and Fleming, 1973), CNDO/2 (Morokuma, 1970, 1971; Fujita
and Imamura, 1970; Andréet al., 1971b, 1972; Morosi and Simonetta, 1971;
André and Delhalle, 1972; McAloon and Perkins, 1972; Falk and Fleming,
1973; Wood et al., 1975), INDO (Beveridge et al., 1972), MINDO/2 (Bev-
eridge et al., 1972; Beveridge and Wun, 1973), MINDO/3 (Dewar et al.,
1974), SAMO and localized orbitals (Duke and O’Leary, 1973; Delhalle ¢
al., 1977a), MNDO (Dewar et al., 1977), and ab initio (André, 1970a;
Clementi, 1971; André et al., 1973; Delhalle et al., 1974b) methods. All
calculations show a large gap between the filled and the vacant band in
agreement with experimental facts and data. Figure 3 reproduces band
structures and their electronic density of states distributions of
polyethylene calculated with ab initio (André and Leroy, 1970b), FSGO
(André et al., 1976b), LCLO (Delhalle et al., 1977a), CNDO/2 and
CNDO/W (Delhalle er al., 1974b), and extended Hiickel (André et al.,
1971b) methods. As expected, the general structure of valence bands as
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Fig. 3. Valence energy bands of polyethylene in various approximations: EHCO = ex-
tended Hiickel calculation in the original Hoffman’s parametrization, CNDO/2 = CNDO
calculation in the original Pople’s parametrization, CNDO/W = CNDO calculation in a
modified parametrization aimed to reproduce orbital energies of alkanes, AB INITIO = ab

obtained from the six methods appears to be very similar. However,
CNDOY/2 bands in the original parametrization are much too large and
band centers of gravity lie far below ab initio ones. At first sight, this
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inito calculation using Clementi’s 7s—3p Gaussian basis, FSGO = ab initio calculation using
original Frost’s floating spherical Gaussian orbitals, LCLLO = simulated ab initio calculation
from localized orbitals obtained from localization on ethane and propane. (Reproduced with
permission from André and Delhalle, 1978.)

defect can be corrected by the parametrization CNDO/W especially de-
signed for reproducing molecular orbital levels of hydrocarbons (Sichel
and Whitehead, 1968).
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On the other hand, while the band structures show a very similar
overlap shape, the density of states which are directly related to energy
band curves are very dependent on the approximation used. Two sets can
be distinguished: a first group containing CNDO/2 and CNDO/W calcula-
tions and a second one including extended Hiickel, LCLO, ab initio and
FSGO results. From experimental comparisons, it turns out that the
methods of the second group are better designed for correctly reproducing
experimental density of states than CNDO-type ones. When taking into
account the cross-section effects, the comparison between a theoretical
density of states and experimental valence spectra is excellent (J. Delhalle
et al., 1975). Such a comparison is given in Fig. 4 in the case of FSGO
results. The positions of both theoretical and experimental peaks agree
surprisingly well and both fine structures are directly comparable. It
should be stressed at this point that, in author’s opinion, band structure
plots do not offer the best representation of valence band properties,
particularly in those systems where a large number of bands lies in a
narrow energetic region. The density-of-states (possibly convoluted for
simulating experimental resolution and taking into account cross-section
effects) histograms appear to be a more apt picture of the distribution of
valence levels when the comparison with experiment is within an energe-
tic space.

A natural development of this work is to study the effects of structural
perturbations, like conformational ¢hanges on the valence bands of
stereoisomers. Though conformations are practically impossible to trap
rigidly in pure and highly crystalline polymers, such an investigation
could, however, be applied to stereoisomers. We consider in this section
the four conformations relevant to the interpretation of the vibrational
spectrum of polyethylene (Morosi and Simonetta, 1971; Snyder, 1967),
i.e., (M«, (G, (TG)., (TGTG').., whose structures are given in Fig. 5.
The conformation (T)., is found to be the most stable experimentally. The
variations of the spectrum of monoelectronic levels due to geometry
changes are important and can, in principle, be observed by experimental
techniques like XPS, giving a new and appealing dimension to both theo-
retical and experimental studies.

The occupied valence electronic energy bands and the density of states
of the four relevant polymers are reproduced in Fig. 6 as obtained by an
LCLO method. Similar results are given in the literature in the framework
of the extended Hiickel method (S. Delhalle et al., 1975). Significant dif-
ferences are theoretically observed. The C—C bands, e.g., are affected by
the conformational changes. Their bottom energy values are almost con-
stant whereas a modification takes place at the top of the bands, giving
rise to important changes in the bandwidths (9.45 eV for T, 11.27 eV for
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Fig. 4. Polyethylene zigzag studied by an ab initio technique using FSGO’s, from left to
right: valence energy bands, valence density of states, theoretical convoluted density of
states with cross-section effects (full line), experimental ESCA spectrum (dashed line).

$2

Fig. 5. Four possible conformations of polyethylene. T is the conformation experimen-
tally observed in crystal form (a, = 2.51A, a, = 6.16 A, a; = 3.56 A, a, = 4.35 A). (Repro-
duced with permission from Delhalle ef al., 1977a.)
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Fig. 6. Valence energy bands, density of states and convoluted density of states (without
cross-section effects) of T,TG, G ,and TGTG' conformations of polyethylene obtained from a
simulated ab initio technique using localized orbitals. Note the existence of an energy gap

G, 9.69 eV for TGTG', 10.15 eV for TG). The experimental resolution of
recent XPS spectrometers (0.5-0.7 eV on HP 5950 A, e.g.) and the rela-
tive high XPS cross sections of 2s. and 2p. atomic orbitals lead to the
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(noted by an arrow) in the lowest part of the valence bands of TG and TGTG’ conformations.
(Reproduced with permission from Delhalle ef al., 1977a.)

expectation of detectable variations. It is interesting to note that the G
conformation with the unit cell presenting the lowest symmetry among the
four compounds exhibits the largest width. Another interesting aspect is
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that an energy gap (noted by arrows in Fig. 6) appears in the C—C bands
of compounds for which it is possible to find —CH,—CH,— groups with
the same relative orientations of the CH,’s as in polyethylene T. The same
relative orientation means that the two hydrogens of one CH,-group are
related to the ones of the second CH, by an inversion operation. As a
consequence, TGTG’' and TG conformations show such an energy gap
while T and G conformations do not. Again, this could probably be ex-
perimentally observed if well-characterized samples of those four
polyethylenes were available. Though conformations like the ones we
discussed previously are practically untractable for experimental works, it
turns out from these theoretical computer experiments that similar and
actual effects could, in principle, be observed by an actual XPS experi-
ment. A real example is described in Section II,B.

B. Polypropylene

The previous computer experiment on various conformations of
polyethylene predicts definite and actually observable influence of the
conformation on the electronic density of states distributions. It is the

a=61608 A

Fig. 7. Zigzag planar (top) and helical 2 x 3/1 (bottom) conformations of isotactic poly-
propylene. (Reproduced with permission from Delhalle et al., 1979b.)
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purpose of this section to investigate a real case and prove the existence of
observable conformational effects on the electronic density of states of an
isotactic polypropylene.

Most of the calculations so far performed on real polymers assume a
zigzag planar conformation of the main chain. In the case of an isotactic
polypropylene, the geometrical disposition is that of an isoclined 2 x 3/1
helix (Natta et al., 1960). An ideal linear situation and the actual confor-
mation are represented in Fig. 7. Figure 8 plots the theoretical valence
spectrum for an isotactic polypropylene of assumed zigzag conformation
(top) and of the helix form (bottom) and the experimental XPS spectrum.
(Delhalle et al., 1979b). A tentative interpretation of the experimental XPS
spectrum by assuming a zigzag planar conformation has been reported
(Pireaux et al., 1977). No satisfactory agreement as to the peak structure
was obtained. For example, the intense and sharp peak (C in Fig. 8)
emerging in the middle of the experimental C—C clump does not appear in
the theoretical zigzag calculation. Moreover, only four distinct peaks are
observed in the calculated spectrum instead of five as in the experiment.
The previous and inspiring computer experiment could suggest the role of
conformational effects. Thus, the problem has been reinvestigated by
computing the properties of an isotactic polypropylene in its actual helix
form. As a consequence of the sole conformation inclusion the right struc-
ture now appears in the C—C clump: the missing intense and sharp peaks
(C) is now present and the outermost subbands split into two components.
Peaks intensities also follow the right order. The same type of agreement
has been obtained by three different methods: extended Hiickel, FSGO,
and pseudopotentials crystalline theories.

C. Fluoropolymers

Following the path initiated in the previous sections, the effects of a
systematic substitution on the electronic structure of model polymers can
be carried out. The series of polymers obtained from fluoro-substituted
ethylene is ideally designed for this purpose, as most compounds are
available to the experimentalists and fluorine is likely to induce some of
the strongest electronic effects on the band structures. The unit cells of
the actual polymers are presented in Fig. 9.

Foremost attention is paid in the literature to measurements and calcu-
lations of core-level binding energies and of chemical shifts associated
with changes in chemical environment (Clark and Kilcast, 1971a,b; Gin-
nard and Riggs, 1972; André and Delhalle, 1972; Clark et al., 1973, 1974;
Delhalle et al., 1974a). A direct estimation can be obtained by making use
of Koopman’s theorem and correlating the mean value of core bands
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Fig. 8. Calculated spectra (full lines) of the valence bands of an isotactic polypropylene
in a zigzag conformation (top) and in a helical 2 X 3/1 conformation (bottom) as obtained
from an extended Hiickel calculation including cross-section effects; the experimental XPS
spectrum is given in dashed line. (Reproduced with permission from Delhalle ez al., 1979b.)
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Fig. 9. Unit cells of five possible fluoro-derivatives of polyethylene; A is polyethylene, E

is polytetrafluoroethylene (known as Teflon). (Reproduced with permission from Delhalle
et al., 1977b.)
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Fig. 10. Calculated carbon lIs-core shifts in the series of fluoropolymers: O from the
charge potential model using CNDO/2 gross charges, A from a simulated ab initio technique
using localized orbitals, O from an ab initio FSGO technique.
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Fig. 11. (a) Theoretical convoluted density of states obtained from an ab initio FSGO
technique (cross-section effects not included).
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Fig. 11. (b) Experimental XPS spectra (right) of the valence bands of fluoropolymers.
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(always very narrow, less than 0.01 eV) to experimental core binding
energy. For obvious reasons, this technique can only be used in the meth-
ods where an explicit consideration of core orbitals is included (ab initio,
localized orbitals). For the other techniques (extended Hiickel, CNDO-
type, pseudopotentials), only valence bands are available. In such cases it
has become traditional to use the now classical charge potential model
(Sieghbahn er al., 1969). This model relates core binding energies to
charge distributions by means of the formula:

E;=E°+ kQi + 3 Qi/Ry = E* + kQ + V; (38)

where E; is the core binding energy of atom /; E®, a reference level; Q;, the
net charge on atom i; and V;, the Madelung potential on atom i. Several
improvements have been proposed based mainly on the splitting of net
charges into s- and p-components (Ellison and Larcom, 1971; André and
Delhalle, 1972). The k-parameter can be theoretically calculated (André
and Delhalle, 1972) or semiempirically determined (Clark and Kilcast,
1971a,b; Clark et al., 1972). The correlations obtained by the direct evalua-
tion (Koopmans theorem) and by the model potential are illustrated in Fig.
10.

As it can be seen, the theoretical methods correctly reproduce the
trends of experimentally observed Is; and 1s. peaks. The effects are
approximatively additive; each substitution of a hydrogen atom attached
to an adjacent atom produces a positive contribution (about 3.0 = 0.5eV)
whereas the substitution of the atom under consideration gives a negative
contribution of the same order of magnitude.

A detailed study of the effects of substitution on valence bands can be
carried out. Valence bands have been rarely studied by experimental
techniques. The recent proliferation of theoretical valence bands has
proved, however, that those bands constitute a real and unique ‘‘finger-
print’’ of the polymer. Indeed, they provide information complementary
to and sometimes less ambiguous than that of core levels. Examples of
theoretically determined valence bands are given in Fig. 11 as compared
to experimental data. We can note that there exists a good correlation
between the two. Valuable information for future applications to other
fluoropolymers or copolymers is obtained from those results. For exam-
ple, the energy location of CF and bottom of CC peaks is found to be
constant in each spectrum (40 eV for CF, 20 eV for bottom of CC).
Practically, those peaks may act directly as internal reference points for
experimentalists, especially as the CF band can always be unambiguously
assigned.
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IV, Conclusion

The main conclusion of this chapter is that quantum mechanical meth-
ods are now able to provide significant understanding and insight into the
electronic properties of regular polymers. It is hoped that the present
development of refined theoretical techniques will soon succeed in cor-
rectly interpreting electronic properties of disordered polymers. This
would contribute to a better knowledge of large chain systems, which is
now urgently needed in physics, chemistry, biology, pharmacology, and
even medicine.
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1. Introduction

Heterogeneous catalysis, one of the key fields of applied chemical
research, has been the subject of great experimental effort. For years
chemical intuition and educated guesswork have guided the development
and improvement of solid catalysts of different nature. Thermodynamic
and kinetic concepts have been used in deriving quantitative laws that
account, sometimes satisfactorily, for the energetics and mechanisms of
surface processes.

In the large majority of cases, however, molecular detail of the trans-
formations implied in a catalytic reaction is missing. The concept of active
site is practically useful, but somewhat ill-defined in terms of structure.
As a consequence, the important characteristics of a catalyst, such as
activity and selectivity, often correspond to something that can be mea-
sured but not predicted. In short, the need for an improved chemical
theory of metals, and for a better detailed understanding of chemical
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interactions between metals and organic fragments, is strongly felt {for
recent review articles on the interplay between practical and theoretical
aspects of heterogeneous catalysis, see Boudart (1977) and Bonzel (1977);
for a preliminary discussion of the favorable conditions for catalysis, see
Salem and Leforestier (1978)].

Band theory is the traditional tool by which physicists approach the
description of the electronic properties of crystalline metals. The problem
of the presence of an adsorbate on a metal surface can therefore be
treated, from the same standpoint, as a perturbation of the metal band
structure due to the ligand orbitals or, at a further level of sophistication,
to a ligand—cluster complex embedded in the metal surface. For a number
of reasons, this approach is not suitable to the study of the chemist’s
crucial concerns, especially ligand—catalyst bond energy, structure de-
pendence of the catalytic activity and selectivity, and the role of fragmen-
tation and particle size; a good example of a study of the influence of
cluster size on the catalytic activity can be found in a paper by Gallezot et
al, (1978). Moreover, catalytic activity is thought to be a very localized
effect, depending on the interactions between adsorbate and a few neigh-
boring metal atoms. Therefore, an alternative approach is that of consid-
ering the ‘“*‘molecular’’ properties of the aggregate formed by an organic
ligand and a cluster containing a finite number of metal atoms. This way of
looking at the matter at once establishes a link between surface chemistry
and organometallic chemistry, two fields connected by a so-called ‘‘fuzzy
interface’’ (Schaefer, 1977). The natural tool by which these ‘‘molecular”
properties can be calculated is quantum chemistry as has been applied to
the study of free molecules.

At the same time, a wealth of chemical information on the metal-
ligand interactions is being provided by a number of relatively new ex-
perimental techniques, such as LEED for surface crystallography, UPS
for level shifts on going from the free to the adsorbed molecule, IR for
adsorbate stretching frequencies (among the many review papers on these
subjects, one that stresses the connections with catalysis is by Yates,
1974). Elucidation of the full structure of ordered adsorbate monolayers
by such methods seems a goal to be reached in the very near future (for
critical consideration of UPS and LEED, see, respectively, Brundle, 1975
and Somorjai, 1977). Also, these techniques are well on their way in the
study of stepped and less regular surfaces, opening exciting possibilities
by stressing the relationships between different atomic environments and
catalytic properties (Chesters and Somorjai, 1975; Buchholz and Somor-
Jai, 1976).

The flexible cluster—ligand model seems to be the most apt to lend
theoretical support in the interpretation of experimental evidence; there-
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fore, this article has been focused on this type of approach, and consists
essentially of three parts. In Section II a survey of computational methods
will be presented, more wiith the aim of outlining the basic principles than
of describing the details, that are often well known or can be found easily
in standard reference sources. The main section (Section III) reviews the
results obtained in the study of the structures of metal surfaces and adsor-
bates, as well as in predicting or reproducing bond energies. In this sec-
tion, the performance of the cluster model in mimicking band theory
results will be discussed. Section V will deal with the few studies of
surface reactivity that have been presented to date, using trajectories on
potential surfaces obtained in various ways.

A substantial fraction of the works published so far in the rapidly
developing field of the calculation of the properties of chemisorption is
still at an exploratory level. The relative merits and limitations of the
various approaches to, and levels of simplification of the full problem are
still being discussed, as exemplified by the uncertainties about the influ-
ence of parametrization for the heavy metal atoms in semiempirical meth-
ods, or the size of the clusters to be used (see, e.g., Messmer, 1977). It
therefore seems appropriate, at this point, to draw an outline of the most
attractive and promising procedures, and to critically compare the results
that can be expected from each of them. In this perspective, the literature
search has sometimes been carried out more with the aim of representa-
tiveness than of completeness.

II. Methods of Calculation

A. Outlook

In what concerns molecular orbital methods, the semiempirical
schemes that have been used so far in chemisorption studies are extended
Hiickel theory (the original paper is by Hoffmann, 1963; a suggested read-
ing for an updated account is in Elian and Hoffmann, 1975) and CNDO
(Pople et al., 1965; Pople and Beveridge, 1970). Recently, Schaefer and his
co-workers have introduced large-scale ab initio computation of the prop-
erties of metal clusters and hydrogen adsorption, together with a number
of experiences with small metal-containing molecules (see a review in
Schaefer, 1977). Goddard and co-workers are exploring the applicability
of valence bond to the calculation of surface reactivity (Goddard ez al.,
1977).

A crucial problem in the application of quantum mechanical for-
malisms to chemisorption is that, since large numbers of basis orbitals are
usually needed, including the d orbitals of the many metal atoms in the
clusters, the computation costs may rise very sharply. Extended Hiickel
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theory (henceforth EHT) requires only overlap integrals and one or two
matrix diagonalizations. CNDO, while not substantially increasing the
number of integrals to be calculated, requires a number (10-20) of matrix
diagonalizations to reach self-consistency. Of course, all these problems
are more and more important in ab initio calculations, in which the number
of integrals increases very rapidly with increasing size of the system under
consideration.

The Xa-scattered wave formalism (Slater, 1965; Johnson, 1966), orig-
inally devised for small molecules, seems to be a convenient compromise
between the need for rigorous calculations and the problem of computing
time. It is claimed that this method has better performance than semiem-
pirical MO methods, without substantial increase of computing require-
ments.

Among the non-quantum mechanical methods, the bond energy-bond
order (BEBO) method may be mentioned (Johnston and Parr, 1963). It is
based on empirical correlations between the quantities of which its name
consists; although some encouraging results have been reported (Wein-
berg and Merrill, 1972, 1973; Weinberg et al., 1974), its use in chemisorp-
tion studies suffers from the lack of suitable thermochemical information
on metal-metal and metal-adsorbate bonds. Besides, the fundamental
assumptions have been the object of criticism for the simplest cases (Jor-
dan and Kaufman, 1975).

B. EHT, CNDO, and Modifications
These methods use molecular orbitals written as (neglecting spin)

$ir) = caxal(n) (1

in which the x, are Slater AOs and the c;, are to be found by a variational
procedure. Then one is confronted with solution of

Det(F — ES) = 0, 2)
where
S = (o), 3
Fuo = (M =4v - S 1z/6 - RO|o)
+1 > P 2(ur|ra) — (no|Av)}, (4)
R,y
P., =2 cpcyy, 5)

<I-"V|)\0'> = qu(h)Xv(rl)(rlz)_IX)\(rz)Xv(rz) dv, dv,. (6)
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Neglecting all multicenter and almost all bielectronic integrals, Messmer
and co-workers have obtained approximate expressions for these matrix
elements (Bennett et al., 1971a):

Fy= -1, + E (Puw = PEE™)Yurrs M
I

atom

F/\(T: _%SMY {[(IA + I(,) + 2 (Puu - Pﬁﬁ)m B)')’ux)\

atom B
+ 2 (Pp.p. - P‘:ﬁ?m A)‘Y}L(r(r]}
am,r; A
-1 X ([ZJ/0r = RYo), ®)
oa=A\,B
Yure = (pt|Ao) = Huo|aw), €)

with |A) centered on atom B, |o) on atom A; the I’s are the valence state
ionization potentials (VSIPs) of the corresponding orbitals, Z, and R are
the core charge and position of atom «. The last term in the formula for
F,., is approximated by multiplying the first by a constant (usually =1.75).
In conventional EHT the differences, P, — P3¥™, between molecular and
atomic occupancies are also ignored, yielding

H)\g- = _%KS)\O'(I)\ + IO')’ HM\ = _I}\‘ (10)

This last formulation, therefore, completely neglects electronic interac-
tions.

One well-known shortcoming of standard EHT is the unnatural charge
transfer between atoms of different electronegativities. Messmer’s treat-
ment was successful with H on graphite, less so for more electronegative
atoms (Bennett et al., 1971b). An obvious way of reducing this undesirable
effect is manipulation of the VSIPs; this was found necessary especially
for edge atoms in metal clusters (Anders et al., 1973). A charge-
dependent parametrization is often used to this purpose:

I, =aql + bq, + c. an

The atomic charges g, are calculated by using a trial parameter set; then a
new set of VSIPs is obtained, and new charges are calculated, until self-
consistency is reached. One obvious difficulty is finding the appropriate
values of the constants a, b, c.

Anderson and Hoffmann (1974a) have proposed for diatomic mole-
cules some modifications of EHT to improve its performance in the calcu-
lation of equilibrium bond distances and dissociation energies by the in-



108 M. Simonetta and A. Gavezzotti

troduction of a two-body electrostatic interaction energy. By integration
of the Hellmann-Feynman formula, the exact molecular energy is found
to be the sum of a repulsive term due to interaction between a nucleus and
a neutral atom, and an attractive term due to electronic redistributions
during formation of the molecule. The first term is explicitly calculated,
the second is identified with the total EH energy. This yields good agree-
ment between experimental and calculated equilibrium internuclear dis-
tances in a number of diatomics, including H,, Li,, BF, CO, SiO, and
NaCl. The method has been extended to polyatomic molecules by Ander-
son (1975a), who showed that, using a Hamiltonian that includes the two-
body repulsion energies, one gets

H® = {K(E? + Ef)S%¥ + ExS%, H% ~ £ + Eg. (12)

The Greek superscripts refer to atoms, the subscripts to atomic orbitals.
The E’s are the eigenvalues from SCF atomic calculations, E is the sum-
mation of the repulsion energies, as described above for diatomics; since
this is a constant for a given molecular conformation, Eq. (12) is strictly
similar to the standard EH (extended Hiickel) recipe. With these adjust-
ments, it was also found necessary, to improve the fit to experimental
equilibrium distances and binding energies, to use K = 2.25, and to multi-
ply the off-diagonal H matrix elements by exp(—0.13R), R being the a—8
internuclear separation.

In the CNDO approximation, the set of equations (3)—(6) is reduced to:

Fup = Hyy + (Paa — 3Puy)yaan + 2 (Pgg¥as — Vas), (13)

B#A
Fu, = BleSw — $PuYan, (14)
Huw = (u| = § ¥ = [Z,/(r = ROIw)
= —3 + A) — Z, — ¥Vaa, (15)
Pua= 3 Pu (16)
M, atom A
van = [ [ S{(Dro) 'S5 dr, s, (17
Bl = EK(BS + BY), (18)
Vas = [ S2()(Zs/ris) dr,, (19)

K = 1; Greek subscripts refer to orbitals, A and B refer to atoms. Elec-
tron interactions are included, and since the F,,,’s depend on the P,,’s, the
calculation is repeated to self-consistency. For s and p orbitals, with ex-
ponents determined by Slater’s rules, a single average Coulomb integral is
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used (approximation 3 of Pople et al., 1965). If d orbitals are to be in-
cluded, a modification must be introduced by using

Ysd = VYss's (20)

i.e., the integrals are evaluated by using an s-type orbital (s’) with the
same screening coeflicient as the d orbital. This procedure is discussed by
Santry and Segal (1967) and Baetzold (1971).

Among the troubles encountered in using CNDO in chemisorption
model studies, convergence problems of unknown origin in the SCF pro-
cedure have been reported both by Bennett ef al. (1971b) and by Hayns
(1975). The former authors have also proposed a very interesting
stratagem to include partially the periodicity of the substrate lattice. Es-
sentially, matrix elements are modified to treat as nearest neighbors and
next-to-nearest neighbors some atoms of the cluster that would be such if
translational symmetry were considered. Smooth charge distributions
were thus obtained for the carbon atoms of a graphite cluster.

C. Binding Energies in EHT and CNDO

In EHT the total molecular energy is calculated as the sum of the
energies of the occupied orbitals. Both in EHT and in CNDO, binding
energies are usually calculated as the difference between the total elec-
tronic energy of the molecule and the energy of the isolated atoms:

binding energy (BE) = E, — Y Euom, - 2n

The reliability of the values thus obtained is very small. In an attempt to
improve it, CNDO energies have been partitioned into monocentric and
bicentric contributions, and the latter have been compared to known
thermochemical data to obtain rescaling factors (Companion, 1973). In
any case, the adsorption binding energies are then usually calculated as
the difference between the total energy of the cluster—adsorbate system
and the energies of the separate fragments:

adsorption BE = Equst+radss — Eorust — Eads- (22)

The absolute values of the adsorption BEs are also scarcely reliable. For
EHT the adsorption BE at very large separation is contaminated by un-
natural electron transfers between cluster and adsorbate. Therefore, only
the shapes and relative energies of BE curves can be discussed. Absolute
energy values are also largely dependent on the parametrization. The
performance of the various stratagems that have been described above to
cope with these difficulties will be examined in the following sections.
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B8
a Fig. 1. Clusters formed by the superimposi-
O tion of A and B layers: a is the cell edge, b the
nearest-neighbor distance. From top to bottom:
8 Q (100) fcc; (100) bec; (0001) hep.
a=b' @
A B

D. How Clusters Are Built

In the cluster approach, the metal surface and first layers are to be
represented by a ‘‘molecule’’ formed by a number of metal atoms, whose
reciprocal positions can be described in terms of the edges of the crystal-
lographic unit cell in face-centered cubic (fcc), body-centered cubic (bece)
or hexagonal close packed (hcp) lattices. All computation methods require
as a starting point the Cartesian coordinates of all these atoms; finding
these coordinates can be a trivial task for clusters oriented along coordi-
nate planes (see Fig. 1) or directions for low Miller indices, but becomes
more and more difficult with increasing values of the indices or complex-
ity of the lattice. For computational purposes, it is always extremely
convenient to have the face to be investigated as one of the coordinate
planes in the Cartesian reference system; this implies a rotation of the cell
axes, which in the case of the cubic lattices can be performed, in general,
as follows. Leta be the cell edge, 4kl the Miller indices of the plane under
consideration, and

Ax+By+ Cz=p (23)

the equation of a plane (a, x, y, z, and p in A). Using the definition of Miller
indices, one readily finds that three points lying on the desired plane have
the coordinates:

(a/h, 0, 0); 0, a/k, 0); 0, 0, a/l). (24)

which immediately gives



Cluster Approach in Chemisorption Theory 11

A = hp/a, B = kp/a, C = Ip/a. (25)

But since A, B, and C are the direction cosines of the normal to the plane,
it must be that

A2+ B+ C)=1, (26)

A =h/(h® + k> + 1), B =k/(h*+ k* + IP)'",
C = l/(h+ k2 + 22

The equation of a line in space, passing by the origin, can be written as

(27)

x/cos a = y/cos B = z/cosy (28)
and therefore as
x/h=y/k = z/Il (29)

Therefore, the pointx = h,y = k, z = lis a point on the normal to the skl
plane. Now, if a rotation can be found that brings, say, the x axis of the
original reference system to coincide with this normal, the yz plane of the
transformed system will be the surface plane, and the planes parallel to it
will be the layers as seen by looking down the normal to the ikl plane.
This rotation is shown in Fig. 2; a rotation of x degrees around the original
z axis, followed by a rotation of { degrees around the y axis will fulfill the
task. Then, letting x be the original lattice point vectors and x’ the trans-
formed coordinates, one gets (refer to Fig. 2):

cos x = h/(h? + k)12, sin x = k/(h? + k®)'72, (30)
cos L = (K2 + kH)V2/(h® + k? + [2)'72, sin { = I/(h® + k* + 122, (31)
cosy siny O cos{ 0 —sin{
QX =} —siny cosyxy 01}, Q= 0 1 0 , (32
0 0 1 sin{ 0 cos¢
Q = QQX, (33)
x' = Qx. (34)

Fig. 2. Two rotations that bring the x axis to coincide
with the OP direction (see text). L
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Matrix €2 therefore represents the overall rotation that brings the x axis to
coincide with the normal to the hkl plane. Figure 3 shows some clusters
corresponding to high-Miller indices surfaces.

E. The SCF-Xa-Scattered Wave Method

This method is peculiar in that the experience gained in the study of
energy bands in metals and crystals was later translated to the treatment
of molecules, ions, and clusters. The suggestion for the extension to calcu-
lations of the electronic structures of systems including a relatively small
number of atoms (as compared to this number in a real crystal) is due to

(b ©)

Fig. 3. Clusters corresponding to high-Miller indices planes: (a) (221) fcc nickel: (b) (211)
bee tungsten; (c) (311) fcc nickel. Circles are drawn to scale; open circles at zero level,
shaded-circle depths as marked (A).
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Slater (1965). The development was started by Johnson (1966). In a sense
this theory can be considered a bridge between the solid-state physics and
the quantum chemistry approach. The extensive use of this type of calcu-
lation may help to increase the communicability between physicists and
chemists engaged in surface science, which is badly needed at the mo-
ment. The theory has been reviewed many times in recent years, and also
in a volume of this series (Johnson, 1972), but for the sake of completeness
a brief presentation is included in this article.

A number of assumptions are embodied in the method. Slater (1951)
pointed out that a great simplification of the Hartree-Fock (HF) method
could be achieved by substituting a local exchange potential for the non-
local exchange operator. This potential was assumed to take the value it
should have in a free electron gas with local density equal to the actual
density in each position, namely

Vxs(r) = —6(3/8m)p(r)]'?, (3%

where p(r) is the electron charge density at the position r. Since a different
approach (Gaspar, 1954; Kohn and Sham, 1965) led to a different approx-
imate potential:

Vxaks(r) = §Vi,(r), (36)
the following potential has been finally proposed (Slater, 1972):
Via(r) = aVy(r), 37

where « is a parameter with a value between % and 1. Different techniques
for its optimization are available (Slater and Wood, 1971).

In the investigation of the electronic structure of a cluster of atoms
replacement of the nonlocal exchange terms in the HF equations by the
local operator Vy,(r) leads to a one-electron Schrédinger equation

[VZ + V(OI1¥(r) = E¥(r) (38)
(in atomic units), where
Vir) = Ve(r) + Vi, (), (39)

i.e., the potential is given by the sum of the Coulomb and the local ex-
change contributions.

Let us introduce next the ‘‘muffin-tin’’ approximation to the potential.
For a cluster of N atoms the potential V(r) is replaced by a set of spheri-
cally symmetric nonoverlapping potentials Vi(r) centered at each atomic
site R;. In addition, the entire cluster is surrounded with a sphere outside
which V(r) is spherically symmetric. For all other locations V(r) is taken
to have a constant value V, determined as the volume average of V(r) in
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this region. As seen in Fig. 4a, the space is partitioned into N spherical
regions, atomic regions (1), plus an interatomic region (II) and extramo-
lecular region (IIT). Thus the ‘‘muffin-tin’’ potential takes the form

Vi(r;) for atomicregions r;=|r— Rj|=<b;,j=1,2,...,N;
V(r) =4 V%ro) for extramolecular region r, = |r — Ro| > by;
V  for the interatomic region. (40)

At the start the SCF-Xa potentials centered at positions R; and their
associated electronic charge densities are calculated for all the atoms in
the cluster (Herman and Skillman, 1963), and an intermediate potential is
obtained as a superposition of such atomic potentials:

V) = X Vi) (41)

Then the potential is made spherically symmc_:tric within each atomic
sphere and in region III, while its average value Vis obtained for region II:

V= () f V@ dr, (42)

where () is the volume of the interatomic region. It should be noticed that
each atomic region does not include only the contribution of the atom
located at the center but also the spherically averaged contributions from
all other atoms.

A detailed description of the procedure for the construction of the
self-consistent potential field has been given (Weinbergen and Schwartz,
1975). The two previously described techniques, namely the use of the Xa
statistical exchange term and of the muffin-tin potential, can be combined
with the scattered wave method (Korringa, 1947; Kohn and Rostoker,
1954). In each spherical atomic region of radius b; and in the outer sphere
the wave function of Eq. (38) is expanded as

(a) l!’j(r) = 2 CiRi(rn E)YL(rj)’ .] = 1’ 2’ ) N’ 0 = rj < bi;
L

(b) Yo(r) = E C!RMro, E)Y,(ry), by < ry <, (43)
I

(a) (b)

Fig. 4. (a) Regions in the X« method. (b) Some relevant vectors (see text, Section ILE).
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where L =1, m, C. are coefficients to be determined, Y,(r) are real
spherical harmonics, and R(r, E) are solutions of the radial Schrodinger
equation in region j or III:

1d ,d

[———r {(+n
2dr dr

+ p + V(r) — E] R(r, E) =0, (44)

where r = r;orr,, V= Vior V°, R = R/ or R® for case a and b, respec-
tively. The solutions of Eq. (44) can be obtained by numerical integration
inward in the extramolecular region, outward in the atomic regions, im-
posing the condition of regularity for Rj(r, E) at R; and for R? at . In
region II the Schrodinger equation is

(=V2 + K*)u(r) = 0, (45)

where K2 = V — E. In the following we shall write the equations for the
more usual case, where V > E, but the corresponding equations for
E > V can be easily derived along the same lines.

Focusing on a particular scatterer ¢, the solution of Eq. (45) can be
written as the sum of an incident wave and a scattered wave:

dln(l') = ll’itnc(r) + ‘l’;c(r) (46)

with
Yhe(r) = ; Bii(Kr)Y,(ry), (47)
t(r) = D ALK(Kr) Yy(r)), (48)

where i(x) and k{"(x) are modified spherical Bessel functions and Hankel
functions of the first kind:

i(x) = i~jlix), (49)
K (x) = —ith{"(ix), (50

where j, and A{" are ordinary spherical Bessel functions and Hankel func-
tions of the first kind.

However, yy(r) can also be written in the usual multicenter repre-
sentation

N

du(r) = Y, > ALKP(Kr) Yi(ry) + 2 ARi(Kro) Yo (o). (51

j=1

Now we want to identify ys;(r) given in Egs. (46) and (51). This can be
accomplished by means of the following expansion theorems:
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KY(K|ry — ry|)Yi(rs — 1y) = 47 > (=D Y L(L, L")
<

T
X ki (Kry) Yp(r)ip(Kry) Y (rs),
(re>r), (52)

KU(K|r, — 0} Yu(r, — 1) = 4m >, (=)"*" > L(L, L")
L 4

X kiP(Kry) Yo (rs)ip(Kr) Yi(ry), (53)
i(Klry — ri)Yi(r, — 1) =4dm > (=) > L(L, L")
L L
X ip( Kry) Yil r1)ip (Kry) Yy (r). (54)

The integrals
L(L, L) = [ de [ sin 0 d6Y..(6, 9)Yu(8, 9)Vu(6,0)  (55)
are called **Gaunt numbers’ and are zero unless
[-Ul=sl's|l+1] (56)
I+ +1"=2g, g an integer. 57

They are related to the coefficients appearing in the theory of multiplets,
for which tables can be found in the literature (Condon and Shortley,
1951). A detailed derivation of the expansion theorem can be found in the
Appendix of an article by Johnson (1972).

From Fig. 4b, it is clear that

r,- =r; — Rtj’ (58)
ry =r, — Ry. (59)

Substituting r; and r, from Egs. (58) and (59) into Eq. (51), making use of
the expansion theorem, and comparing with Eqs. (46)—(48), we obtain the
following set of equations (one for each value of t and L):

B, =3 Gi(B)AL + Y S8(E)AY, t=1,2...,N, (60)
i L L
where
Gy (E) = (1 = 8)4m(— 1) Y L(L, LYK(R)Y(Ry)  (61)
L
and

9 (E) = 4m(=1)*" 3 (L, L")in(KRw) Y(Ry). (62)
<

The same procedure can be applied to the extramolecular region, i.e.,
we can write
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Y(r) = Yie(r) + ¢e(r)
= 2 BYk(Kro) Y. (ro) ; AQi(Kro) Y (ro). (63)
L

Again by means of the expansion theorem we obtain the equations (one
for each value of L)

BY =3 SU.(E)AL. (64)
i v

Now we wish to match continuously the wavefunction from Eq. (43a) and
its first derivative at the boundary of sphere j (r; = b;) with the field in the
interatomic region [Eq. (46)]. From equality of logarithmic derivatives
we obtain

1 [ dRi(r;, E)] _ {'i,’(ij) + A};k,'(Kb,-) . (65)
Ri(b;, E) dr; r=b;  BLu(Kb;) + Ajk(Kb;)
From this equation we can derive the following expression
A} = H(E)B], (66)
where
i [ll(ij)9 R{(bJ’ E)]
I(E) = . 6
HE) = [k>Kb,, Rilby, D] (67
The square brackets in Eq. (67) symbolize Wronskian forms:
- dg(x) _ df(x)
[£00), 8] = flx) =5~ — e(x) =57 (68)
From Eqgs. (63) and (43b) we obtain in a similar way
A} = t{E)B} (69)
with
1) 0

[il(KbO)’ Rlo(b0= E)]

So we have connected the amplitudes of the scattered wave and the
amplitudes of the incident wave.

Matching the amplitudes of the waves at different boundaries [Eqs.
(43), (46), (63)] we arrive at the following expressions:

AL = Kbj(—1)'"'[i(Kby), Ri(b;, E)]CY, (71
A} = Kbi(—1)""'[R(b,, E), ki"(Kbo)]CY, (72

where we made use of the identity (Schiff, 1949):
[i(KB), k(Kb)] = (= 1)"*'/(Kb?). (73)



118 M. Simonetta and A. Gavezzotti

Now we must have the incident wave corresponding to any site j > 0
equal to the superposition of the scattered waves from all other scatterers
and from the outer sphere, while the incident wave in the extramolecular
region must equal the sum of the scattered waves from all scattering
regions, j > 0. So combining Eqgs. (66) and (69) with Eqs. (60) and (64),
respectively, we obtain the following set of linear homogeneous equa-
tions:

2 2 [T @®YeAL - 3 St(E)AY =0, (74)
2_ ; SHAE)AL — 2 S [tNE)] AL (75

where
[TYE)y = 8; 8t/ (BE)] — GEL(E). (76)

The set of equations (74) and (75) allows nontrivial solutions when the
corresponding secular determinant is zero:

oo -sutier-| =2

Since all matrix elements in the determinant are energy dependent, the
determinant is evaluated as a function of E and the zeros are to be found
by interpolation. For each of these molecular orbital energy values the set
of equations (74) and (75) can be solved and the amplitudes Aj and A? of
the scattered waves are found. From these the amplitudes of the incident
waves B and B} and the coefficients C{ and C} in Eq. (43) are calculated.
Of course, the value of the determinant in Eq. (77) for a given E depends
on the number of L terms that are included in the calculations. The set
L = 0, 1, 2 is sufficient for most applications, including molecules contain-
ing transition metal atoms.

III. Results

A. Results of Semiempirical Methods

The information about chemisorption that can be obtained from theo-
retical calculations is, in principle, very large. First, the bonding energy
can be caiculated, and therefore the relative stabilities of various positions
of the adsorbate over the surface can be assessed. Besides, the gecometry
of the adsorption can be further detailed to include distance from the
surface and even molecular relaxation of the adsorbate after adsorption;
finally, adsorbate-adsorbate interactions can be discussed by modeling
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the surface layer. Energy barriers to diffusion or reorientation of the mol-
ecule on the surface are also within the reach of the methods outlined in
the preceding sections.

Any MO calculation lends itself to some kind of breakdown of the
energy components and of the electronic populations. Therefore, bond-
strengthening and bond-weakening phenomena occurring upon adsorption
can be investigated. The composition of the molecular orbitals gives in-
formation about which atomic orbitals are used in forming adsorbate-
surface bonds, and hence about orientation in the adsorption process.
Moreover, the levels obtained by MO calculations can be compared with
photoelectron spectroscopic assignments, and shifts induced by adsorp-
tion can be rationalized. Calculated atomic charges may be considered in
connection with work function changes following adsorption.

Finally, even very crude models can reproduce to some extent the
results of more accurate band calculations. Fermi levels, bandwidths, and
density of states have analogs in molecular orbital results; a discussion of
the effects of parametrization and cluster size on the reproduction of the
electronic properties of metals can be found, e.g., in Anderson (1978a),
Baetzold (1978), and references therein.

B. EHT Results
1. Adsorption of Single Atoms

A comprehensive set of calculations on chemisorption using a cluster
model with EHT was done by Fassaert et al. (1972). To study H adsorp-
tion on Ni, standard EHT was used, with double-zeta d functions. Mulli-
ken population analysis (Mulliken, 1955) was used. The following
analogies between observed and calculated quantities were established:

d bandwidth—energy difference between highest and lowest MO with
strong d character;

Fermi level—energy of the highest occupied MO;

cohesion energy —binding energy for the cluster, divided by the number
of atoms in the cluster, and renormalized by multiplying by the ratio of the
coordination number in the metal to the average coordination number in
the cluster;

holes in d band—defining

N= Y Ng (78)
dortl)(itals

as the amount of d character of the electrons, the summation being taken
over the charges in the d orbitals of all atoms, and defining

nd = N4/No. of atoms in cluster (79)
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as the average d character per atom, then
n, = 10 — nd (80)
is the number of holes in the d band.

Table I gives some results, as compared with experiment. Concerning the
position of the adsorbate, the H atom was found to bind preferentially on
top of a Ni atom, rather than in a fourfold hole. This result was found to be
consistent with a general tendency of the adsorbed H atoms to have as few
neighbor metal atoms as possible, also on stepped surfaces (Fassaert and
van der Avoird, 1976b). The preferred adsorption site and the magnitude
of the binding energy were found to be scarcely sensitive to cluster size,
and even similar to those obtained from periodic crystal calculations (Fas-
saert and van der Avoird, 1976a). The same preferred adsorption site was
obtained in calculations for H atom chemisorption on W (Anders et al.,
1973). However, the presence of p orbitals on N was found to change this
picture (Anders et al., 1975), the N atom preferring a four-coordinate
adsorption site. Table II has the details of the relative adsorption energies
and of the atomic charges. In these calculations, extensive adjustment of
the VSIPs of the edge atoms of the clusters was found necessary to reduce
charge transfers.

Bennett ez al. (1971a) have used standard EHT to study the adsorption
of atomic H on graphite. They used three different models of the graphite
layer (Fig. 5), whose cohesive energies are shown in Table II1. The highest
cohesive energy was for C—C = 1.40 A. Other calculated quantities are
also reported in Table III. Figure 5b shows the geometry of adsorption;
the most stable site (A in this figure) is on top of a carbon atom. Barriers to
diffusion are: C to A, 30.9 kcal/mole; B to A, 2.1 kcal/mole.

TABLE 1

CALCULATED AND EXPERIMENTAL ELECTRONIC PROPERTIES OF NICKEL®%?

Property Calc. by EH From band calc. or exptl.
d bandwidth 1.59 to 1.81 27to S
Fermi level -7.64 to —7.72 —4.75 to —5.22
Holes in d band 0.54 to 0.68 0.6
Cohesion energy 3.8104.7 4.4

¢ Fassaert et al. (1972).
> All energy values are in eV.
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TABLE 11

CALCULATED PROPERTIES FOR ADSORPTION OF H AND N ON W¢

Atom Site Binding energy Distance from surface Charge on adatom
H ICN -3.00 1.65 -0.36
2CN -2.74 1.96 -0.26
SCN -1.72 1.61 +0.04
N ICN -2.85 1.88 -1.13
2CN -3.15 2.13 -1.36
SCN -3.25 2.05 -0.04
exptl. —-6.6 — —

@ From Anders et al. (1973, 1975). Energies are in eV, distances in A, charges in
electrons.

2. Adsorption of Diatomic Molecules

A reference work in the study of the interaction of first period diatomic
molecules with metal clusters has been published by Anderson and
Hoffmann (1974b). The charge transfer between cluster and adsorbate at
infinite separation is typified by the two extreme cases shown in Fig. 6; the
Li—Li bond is broken after adsorption because the bonding o orbital is
emptied, while the F—F bond is weakened by population of a ¢ orbital.
At bonding cluster—-adsorbate distances, orbital overlap and mixing may
mitigate such extreme effects for the intermediate cases of B—B and
C—C, but the trends in tendency to dissociative chemisorption are found
to agree with predictions based on simple electronegativity arguments. A
similar effect is the basis of Baetzold’s (1975) rationalization of the calcu-
lated (by EHT) barrier to dissociation of H, on Pd or Ag (Fig. 7). De-

16C 8
32Cs
(a) ®

32C

(b)
A B

Fig. 5. (a) Graphite clusters; 16 C atoms, 32 C atoms, and 32 C atoms stacked. (b)
Labeling the adsorption sites over a hexagon of C atoms.
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TABLE Il

CALCULATED AND EXPERIMENTAL PROPERTIES OF GRAPHITE?

Cluster® Binding energy Total bandwidth Total filled bandwidth
16C 4.17 11.61 17.8
32C 4.32 12.3 17.0
32C stacked 4.17 —_ —
Experimental or band calc. 5 13.6 14.3

¢ All entries except last row calculated by EH by Bennett et al. (1971a). Values are
in eV.
& See Fig. 5.

stabilization of the o level consequent to stretching of the H—H bond
gives rise to a barrier, but as the o* level drops below the HO MO of the
cluster, charge transfer takes place and the binding energy increases. The
problem of unrealistic binding energy increase is a well-known difficulty at
large cluster—adsorbate distances (Fassaert et al., 1972; see also Gavez-
zotti and Simonetta, 1977). For this reason, Anderson and Hoffmann have
chosen to discuss the electronic properties of the molecule + cluster sys-
tem at a fixed separation of 2 A.

An interesting remark is that the surface is ‘‘tightly packed” with
available metal d orbitals, so that the formation of the chemisorption bond
is rather insensitive to orientation. Relative strengths of these bonds may,
however, be sensitive to orientation. Adsorption on edge atoms was found
to be favorable; Fig. 8 shows some possible modes of adsorption for N, on
a stepped W cluster. Finally, the level shifts calculated for ethylene after
adsorption on Ni compared favorably with photoelectron spectral data.

Oy —

Us "H'/\_'_ U._\
L, A V. -1 N
Ey
P T
H-H H---H Me
Fi1G. 6 FiG. 7

Fig. 6. Schematic diagram of the relative positions of some relevant Li, and F, molecular
orbitals and of the W band. Electron transfers at infinite molecule-surface separation are
shown by curved arrows (Anderson and Hoffmann, 1974b).

Fig. 7. Schematic diagram of level shifts for H, dissociation on a metal (after Baetzold,
1975). AE' is the activation energy due to H-H stretching. The curved arrow symbolizes
electron transfer.
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H H

3O -00 -00 - &0

c-C 8 2 c-¢
FiG. 8 FiGc. 9

Fig. 8. The most favorable adsorption sites for N, on stepped W clusters (after Anderson
and Hoffmann, 1974b).
Fig. 9. Relative stabilities in the adsorption of C, and H, on two Fe atoms (Anderson,

1977).

The chemisorption of CO on W(100) has been studied by EHMO (Lee
and Rabalais, 1978). Adsorption binding energies, relative stabilities of
various adsorption sites, as well as the possibility of dissociative
chemisorption with related activation energies have been obtained. On the
basis of these results, a detailed interpretation of the experimental data for
the various types of adsorbed CO is offered. Finally, an example of inves-
tigation of chemisorption on semiconductor surfaces may be mentioned
(Nishida, 1978); the system that was considered is hydrogen on (111)
clusters of Si and Ge.

3. The Performance of Anderson’s Modified EHT

The inclusion of an electrostatic repulsion term (see Section II,B)
allows, in this elaboration of the original EH formalism (Anderson,
1975a), a more confident treatment of binding energies and geometries.
The method was first applied to small clusters of C, Si, Ge and Sn atoms
(Anderson, 1975b) and then to clusters of Ti, Fe, Cr, Ni (Anderson,
1976a). The adsorption of ethylene and acetylene on Ni(111) was then
considered (Anderson, 1976b), and the conclusion was reached that two
Fe atoms gave essentially the same results as a 13-atom Fe cluster. This
points strongly to a high degree of localization of the chemisorption in-
teraction. The geometry of the adsorbate was optimized, as was the dis-
tance from the metal surface. The results are summarized in Table 1V;
Table V has the results for the adsorption and decomposition of small
organic fragments, H,, ethylene, and acetylene on Fe (Anderson, 1977).
Again, two Fe atoms suffice to represent the essential properties of the
surface interactions. Figure 9 shows the relative stabilities of various
adsorbate orientations. Along the same lines, the interaction of acetylene
with a Ni(111) surface was studied in detail (Anderson, 1978b) and the
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TABLE 1V

EH CALCULATIONS FOR THE ADSORPTION OF
ETHYLENE AND ACETYLENE ON Ni(111)®

Eth- Acety-
Property ylene lene
Binding energy
2-atom cluster 136 108
13-atom cluster 216 156
AFEat dehydrogenation 41 45
Experimental T of dehydrogenation 230 K 470 K
AF?t dissociation 10 10
Distance from surface 2.0 1.9
Back-bend angle® 45° 55°
Variation in C—C distance¢ +0.22 +0.20

2 Anderson (1976b). Energies are in kcal/mole, distances
in A.

® Deviation from 180° of the HCC angle in acetylene, or
of the C-C-HH midpoint angle in ethylene.

¢ With respect to the free molecule.

results discussed in connection with structures and reactions of acetylene
complexes.

4. Periodic Surface Calculations
A periodic surface calculation of H, on a Ni surface has been per-
formed (Kobayashi e al., 1978), in which the wave function for the Ni

TABLE V

ADSORPTION OF FRAGMENTS ON A Two-AToM Fe CLUSTER®

Frag- Binding AFact Energy gain Distance from
ment energy dissociation after dissociation surface?
H, 15 23 12 2.7

C, 115 7 28 1.65

CH 135 32 - 20 1.9

CH, 105 24 22 1.85

CH; 84 14 25 2.1

CH, 43 21 32 3.0

C,H, 10 0 25 1.7

C.H, 109 1 7 2.0

2 EH calculations by Anderson (1977). Energies are in kcal/mole, distances in A.
b Defined as distance between bond midpoints or between C and Fe atoms.
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surface was represented by Bloch functions constructed from the AOs of
the surface atoms using the tight-binding approximation. The calculations
on the Ni surface and H, molecule were carried out within the extended
Hiickel scheme and the interaction between adsorbate and surface was
estimated by a perturbation method. The results are compared with those
obtained with the cluster approach.

C. CNDO Results
1. Comparison with EHT for H on Ni

A direct comparison of the results of EHT and CNDO in dealing with
the same problem is possible for H adsorption on Ni; the essential results
of EHT were a preference for the ‘‘overhead’’ adsorption above a metal
atom, with large negative charges on H, and a H—Ni distance of about 1.3
A; d orbitals were found to play a minor role in bonding (Fassaert et al.,
1972). Blyholder (1975a) has used CNDO for the same investigation. His
charges are much smaller, as a result of CNDO self-consistency and inclu-
sion of electron interactions; the H—Ni distance is somewhat larger (1.6
A). The main difference is, however, that the order of relative stability is
reversed, i.e., it does not appear to be favorable to have the H atom
interacting with an isolated Ni atom, and the most stable position for
adsorption is in a surface hole. CNDO is in accordance with EHT con-
cerning the small importance of d orbitals in bonding. Absolute values of
CNDO binding energies being unreliable, as in EHT, except perhaps in
some cases, it is disturbing that the two most popular semiempirical
methods give conflicting predictions also in relative stabilities. It is to be
noted that the CNDO method was, in this circumstance, especially
parametrized to reproduce correctly some experimental geometrical and
electronic quantities of Ni metal (see Table VI; Blyholder, 1974).

TABLE VI

CALCULATED AND EXPERIMENTAL PROPERTIES OF NICKEL®

Nig Exptl. bulk
cluster Ni or
Property CNDO? band calc.

Equilibrium Ni—Ni distance 2.5 2.5
Normalized binding energy 3.7 4.4
d electrons per atom 9.46 9.4
Fermi level (HO MO) -7.7 —5.22; —475
d bandwidth 3.3 2.7.5: 4

@ Energies are in eV, distances in A.
® As calculated by Blyholder (1974).
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2. CO on Ni

Blyholder (1975b) has used CNDO also in the case of CO over the
(100) and (111) faces of Ni. Various cluster sizes have been used to ensure
a sufficient number of underlying Ni atoms to model reasonably the actual
environment of the CO molecule. A multicenter bond, as formed essen-
tially by s and p orbitals, over a fourfold hole on the (100) face was judged
to be the most favorable adsorption mode, on the basis of binding energy,
bond order, and adsorbate—substrate distance (for details, see Table VII).
Correlation with IR spectral data for the chemisorbed molecule was suc-
cessful, in that the band at lower energy that develops on the surface for
the C—O stretching correlates with the smaller C—O bond order for the
favorable adsorption mode on the fourfold hole (see Table VII).

3. Studies on Light Metals
Figure 10 shows some clusters that have been used to model the vari-
ous faces of Li (Companion, 1976a) and Be (Companion, 1976b). The
TABLE VII

CALCULATED AND EXPERIMENTAL PROPERTIES OF CO-Ni SYSTEMS®

Overhead Bridging Fourfold
Property position position hole
Calculated
C-surface distance (A) 1.8 1.3-1.8 0.6-1.4
Calculated
binding energy (a.u.) 0.13-0.31 0.22-0.39 0.41-0.70
Binding energy per CO molecule
System Calculated Experimental
Ni(CO), (a.u.) 0.24 0.05
Chemisorbed CO (eV) 3.5-8.4 1.4-2
Bond orders
Exptl. C—O stretching
System Ni—C Cc—-0 frequency (cm~1)?
Ni(CO), 0.76 1.14 2058
CO overhead 0.78 1.12 2075
CO multicenter 2.39 0.94 1935

@ All calculated values are from the CNDO study of Blyholder (1975b).
b Assignments for the two CO surface positions were made on the basis of the
different bond orders.
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hcp Be 0001

hcp Be 1010

Fig. 10. Clusters of light metal atoms, as used by Companion (1976a,b) in chemisorption
studies. In hcp Be, point 3 has an underlying metal atom, point 6 does not (structural
““hole”’).

method of calculation was the diatomic energy-rescaled CNDO described
in Section II,C. The scaling factors that were used are shown in Table
VIII. The adsorbates were H or H,.

The results are interesting in many respects. For H on Li, over point |
(the numbering refers to Fig. 10) a potential well was found 1.65 A above
the surface; at point 3, on the contrary, the H atom is free to penetrate into
the surface, where it experiences a periodic wavelike potential, with bar-
riers about 2 kcal/mole high. Over point 4, another potential well is found
0.10 A above the surface, but a barrier of only 3 kcal/mole separates this
well from point 3. This treatment, though second best to having the full
potential energy surface for the approach of H, is sufficient to predict that
most of the incoming H atoms will eventually diffuse into the Li bulk. Also
the H, molecule, when reaching point 3, dissociates with no activation
energy to give H adatoms in 4, which are then likely to have the same fate.

TABLE VIII

CNDO DiatoMic ENERGY RESCALING FACTORS®

Binding energy (eV)

Rescaling
Diatomic CNDO Exptl. factor
H-—H 5.37 4.75 1.13
Li—Li 14.71 1.05 14.01
Li—H 5.90 2.52 2.34
Be—H 7.07 2.42 3.26

¢ Companion (1976a, b).
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The discussion of adsorption on Be follows the same lines. The hcp
structure of Be allows, however, for the presence of structural ‘‘holes”™’
(see Fig. 10) into which it is predicted the H atoms will channel with a
small energy barrier. All sites on the surface are calculated to be separated
by small barriers from or completely unstable with respect to points 3 and
6. In 3 regular adsorption takes place, over the holes in 6 the previously
mentioned channeling occurs. For Be, the comparison with ab initio calcu-
lations (Bauschlicher et al., 1975) was favorable, especially if one takes
into account the drastic difference in computation times, and the not so
drastic difference in quantity and quality of results.

4. Adsorption on Graphite

Studies of chemisorption on graphite need not deal with the problem of
special parametrizations for the metal atoms, which were not considered
in the original formulation of such semiempirical methods as EHT or
CNDO. Bennett et al. (1971b) have used CNDO to study the adsorption of
H and first-row atoms on graphite, including an interesting boundary con-
nection in which the C atoms layer 16C, similar to that shown in Fig. 3, is
treated as a supercell, repeated by translation, and the weak interactions
within this supercell are replaced by the stronger interactions between
atoms within the cell and atoms repeated by translation. In this ‘‘pe-
riodically connected’’ graphite layer, the maximum charge on a C atom
was 0.01, while without connection it was 0.11, and in EHT it was 0.35.
The difference between a method that explicitly includes electronic in-
teractions and one that does not was already evident upon comparison of
the last two numbers. The inclusion of periodic connectivity improves the
situation to an almost perfectly smooth and neutral layer of C atoms,
without increasing the dimensions of the matrices to be diagonalized. The
cohesive energy is always a maximum for a C—C spacing of 1.4 A, al-
though absolute values are still too large by a factor of about 5.

Table IX shows some details. Sites are labeled as in Fig. 5b. It was
predicted that H would chemisorb over A by EHT and CNDO periodic
connections; also for oxygen the order of stability was B > A > C with
connections, and C > B > A without. This result may have a correlation
with different adsorption modes and different catalytic activity as a func-
tion of substrate particle size. On the other hand, the consistency of the
periodic connection conditions is further demonstrated by the fact that the
curve of binding energy versus distance from the surface, for oxygen
chemisorption on the center of a ring, was insensitive to the particular ring
chosen in the model cluster.

The net charges after adsorption offer a clue to the prediction of work
function changes, and also show (see the positive charge on N) that elec-
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TABLE IX

CALCULATED PROPERTIES OF ADSORPTION OF VARIOUS ATOMIC SPECIES ON GRAPHITE"

Preferred Bond
adsorption Net charge overlap Number
Atom site® on adatom population® of bonds
H B 0.142 1.44 1.0
C C -0.02 4.84 33
N C +0.22 3.84 2.4
O B -0.25 1.77 1.5
F B -0.09 1.19 0.85

¢ CNDO study by Bennett ef al. (1971b).

b See Fig. 5b.

¢ Total overlap populations summed over all the interactions of the adatom with surface
atoms.

¢ Adatom-surface bonds, as obtained from overlap populations, by calibration of a
scaling factor using H,, CO, and N, bond orders.

tronegativity differences between adsorbate and substrate may not be
always a good guide. Finally, the number of bonds formed by the adatom
with the surface was found to be smaller than the conventional valency of
each adatom; this confirms the high reactivity of all chemisorbed species.

Another expedient that has been used to smooth the charge distribu-
tion on graphite model clusters is to saturate the dangling valencies of the
edge atoms with H atoms (Hayns, 1975). The maximum charge on a C
atom was 0.04, so that this stratagem, although questionable in many
respects, reaches the same goal as the periodic connection conditions. In
the same work, the oxygen chemisorption was studied, with results simi-
lar to those of Bennett er al. (1971b); further, it was demonstrated that
water is highly competitive with oxygen in chemisorption and diffusion
over a graphite substrate.

A fruitful comparison can be established between the results of Mess-
mer and co-workers (Bennett et al., 1971b) for H on graphite and the
results obtained using the LCAQO SCF crystalline orbital method in the
CNDO approximation (Dovesi et al., 1976a). The method consists of defin-
ing crystalline orbitals for a periodic infinite system as linear combinations
of Bloch functions, using symmetry to confine the Roothaan equations
within the irreducible part of the first Brillouin zone, and then applying the
CNDO approximations. This allows calculations on infinite systems con-
sisting of a graphite crystal and a monodimensional array of adsorbate
atoms. Ratios of C to H of 1: 1 (Dovesi et al., 1976¢) and 1: 2 (Dovesi et
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al., 1976b) have been considered. It is interesting to note that the relative
stabilities of sites A, B, and C (Fig. 5b) are the same as obtained from
periodically connected cluster treatment, and hence differ from those ob-
tained by EHT or unconnected cluster CNDO. No improvement was
found in the reliability of absolute energy values, this being intimately
connected with the CNDO approximations. In addition, band structure
and density of states spectra for graphite and graphite + H were ob-
tained.

5. Dehydrogenation of Cyclohexane on Pt

Ruiz-Vizcaya et al. (1978) present experimental evidence that the
adsorption leading to activation for this reaction occurs over Pt sites only.
A mechanism involving 7—o shifts is proposed for the dehydrogena-
tion; CNDO calculations using a cyclohexane molecule and a six-atom Pt
cluster yield an activation energy for the shift of 14 kcal/mole, in good
agreement with experiment. The calculated buildup of negative charge on
the o-bound H atoms confirms the hypothesis that H, elimination pro-
ceeds via hydride ions.

D. Resuits from More Rigorous Quantum Mechanical Methods
1. Me-H Systems

As the number of approximations decreases, and the computational
requirements increase, calculations on model systems tend to reduce the
number of atoms to a bare minimum. Metal hydride calculations per-
formed to date include MnH (Bagus and Schaefer, 1973), TiH (Scott and
Richards, 1974a), ScH (Scott and Richards, 1974b), FeH (Scott and
Richards, 1975), and VH (Henderson et al., 1975). The idea that simple
systems, including only one or two metal atoms, could be useful in under-
standing adsorption mechanisms was then considered. Deuss and van der
Avoird (1973) used a simplified perturbation approach to study the system
H; + Ni, — 2NiH, keeping the H—H and Ni—Ni bonds parallel. The Ni
atoms were described alternatively by one 4s or one 3d orbital each. The
energy was calculated as a function of the H—H bond distance and the
distance h between the two bond midpoints. By analysis of the resulting
two-dimensional surface, the conclusion was reached that the d orbitals
are responsible for a bonding interaction, while the s orbitals provide a
repulsion giving rise to an activation energy barrier. Melius et al. (1976)
carried out ab initio calculations for the same system, solving simulta-
neously for the interaction of all d and s metal electrons with the Is
electrons of the H atoms. The argon core of Ni was replaced by an
effective potential. Whereas the distance h was kept constant at the
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Ni—H bond distance and the Ni—Ni distance at the bulk nearest-
neighbor separation, the H—H distance was varied. Three values were
considered: 0.74 A (the experimental free H, distance), 1.06 A (a transi-
tion state), and 2.49 A (the Ni—Ni separation). A high-energy barrier was
calculated to reach the transition state, at which point a triplet state has
the lowest energy. However, the main bonding effects were to be ascribed
to s electrons, rather than d electrons, much the same as observed in the
diatomics Ni—H and Ni,. The 3d electrons were found to be essentially
localized on the metal atoms, mixing in only very slightly.

Hartree-Fock calculations on NiH, CuH, MnH, and ScH were done
by Blint et al. (1975, 1976). By these model calculations, a favorable
bonding situation was found for the metal atom forming two sp hybrids,
one of which can be used to form a bond to a supporting substrate, while
the other should be available to bind the adsorbate. The Boltzmann occu-
pation factor for the 4d"~'5s? state in second transition series atoms (re-
scaled by an empirical factor) was found to correlate with experimental
trends in activity for hydrogenolysis of ethane.

Model studies using hydrides or diatomics, while very important in
elucidating the electronic properties of these molecules, are probably to
be used with great care in discussing surface bonding effects, although the
chemisorption phenomenon may be a very localized one.

2. CO over Ni

A study of this very important system was undertaken by Hermann
and Bagus (1977), in view of the uncertainties in assigning properly the
observed peaks in UPS spectra for adsorbed CO. The orbitals that might
be involved in bonding are metal d or sp manifolds, and the CO molecular
5o or 1 levels. The total observed valence orbital shifts are thought to
include two main contributions, namely, a bonding shift, due to interac-
tions among orbitals involved in bond formation, and a relaxation con-
tribution. These were obtained with very large basis set HF-SCF calcula-
tions of frozen orbitals or of the fully relaxed CO states. The model
system was Ni—C—O, or Ni—Ni—C—O0, in linear arrangements.

Results concerning binding energies and geometries were thought to
be unsuitable for comparison with experimental adsorption characteris-
tics, due to limitations of the model. In what concerns the bonding mode,
CO orbitals are seen to remain unaltered except for the 5o orbital, which
forms a weak bond by mixing some 3do character of the nearest Ni atom
(the presence of a second Ni atom was found to be immaterial to this
picture). No Ni 4s levels are involved. The experimental level shifts were
about 4.5 eV larger than the calculated ones, the relaxation shift being
probably underestimated because of the small number of Ni atoms. How-
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ever, the only large calculated bonding level shift was for the 5o level, as
expected.

3. Cluster Calculations

For clusters, the calculations that have been attempted so far are al-
ways restricted to light metals of the first row of the periodic table. Kunz
et al. (1973) have used the spin-unrestricted HF method to study a cluster
of Li atoms including all lattice points within 5 bohrs of an incoming H
atom. A preliminary test study was carried out on Li, and LiH, with
satisfactory results. The order of stability for the positions of the adsorbed
atomwas 6 > 5 >4 > 3 > 2 > 1 (see Fig. 11a); in 6, the minimum is at
about | bohr below the surface. However, a perhaps more extensive
study on the same system by Stoll and Preuss (1977) by the ab initio HF
method showed the H atom to be adsorbed in position 6 at about 0.70
bohrs above the surface, and stressed at the same time the sensitivity of
bond energy and geometry calculations to the choice of basis set and even
to the geometry of the cluster (these authors used a variety of clusters from
Li, to Liy).

The most comprehensive effort towards calculation of chemisorption
properties by ab initio methods is the work that Schaefer and co-workers
have carried out using beryllium as a substrate. The reasons for this
choice are (Bauschlicher ef al., 1975): Be has a closed shell ground elec-
tronic state, while Li, e.g., has an unpaired spin that could lead to difficul-

O O O O O@O
© g% 0 O OgEyEO
o707 0 o O O
(b)
Fig. 11. (a) Position numbering for the study of H adsorption over a Li cluster (Kunz et
al., 1973). (b) Large Be clusters and sites for H adsorption (Bauschlicher et al., 1976). 1A

and 1B, ‘“‘eclipsed’’ site; 2, bond midpoint; 3, “‘open” site; 4, “‘overhead’ site. Circles
representing Be atoms (the shaded ones are on the lower layer) are not drawn to scale.
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TABLE X

Ab Initio RESULTS FOR SMALL (UP TO 10 ATOoMS) Be CLUSTERS + H”

Equilibrium
No. of Be atoms H-surface Binding energy®
Site? in cluster distance® (A) (kcal/mole)
Open 39 1.02-1.09 4.2-38.4
(1.11-1.25) (19.1-55.3)
Eclipsed 4-7 1.11-1.24 28.7-40.8
Bond midpoint 4-10 1.14-1.25 31.5-65.1
(1.17-1.26) (45.3-70.1)
Overhead 7 or 10 1.42 or 1.43 16.9 or 71.3
Be-H molecule — 1.42 46.4

@ Bauschlicher et al. (1975, 1976).

b For site definitions, see Fig. 11.”

¢ Minimum basis set results; in parentheses, results from spatially unrestricted calcula-
tions.

ties with the ab initio cluster approach; the HF method is exceptionally
accurate for BeH dissociation energy; minimum basis set calculations
yield acceptable results, as compared with larger basis sets; and finally,
although experimental work on that metal has not yet been carried out,
such a study is said to be feasible, to provide a check of the calculations.
Figure 11b shows some clusters that have been used (the larger ones, as
described in further work, see Bauschlicher er al., 1976).

The results for small Be clusters are reported in Table X. Although no
clear preference for one adsorption site is yet evident from these results, a
number of important points can be discussed; e.g., the dramatic difference
in binding energy for overhead adsorption on going from a 7- to a 10-atom
cluster is partly explained if one considers the difference in cohesive
energy between the two clusters (3.6 and 9 kcal/mole - atom, respec-
tively). Thus, the Be; cluster sees the approaching H atom as a way of
alleviating its relative internal ‘‘discomfort.”’

Larger clusters provided more conclusive evidence. Table XI shows
the relative stabilities for different adsorption modes and confirms the
intuition that shorter bonds are stronger. These results, and those of Table
X, should be evaluated keeping in mind that the criteria for finding a good
model cluster are that the cohesive energy be high and the ionization
potential low; as seen in Table XII, Be,; clusters are convincing in this
respect, especially because it has been verified that their properties reach
convergence with respect to increasing number of metal atoms.
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TABLE XI

Ab Initio RESULTS FOR LARGE Be CLUSTERs + H®

H-surface distance

Binding energy

Site® (A) (kcal/mole)
Eclipsed A 0.90 57.2
Eclipsed B 0.94 58.3
Bond midpoint 1.05 44.8
Open 0.99 39.0
Overhead 1.41 31.1

@ Bauschlicher et al. (1976).
® For site definitions, see Fig. 11.

One very important point concerning ab initio calculations on these
systems is that, although the H s orbital is so much lower than Be 2s or
2p, a strictly covalent bond is predicted, the H electronic population al-
ways being around 1. This fact issues a further warning in the considera-
tion of the large charge transfer usually found in semiempirical calcula-
tions.

The hybridization of Be atoms (as obtained from ratios of s to p popu-
lations) ranges from sp?*® to sp; an increase in 2p populations was found on
Be atoms as H approaches, partly compensated by a decrease in 2s popu-
lations. The largest population on a Be atom was found for the directly
approached Be atom in overhead adsorption (4.34 electrons).

Other ab initio studies of surface—adsorbate systems include calcula-
tions on the physical adsorption of He on model LiH surfaces, performed
by the fioating spherical Gaussian orbital (FSGO) method (Wood, 1978),

TABLE XIHI

Ab Initio CALCULATED PROPERTIES OF SOME Be CLUSTERS?

Cohesive energy® Tonization potential®

Cluster (kcal/mole) eV)
Be, -9.78 +4.07 5.13 7.18
Be, 1.49 3.64 5.21 5.58
Bey, 8.94 8.98 5.17 6.05
Be, 14.03 14.15 4.32 4.70

a Bauschlicher et al. (1975, 1976).
® Minimum and maximum values for different cluster shapes.



Cluster Approach in Chemisorption Theory 135

and, as a first step toward a full ab initio study of clusters of transition
metal atoms, the investigation of the bonding of S atoms to Ni clusters
consisting of 1-4 atoms (Walch and Goddard, 1978).

4. Valence Bond Treatment of Some Metal-Organic Fragments

Goddard and co-workers (1977) have proposed an ingenious approach
to the estimation of relative reactivities on surfaces. Using VB, these
authors have evaluated the bond energies of a large number of fragments
formed by the approach of an organic group to one or two metal atoms;
these energies were subsequently converted into standard heats of forma-
tion for the metal-organic aggregate. In this way, activation energies for
each of the steps in two different mechanisms proposed for CO methana-
tion over Ni were evaluated, and relative velocities and rate-determining
steps were calculated and identified. As an example, Table XIII reports
some of the thermochemical data thus obtained. This approach is in prin-
ciple very promising, though suffering from the restriction that bond ener-
gies calculated using a very small number of metal atoms in the surround-
ings of the adsorbate may not be realistic.

E. Results of the Xa Method

The Xa-SW method turns out to be particularly useful in the interpre-
tation of photoemission spectra of simple molecules adsorbed on metal
surfaces. A variety of models and of modifications of the standard tech-
nique have been used to this purpose. Rosch and Rhodin (1974) studied
bonding of ethylene to diatomic nickel. At variance with the standard
technique described before, overlapping spheres were used with the
parametrization found to give excellent results for ionization potentials in
ethylene and benzene (Roscher al., 1973). The C=C bond was assumed to
be parallel (di-o bonding) or perpendicular (7 bonding) to the Ni—Ni
bond. On the basis of the comparison of the shift of ionization potentials
and change in work function obtained from experiments, the calculations
favor the latter arrangement, while in the former the C=C double bond is
weaker, supporting the intervention of such a complex in heterogeneous
reactions.

A system that has been extensively studied is oxygen on Ni. For
oxygen chemisorbed on nickel for a range of coverages UPS spectra have
been reported (Eastman and Cashion, 1971). It is believed that at low
oxygen coverages oxygen forms an adsorbed overlayer (Demuth ef al.,
1973), whereas at high oxygen coverages incipient formation of surface
nickel oxide is observed. The SCF-Xa-SW cluster method with spin
polarization has been applied to both situations. In the case of high cover-
age the cluster contains an Ni2* ion octahedrally coordinated by six 0%~
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TABLE XIII

VALENCE BOND CALCULATIONS ON METAL-ORGANIC AGGREGATES"

Dissociation Standard heats Ni—X

energies of formation distance
Aggregate (kcal/mole) (kcal/mole) (A)
Ni—X
X =—H 64 -12 1.45
—CO 27 -53 1.90
=CH, 65 27 1.78
—CH; 60 -25 1.87
H
/
—C 57 —47 —
N OH
H
/
—C 56 -4 _—
N
OH
= 91 -31 1.60
—OH 50 —41 1.72
= 76 -9 1.91
Ni
X
Ni
X =CO 34 —60 1.94
CH, 122 -30 1.91
C: 91 80 —
(6] 101 —41 1.79
S 124 -57 2.04

2 Goddard and co-workers (1977).

tons (Messmer et al., 1974). The stabilizing effect of the surrounding Ni%*
ions has been modeled by surrounding the NiO§°~ cluster with a spherical
shell of charge +10. When spin—orbital energies are corrected for relaxa-
tion effects and the work function value of 5.5 eV is added to the experi-
mental data, theoretical results are in nice agreement with UPS and XPS
(Wertheim and Hufner, 1972) spectra. The cluster model for calculating
energy levels of oxygen chemisorbed on Ni is an ONij cluster, shown in
Fig. 12 (Batra and Robaux, 1975). The oxygen is in a fourfold coordination
site and the Ni-Ni distance is assumed the same as in the bulk. Overlap-
ping spheres were used to optimize the virial coefficient Ry; = 2.85 a.u.,
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Fig. 12. Model cluster for the Xa-SW study of O chemisorption on Ni (Batra and
Robaux, 1975). First-layer Ni atoms (heavy circles); lower-level Ni atom (light circle); O
atom, 1.67 a.u. above the first Ni layer (dashed circle).

Fig. 13. Experimental photoemission spectrum (full line, lower energy scale) and calcu-
lated electronic structure for the ONis cluster (upper energy scale). The peak over the dashed
line arises from chemisorbed O. All energies are in eV. Adapted from Batra and Robaux
(1975).

R, = 1.77 a.u. Ionization potentials were calculated by the transition
state method, as described by Weinbergen and Schwartz (1975). Since
the one-electron energies in the Xa method are partial derivatives of the
total statistical energy with respect to orbital occupation numbers:

s: = O/ on,, @1

Koopman’s theorem cannot be used to obtain ionization energies. These
are calculated as the energy g; in the transition state, a state halfway
between the final and initial states of the ionization process, i.e., a state in
which the orbital i occupation number is taken to be n; = 4. The occupied
levels are shown in Fig. 13, together with the experimental UPS spectrum.
The calculated spectrum is shifted to produce the best overall agreement.

In the surface molecule model only local bonding is taken care of, and
inclusion of delocalization effects provided by the metal would require
procedures such as the embedded cluster treatment (Grimley, 1975).
These procedures are very hard to apply in actual calculations and the
errors embodied in the localization approximation can be less important if
the trends in a series of systems are investigated, rather than absolute
values in one system. To this aim SCF-Xa-SW calculations using over-
lapping spheres have been performed for oxygen chemisorption on Cu,
Ni, and Ag clusters (Rosch and Menzel, 1976). The corresponding metal
clusters were studied first, namely, Mg and M, clusters shown in Figs. 14
and 15. Bond distances were chosen from bulk metal structures; 2.49,
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Fig. 14. Octahedral model cluster in an fcc lattice.
Fig. 15. Four-atom cluster modeling a (110) substrate surface. The small circle is the
position of the O atom as considered in the work by Résch and Menzel (1976).

2.54, and 2.89 A for Ni, Cu, and Ag, respectively, and touching spheres
were used. An orbital population density analysis was performed for the
octahedral cluster for both sp and d orbitals. The results are shown in
Table XIV together with the results of bulk energy band calculations and
experimental data. It is seen that clusters of six atoms reflect the essential

TABLE XIV

ELECTRONIC STRUCTURES OF OCTAHEDRAL CLUSTERS AND BULK METAL ENERGY BANDS?

Bottom Top of
sp band d band to
d sp to top Fermi
bandwidth bandwidth of d band level
Ni
Cluster 2.0 6.9 3.7 —0.1
Bulk 4.7 11.4 6.9 -0.02
Experiment 3.00r3.3 — — —
Cu
Cluster 1.3 6.9 2.6 1.1
Bulk 3.3 10.8 5.7 1.8
Experiment 3.0-3.2 — — 1.90r2.0
Ag
Cluster 1.6 5.4 -0.9 3.6
Bulk 4.1 7.9 1.9 4.1
Experiment 3.2o0r3.5 — — 3.90r4.0

¢ From Rosch and Menzel (1976). All energies are in eV.
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electronic properties of the corresponding metals and can be used in
chemisorption studies.

Chemisorption of oxygen on Ag(110) was studied by means of an Ag,O
cluster (see Fig. 15). The following model clusters were used:

(1) Ag, cluster with an empty sphere in plane of the O atoms;

(2) Ag,O cluster with touching spheres;

(3) Ag,O cluster with overlapping spheres: R, = 1.37 a.u.;

(4) Ag,O cluster as in (3) but with the O atom lifted by 0.5 a.u. along
the twofold axis.

The energy levels resulting from the calculations are shown in Fig. 16.
Ionization potentials were obtained assuming uniform relaxation. The
spectrum obtained with model 4) shows the best agreement with experi-
mental observation from PES spectra. To compare chemisorption on the
different metals M;O clusters were used. Comparison of the resulting
electronic structures shows a decreasing strength of the oxygen—metal
bond along the series. Differences in UPS spectra for the system O—M
are well reproduced in calculated spectra.

A test of the reliability of the results of the SCF-Xa-SW method
applied to metal clusters can be obtained by comparing density of states
as obtained in bulk band structure calculations with those for clusters
using the SCF-Xa-SW method. Such a comparison for a 13-atom Ni
cluster is shown in Fig. 17 (Messmer et al., 1975). It is clear that theoreti-
cal results have many features in common with the bulk density of states.
The same kind of calculations have been carried out for Nig, Cug, Cuys,
Pd,s, and Pt;; clusters (with cubic geometry for M; clusters and the
geometry shown in Fig. 18 for M,; clusters; Messmer et al., 1976). In all
cases the results show marked similarity of the electronic structures with
those of the corresponding bulk metals. On the other hand, a large surface
effect is in operation in the case of clusters, with the result that ionization
potentials for clusters are higher than the work functions of the corre-
sponding crystalline metals. The experience accumulated with metal clus-
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Fig. 16. SCF-Xa—SW orbital energies (rydbergs) for Ag, v A, . VA 7/

and various Ag,0 clusters (1, 2, 3, 4—see text). Shaded Tag, V] . =
areas represent bands of levels very close together. Adapted I —

from Rosch and Menzel (1976). “— Ag,0 —
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10 Fig. 17. Comparison between a band structure
calculation of the density of states of bulk Ni (upper
v T T M— curve) and the results of an Xa—SW caiculation
using a 13-atom Ni cluster (lower curve). Energy
abscissa in rydbergs, ordinate in arbitrary units.
3o Adapted from Messmer et al. (1975).
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ter calculations allowed interactions with chemisorbed atoms to be stud-
ied in detail. As a first example we mention oxygen chemisorption on
Al(100) (Messmer and Salahub, 1977). Clusters with 5, 9, and 25 Al atoms
were considered, with the oxygen atom 0.0, 2.0, and 4.0 a.u. above the
metal surface, respectively. The density of states calculated for Al is
compared in Fig. 19 with the photoemission spectra of clean Al. In Fig. 20
the same comparison is offered for the Al,;—O calculation with QO atz = 0
a.u. and the photeemission spectrum for Al exposed to 1L (langmuir) of

Fig. 18. Cubo-octahedral cluster used by Messmer and co-workers (1976) in an Xa-SW
study of transition and noble metals.
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/4
Fig. 19. Density of states for an Aly; cluster (dashed ,/ ./
line, from Xa—SW calculations) and the experimental T
photoemission spectrum of Al (solid line). Energies -
are in eV. Adapted from Messmer and Salahub (1977).
T
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oxygen. The comparisons are indeed very encouraging and support oxy-
gen incorporation into the aluminum substrate.

The interaction of atomic hydrogen with Ni, Pd, and Pt clusters has
also been investigated by the SCF-Xa-SW method (Messmer et al.,
1977), where relativistic effects were included, using the formalism de-
scribed by Yang and Rabii (1975). Tetrahedral metal clusters were consid-
ered with metal-metal distances equal to those of the bulk metals, with or
without addition of one H atom in an interstitial site. The results are in
good agreement with photoemission studies of the bulk interstitial com-
pound PdH and with photoemission spectra for hydrogen chemisorption
on (111) surfaces of Ni, Pd, and Pt. For the metal clusters it is found that
the Fermi level coincides with the top of the d band, and the d bandwidth,
although less than in the corresponding bulk metal, increases from Ni, to
Pd, to Pt,, while the energy levels shift downward, as in crystalline
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Fig. 20. Experimental photoemission intensity for Al + 1 langmuir oxygen (solid line).
Density of states for Al;;O from Xa-SW calculations (dashed line). Adapted from Messmer
and Salahub (1977).

Fig. 21. Nonrelativistic X« orbital energies (rydbergs) of tetrahedral metal clusters with
and without H. For each metal, at left is the structure of Me,, at the right the structure of
Me,H. The heavy lines represent the H 1s level. Adapted from Messmer et al. (1977).
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metals. The electronic structures of Pt, and Pd, are similar, whereas that
of Ni, shows marked differences. This parallels differences in photoemis-
sion spectra for hydrogen chemisorbed on these metals, and in hydrogen
solubility and catalytic reactivity. After addition of the H atom the levels
shift as shown in Fig. 21. The 1s H SCF-Xa energy is also shown and it is
clear that the position of this level with respect to the Ni orbital manifold
Jjustifies the differences in behavior previously mentioned. The influence
of relativistic effects is negligible or minor in Ni and Pd, whereas in the
case of Pt it produces an increase of electronegativity of the Pt aggregate,
as expected from the decrease in the work function of Pt upon hydrogen
adsorption. The theoretical results are reinforced by the results of photo-
emission spectra of hydrogen chemisorbed on the (111) faces of the three
metals.

Spin-unrestricted calculations for a CO(Ni)s cluster with C,, symmetry
were carried on using overlapping atomic spheres (Batra and Bagus,
1975). Comparison of theoretical results with the photoemission spectra of
CO chemisorbed on Ni(100) is shown in Fig. 22. A tentative interpretation
of the observed spectrum was proposed.

Similar calculations have been performed for the CO(Cu)s; and the
COCu (linear) clusters (Yu, 1977). The Cu-C distance was varied and the
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Fig. 22. Experimental photoemission spectrum (lower scale) and Xa~SW energy levels
(upper scale) for CO(Ni)s. Energies are in eV. Adapted from Batra and Bagus (1975).

Fig. 23. Curve (a) experimental UPS spectrum for CO adsorbed on Cu(100). Curve (b)
calculated valence density of states of the CO(Cu); cluster. Ground-state (G), transition-
state (T) orbital energies are shown for both COCu and CO(Cu);. Calculated quantities refer
to upper scales, the experimental curve to the lower scale (eV in both cases). Adapted from
Yu (1977).
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total energy minimized with respect to this parameter. The results are
reported for both clusters in Fig. 23. Ground-state energies, ionization
energies as obtained according to the transition state method, and the
experimental photoemission spectrum for CO adsorbed on Cu(100) are
shown. Theoretical density of states was obtained from ionization ener-
gies by means of the following broadening function:

D) = [2m)'*a]™" 3 n; expl—(e — &:)*/207], (82)

where n; is the occupation number of the ith molecular state with energy «;
and o is a constant chosen to be 3 eV. This curve is also shown in Fig. 23.
The agreement between calculated ionization energies and spectral data is
excellent, suggesting the following interpretation. The majority of CO
molecules are adsorbed at fourfold symmetry sites and a smaller fraction
are adsorbed on top of Cu atoms. The molecules in the C,, positions
produce two peaks in the spectrum below the copper d band, whereas
molecules atop of Cu atoms form a single visible peak; the presence of
three peaks found in experimental work is justified. The CO molecules in
the two chemisorption sites are placed at different distances from the
surface.

The Xa technique has been applied also to the study of various
cluster—adsorbate complexes (Ni;CO, Pt;0, Pd;CO, Pd;0) by Chen et al.
(1977).

The SCF-Xa—SW method, though satisfactory in many respects, has
also some undesirable features. For example, as a consequence of the
muffin-tin approximation with the assumption of constant potential in the
intersphere region the potential in the bonding region between atoms is
overestimated (Danese and Connolly, 1974; Danese, 1974). A partial rem-
edy can be found in using overlapping spheres, with results as previously
shown. More direct attacks on this problem can be fou. in the literature.
The so-called Hartree—Fock—Slater (HFS) method has been proposed, in
which the X« approximation is included, but the muffin-tin approxima-
tion is avoided (Baerends ef al., 1973). The problem of finding approxi-
mate solutions to the one-electron HFS equation

By =1 =3 V31 + D (=za/rm) + V(1) + Vx«(l)} ¥i(1)
= Gi‘lli(l) (83)

is attacked by expanding the eigenfunctions into a finite set of basis func-
tions and determining the expansion coefficients. The second part is im-
plemented by means of a discrete variational method (Ellis and Painter,
1970) in which a linear variational function
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1
¥ = 2 Xi€ii (84)
=1
is used, and mean error functions are minimized:

Ay = 2 w(r Ui (r)(h — eslny), (85)

k

where w(r,) is a weight factor and the summation is over a discrete set of
sample points. We are led to the familiar secular equations, but matrix
elements for energy and identity operators are summations, not integrals.
There are no restrictions on the form of the basis functions x;, and STOs
are as convenient as GTOs. For calculating V¢ in Eq. (83) with

Ve(rd) = [ )/l = ril dr, (86)
it was found useful to expand p(r) in one-center functions:
p(r) = 2 aifi, (87)

1

where fit functions f; are centered upon the nuclei of the system. A proce-
dure leading to the best choice of fit functions and the determination of q;
coefficients has been worked out. The method has been successfully
applied to a number of small molecules (Baerends and Ros, 1973; Heijser
et al., 1976). An alternative method for implementing the HFS scheme is
to use the so-called self-consistent charge approximation (Rosén et al.,
1976). To a great extent this method follows the formalism outlined previ-
ously, including the discrete variational method to evaluate energy and
overlap matrix elements. To obtain the molecular charge density, a Mulli-
ken population analysis of the wavefunctions is performed, ending with a
charge density which is the sum of spherically symmetric and overlapping
atomic densities. The method has been applied to study chemisorption of
first-row atoms on Ni(100) surfaces (Ellis et al., 1976). The usual XNi,
clusters were used, with X = H, C, N, O. The variation of energy levels
and ground-state charge distribution with the height of X above the metal
surface has been explored and the broadening and shifts of adsorbate
levels due to interaction with the nickel conduction band has been dis-
cussed. The effect of embedding the surface molecule in the substrate has
been explored through the use of an external potential. The results are
good as far as the interpretation of photoemission spectra and electronic
structure are concerned. The method still needs some improvements to
make it adequate for the discussion of dissociation energies and equilib-
rium geometries for systems of such complexity. A further application has
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been explored for chemisorption of CO on the same Ni(100) surface (Ellis
et al., 1977). The results are consistent with CO approaching the Ni(100)
plane at a C,, position, at a height of about 3 a.u. The effect of relaxation
and binding shifts on UPS and XPS spectra are carefully analyzed.

Non-muffin-tin corrections were also introduced in a study of oxygen
chemisorption on Ni(001) (Li and Connolly, 1977). The method of includ-
ing these corrections is by means of first-order perturbation theory
(Danese and Connolly, 1974; Danese, 1974). The usual ONi; cluster was
used and curves for the binding energy of oxygen on the Ni; cluster as a
function of the distance from the surface were obtained both with and
without muffin-tin corrections. They are shown in Fig. 24. The minimum
is found for a height of 1.42 a.u., which corresponds to a Ni—O bond
length of 3.62 a.u. to be compared with a LEED result of 3.73 a.u. and
with a distance of 3.47 a.u. found in Ni-chelate complexes.

A transition-state method has been recently proposed (Ziegler and
Rank, 1977) for calculating bonding energies and bond distances within the
Hartree-Fock-Slater method. Applications to simple diatomic molecules
and transition metal complexes led to satisfying results and the method
looks very promising for the study of bonding interactions between metal
fragments and organic molecules.

IV. Adsorbate Crystallography

It has been shown, mainly by LEED, that atoms or small molecules
can adsorb on low Miller index crystal surfaces to form well-ordered
overlayer structures (Buchholz and Somorjai, 1976). From the observa-
tion of LEED diffraction patterns the size and shape of the two-
dimensional unit cell is easily established; the determination of the posi-
tions of the adsorbed atoms requires a detailed analysis of the intensities

Fig. 24. Binding energy (rydbergs), calculated by
the Xo method, for oxygen approaching a Nis cluster. -
The abscissa is the oxygen cluster (distance in a.u.).

Curve (a) muffin-tin approximation. Curve (b) non- 0
muffin-tin corrections. Adapted from Li and Connolly

(1977).
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of the diffracted beams. This can be performed in principle by means of
dynamical LEED calculations usually based on multiple scattering theory
(Pendry, 1974). Several techniques, including approximations of various
kinds, are available, but the actual computations are complex, so that only
clean metal surfaces or simple atomic overlayers have been studied in the
past; a presentation of the status of the art has recently been published
(Jona, 1977).

The only example to date of a detailed analysis for molecular
chemisorption is acetylene adsorbed on the (111) crystal face of platinum
(Stair and Somorjai, 1976, 1977; Kesmodel et al., 1976, 1977). At low
exposure at 300 K acetylene forms an ordered structure with a (2 x 2)
diffraction pattern. This structure is metastable, and after heating for an
hour at 400 K and then cooling at 300 K it transforms into a stable struc-
ture having the same (2 X 2) pattern. Intensity versus incident electron
energy curves were calculated for a number of beams under different
diffraction conditions. The six models investigated (A1-C2) are shown in
Fig. 25. Calculated curves were almost insensitive to the value of the C-C
bond length. The best agreement between calculated and experimental
I-E curves for the stable structure was found for the hydrocarbon mole-
cule adsorbed at a triangular site (model C2), parallel to the metal surface,
at a distance of 1.9 A above the plane of Pt atoms. The CCH angle was
estimated to be greater than 150°. The I-E profiles for geometries Al and
C1 are actually identical to those for A2 and C2, respectively. A quantum
mechanical study has been performed by means of EH MO calculations
for clusters of 9-11 Pt atoms plus one acetylene molecule (Gavezzotti and
Simonetta, 1977). The same adsorption sites A1-C2 were investigated. An
assumed distorted geometry for acetylene (with C—C distance of 1.3 A
and CCH angle of 140°) was found to give improved energy values with
respect to the gas-phase geometry. A bonding situation was found for the

B1

Ci

Fig. 25. Al, B1, Cl arrangements (see text) of an acetylene molecule (represented by the
shaded circles) over a Pt(111) surface. A2, B2, C2 are obtained by rotating the acetylene
molecule by 90° in the plane parallel to the surface plane.
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B2 model with the C—C bond 2.0 A above the Pt surface. For models A
and C the energy was found to be independent of the orientation of the
hydrocarbon around an axis perpendicular to the metal surface. Free
rotation of adsorbed molecules was confirmed by means of molecular
mechanics computations for an array of nine acetylene molecules on
Pt(111). This result is in agreement with the findings of multiple scattering
calculations (Kesmodel et al., 1976). It may well be that the rotational
freedom available to molecules adsorbed at triangular sites makes the free
energy of this situation fall below that for the blocked B2 situation at room
temperature and above, making EH and LEED results compatible. It is
worth mentioning that UPS studies for acetylene adsorbed on Pt(111)
indicate the existence of sp? hybridization at the carbon atoms, forming
di-o bonding (Demuth, 1977). The same system has been investigated by
means of high-resolution electron energy loss spectroscopy (Ibach et al.,
1977a,b). It was suggested that the conversion of metastable adsorbed
acetylene to the stable form is due to the formation of ethylidene (CH;—
CH), with the C—C axis perpendicular to the Pt surface. These results
prompted a reinvestigation of the system by new LEED experiments and
dynamical calculations (Kesmodel et al., 1978). On the basis of these new
results and a reinterpretation of the spectra published by Ibach et al.
(1977b), Somorjai proposed that the stable structure is made of ethylidyne
(CH;3C) groups placed on triangular adsorption sites with the C—C bond
perpendicular to the metal surface. A mechanism for the formation of
CH;C through the rearrangement of acetylene to vinylidene (CH,C) and
subsequent hydrogenation was also proposed; this mechanism has been
confirmed by the results of EH MO calculations (Gavezzotti and
Simonetta, 1978). From these results, the catalytic effect of a Pt surface on
the acetylene—vinylidene rearrangement becomes evident (see Fig. 26).

(a) (b)

Fig. 26. Extended Hiickel results (Gavezzotti and Simonetta, 1978) for the catalytic
effect (lowering of the energy of the transition state) of Pt on the acetylene—vinylidene
rearrangement. (a) Energy profile for the gas phase reaction; (b) the same for reaction over
one Pt atom; (¢) the same over a 10-atom Pt cluster.
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V. Dynamical Studies

Dynamical studies for chemisorption can be carried out if a realistic
potential function that is rapidly calculable is available. As usual, one is
faced with the dilemma that approximate methods are of dubious reliabil-
ity, whereas accurate potentials are out of the range of present computing
facilities. A way out can be found if one is satisfied by model calcuiations,
by means of which the qualitative features of the dynamical phenomenon
are investigated, revealing the influence of the shape of the potential on
the adsorption probability or the most effective form of energy (transla-
tional, vibrational, or rotational).

An example of an effort in this direction can be found in a series of
articles by Wolken and co-workers. In one article (McCreery and Wolken,
1975a) the model potential and the method of calculation are described.
The potential function is for the interaction of a diatomic molecule with a
rigid solid surface; i.e., the solid surface provides the static background
potential in which the gas molecule moves. To obtain this potential the
London-Eyring—Polanyi—Sato (LEPS) procedure (Sato, 1955; Levine and
Bernstein, 1974) is applied. This is an approximate valence bond treat-
ment initially derived for the one-electron atoms system. The formula that
gives the energy can easily be extended to treat the four-orbital four-
electron systems in which six two-body interactions are present (Slater,
1931). Moreover in the case of a diatomic molecule interacting with a rigid
surface only three two-body interactions are of interest, as shown in Fig.
27. Then the following energy expression is obtained:

E = Qu *+ Qaa + Qo — {fl(a — B)* + o&* + B}'? (88)
where Q;; is the coulombic energy for the i-j two-electron system,
a = (ab), B = (ad) + (bc); (ab), (ad), and (bc) are two-center exchange
integrals. Coulomb and exchange integrals are evaluated assuming that

two-body interactions can be described by Morse potentials. Also a Sato
parameter is included in the potential, which assumes the form:

V= (1 + A)_I{Ul + Uz + U3 - [A% + Az + A3)2 - Al(Ag + A3)]1/2},

(89
where
U; = D3 + A) exp(—2ai(r; — ry))
— (2 + 6 A) exp(—ay(r; — o)), (90)
A; = iD[(1 + 3 A) exp(—2ai(r; — ri))
— (6 + 2 A) exp(—ai(r; — ro))], ©n

D;, «;, and r;, are the dissociation energy, Morse parameter, and equilib-
rium distance for the ith two-body interaction. The potential has been
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Fig. 27. Two-body interactions for a diatomic molecule plus d
a surface. ¢

evaluated for the H, + W(100) system. The H—H Morse potential was
found in the literature (Porter and Karplus, 1964), with parameters
Dy = 4.7466 eV, rygo = 1.40083 a.u., ayy = 1.04435 a.u. The H—W
interaction was assumed to be dependent on the position of the H atom
above the W(100) surface. If the surface is assumed to be the x—y plane,
with the z axis pointing outward, the H—W potential is given by

Vu-w = Dlexp(—2auw(z — 2o))]— 2 exp[—auw(z — zp)], (92)

where the parameters D, a, and z, are x,y-dependent. To find an explicit
form of the dependence, the results of EH calculations for the same sys-
tem were considered, namely the energies and equilibrium distances for
the three possible adsorption sites (Anders et al., 1973). The dissociation
energy and equilibrium distance dependences were assumed of the form:

D(x, y) = D[1 + 8Q(x, y)], (93)
2o(x, ¥) = zn[1 + tP(x, y)], 94

where Q(x, y) is chosen to have the correct symmetry for the surface,
namely:

QO(x, y) = cos[(2mx)/a] + cos[(2my)/a]
— A{cos[(2mx)/a] — 1Hcos[(2my)/a] — 1}, 995

where a = 5.97 a.u. Since Q(a/2, 0) = 0, D, is the dissociation energy at
the 2CN site and 8 can be determined by means of the binding energy at
the 1CN site (x = 0, y = 0). The binding energy at the 5CN site allows A
to be determined. P(x,y) is taken to have a similar form and the constants
are determined by fitting the equilibrium heights above the surface at the
three adsorption sites. The ayw parameter was chosen by fitting the poten-
tial curve near the minimum to a parabola again calculated from the EH
results. We obtain

ayw = [0.02844/D(x,y) 12 (96)

The path of approach was chosen with the H—H bond parallel to the xy
plane and to the y axis, and with one H atom moving along the z axis (this
is a line through the 1CN site). The Sato parameter A was allowed to vary
from —0.5 to 0.5, in order to obtain different surfaces with peculiar fea-
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tures. For the described path positive values of A give no barrier in the
entrance channel. For values A = 0.2 there is a well corresponding to one
H atom in the 1CN position and the other at a distance not too far from the
equilibrium distance in H,; i.e., we see molecular adsorption. The binding
energy with respect to the free molecule is 2.0 eV with A = 0.50r 1.0 eV
with A = 0.2. In addition, there is a barrier on the exit channel leading to a
second well corresponding to the two H atoms bonded to two adjacent
ICN sites. This second well is present also for negative A values. A zero
or negative value of A produces a saddle point in the entrance channel,
i.e., a barrier to desorption of molecular H, from the surface. The height
of the barrier can be used to calculate A by comparison with experimental
work. A number of different approach paths have also been studied. As an
example the potential surface for the approach with the H—H bond paral-
lel to the x axis and the center of mass above the 1CN site is given in Fig.
28. Classical trajectories were computed for the H+ H-W system with the
H atom initially fixed at the 1CN position. The aiming point on the sur-
face, the height of the starting point, and the x coordinate of the impinging
atom and the collision energy were varied, while the aiming angle was
kept at the constant value 8 = 30° from the normal to the surface. Differ-
ent outcomes from the calculated trajectories were observed, e.g., the
formation and escape of a H, molecule, the escape of the initially fixed
atom with the other atom being trapped, the impinging atom trapped in a
ICN site while the other atom is trapped and roaming the surface. Also a
number of trajectories were calculated with the H atoms initially placed at
two adjacent 1CN positions with total initial kinetic energy in excess of
the energy needed for molecular desorption (McCreery and Wolken,

X,a.u.

0 2 4 6 z,a.u.

Fig. 28. LEPS potential surface (e V) for the approach of H; to a ICN site over a W(100)
surface. Adapted from McCreery and Wolken (1975a).
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1975b, 1976a). The internal state distribution of the desorbing H, molecule
was investigated by studying the number of molecules formed as a func-
tion of the vibration and rotation quantum numbers. The populations de-
crease monotonically with increasing vibrational quantum numbers, while
extensive rotational excitation was observed. It was found that the per-
centage of molecules that desorb increases monotonically with the ratio of
the initial energies of the two atoms, whereas the percentage of trajec-
tories that result in the desorption of a H atom decreases sharply with the
increase of the same ratio. No trajectories with sufficient initial kinetic
energy to allow for desorption of two H atoms were computed. The angu-
lar distributions of the desorbed atoms and molecules show sharp peaks
around = 0° and differ significantly from the cos @ form. If the closest
distance of approach of the two atoms when they follow straight lines
defined by the projections of their velocities in the xy plane is taken as an
impact parameter, b, for the molecular desorption reactions the opacity
function, i.e., the percentage of reaction as a function of b, decreases
monotonically with increasing b. It was also found that the distribution of
the z component of angular momentum for the desorbing molecule shows
a sharp maximum for j, = 0. Most of the rotation occurs in a plane per-
pendicular to the surface, with the two atoms tumbling over each other in
the z direction. Trajectories were also calculated for the adsorption of H,
and HD on the tungsten surface (McCreery and Wolken, 1976b,c), mainly
with the purpose of establishing which form of energy is most effective in
promoting adsorption. Three different values of the Sato parameter were
used, to generate a potential surface with no barrier to adsorption, or a
small barrier or a large one. Trajectories were calculated at constant total
energy (but with different energy distributions) or with constant kinetic
energy and different amounts of internal energy. It was found that transla-
tional energy is much more effective in promoting activated adsorption
than internal energy. It was also found that the probability of dissociative
adsorption on this surface is independent of the orientation of the projec-
tion of the beam on the surface, in agreement with experimental results.
Only at high rotational levels are isotope effects observable, with HD
having the larger sticking probability. The use of a rigid surface in all these
calculations might be questionable, and is in part justified by the differ-
ence of mass for H and W. The H atoms move at much higher speed than
the metal atoms, so that in the time needed for a trajectory, surface atoms
can only adjust a negligible amount. Of course, this assumption implies
that no energy between the gas and the solid is exchanged.

In more recent work (McCreery and Wolken, 1977) a LEPS surface
was calculated for the interaction of three H atoms with the surface. This
potential allows the study of adsorption of H, in the presence of an ad-



152 M. Simonetta and A. Gavezzotti

sorbed H atom. Equipotential curves were calculated for the approach of
a H, molecule with the H—H bond parallel to the plane of the surface.
The center of mass of H, is approaching the adsorbed atom perpendicu-
larly, situated on top of a ICN site. The H—H bond can stretch in the
2CN—2CN direction. The height of the adsorbed H atom is optimized for
each H, configuration. During the approach of the molecule the adsorbed
atom is first pushed toward the surface, then it goes back to the equlib-
rium position. In the meantime the H—H bond stretches and the dissocia-
tion of the molecule occurs as a result of the three atoms adsorbed on the
2CN sites. Trajectory calculations were performed for different aiming
areas, both for the bare and covered surfaces. A completely covered, a
half-covered, and a 25% covered surface were simulated. In a completely
covered surface the probability of dissociative adsorption is 15%, to be
compared with a 72% probability for the bare surface. The sticking prob-
ability increases as coverage decreases. Also the dependence of the per-
centage of trajectories leading to dissociative adsorption on the impact
parameter is very different for bare and covered surfaces: for the latter,
the adsorption probability increases with increasing b; for the former, a
sticking probability greater than 60% is found, regardless of b.

Exploratory classical trajectory calculations have been reported for
activated dissociation of H, and D, on Cu(100) and Cu(110) surfaces (Gelb
and Cardillo, 1976, 1977). Again a LEPS potential surface was used, and
the interactions of two H atoms with two metal atoms were included.
Morse and anti-Morse functions for H-H and H—Cu surface singlet and
triplet energies were used to derive Coulomb and exchange integrals. The
parameters in the hydrogen—metal functions were dependent on x, y coor-
dinates (the xy plane is the plane of the surface) with the correct pe-
riodicity and spacing for the (100) and (110) crystal faces. Parameter cali-
bration was adjusted in such a way to produce an energy barrier along the
minimum path to dissociation of 9.7 kcal/mole for the (100) surface and 7
kcal/mole for the (110) surface. Along the minimum energy path the H,
molecule approaches the saddle point between two Cu atoms perpendicu-
larly, with the internuclear axis parallel to the y axis (see Fig. 29).
Classical trajectories were calculated by the usual techniques (Bunker,
1971). The dissociation probabilities for the ground and first excited states
of H, and D, were computed as a function of the angle of incidence, at
constant kinetic energy. When a beam with vibrational and rotational
distributions pertaining to reported experimental conditions is considered,
the agreement between calculated and experimental data is reasonable.
However, the isotope effect for the (110) surface is in the wrong direction.
A lower minimum energy barrier and higher dissociation probabilities
were found on the (110) surface, in accord with experiment.

The method has been modified in order to produce LEPS potentials for
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-100

Fig. 29. Potential energy (kcal/mole) versus dis-
tance (A) for the approach of H, to a Cu(100) surface
over a bond midpoint (solid line); the same for impact _110
at a fourfold site (dashed line). Adapted from Gelb
and Cardillo (1977). T2 3 4

stepped surfaces. It has been applied (Gregory and Silbey, 1977; Gregory
et al., 1978) to the study of dissociative adsorption of hydrogen on copper;
the (100), (110), (111) and the stepped (311) faces were considered. The
latter consists of (100) terraces, two rows wide, separated by (111) steps,
one atomic layer high. The calculated maximum bond energies are in the
order (311) > (110) > (100) > (111). The maximum bond energy sites on
these faces are those with the maximum number of nearest neighbors. The
activation energy for adsorption was also estimated and the correct order
for the activation energies on the faces with low indices was found.

A phenomenological model has been proposed for the collision of par-
ticles with a surface represented by a two-dimensional periodic potential
(Fraser et al., 1977). Model calculations have shown that the proposed
method gives physically sensible results both for atomic desorption from
the surface and for beam scattering. Since the form of the gas-surface
potential has not been thoroughly investigated, no comparison with
specific experimental data has been presented.

VI. Conclusions

The status of the art being as yet only broadly defined and rapidly
changing, this review aims to be thought-provoking rather than conclu-
sive. In this section, we try to summarize a number of relevant points
emerging from the preceding analyses.

The cluster method seems to be a good intermediate stage on the way
to the study of heterogeneous catalysis; many of the results reported in
the previous sections were seen to illustrate the localization of the
chemisorption phenomenon to the interaction of an adsorbate with a few
metal atoms. If clusters of sufficient size are used, the results were seen to
converge to the reproduction of metallic bulk properties.

The present limitations of ab initio methods (to simple atoms or to a
small number of transition metal atoms) face the difficulties of semiempir-
ical methods with parametrization. One way of using both approaches to a
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common goal would be to use ab initio to calibrate semiempirical methods.
This is in principle even simpler than using empirical data to the same
purpose, since, with the possible exception of UPS spectroscopy, ex-
perimental evidence in this field seldom lends itself to straightforward
comparison with calculation. For instance, quantum mechanical results
refer to absolute zero temperature, while chemisorption is studied in a
wide range of temperatures, and catalytic processes are carried out at high
temperatures. The need is felt for a way to introduce thermal effects in the
calculations, as well as the effects of gas—solid energy exchange pro-
cesses. For instance, model trajectories studies that have been carried out
are essentially intended to generate ideas on what might occur, rather than
to try to reproduce what actually occurs. The potential surface was as-
sumed to be static; dynamic studies on vibrating surfaces might be the
next step.

Some particular remarks concern the Xa—SW method. Although espe-
cially well suited to provide data for comparisons and assignments in the
UPS spectroscopy field, this approach is not very satisfactory for studies
of adsorption energetics. This is so mainly because of the muffin-tin ap-
proximation; refinement of the potential would, however, imply at present
insurmountable difficulties in the calculations. The transition-state method
is nonetheless very promising in the prediction of adsorption geometries.

Finally, although theoretical methods of the various kinds outlined in
this review may prove to be promising, actual catalytic effects still seem
to be out of their reach. Though yielding in principle the most detailed
information on adsorbate structures, LEED itself requires ordered adsor-
bate domains of appreciable size, while this is certainly not the case in
practical catalysis. The identification of adsorbed species is probably the
best help that diffraction methods, together with appropriate spectro-
scopic techniques, can lend to catalysts.
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I. Introduction

The recent advances in the photochemistry and spectroscopy of mo-
lecular systems (Sandorfy et al., 1974; Okabe, 1978) as well as present-day
computer development make the theoretical study of excited, radicalary,
and ionic species more interesting. Also, from the point of view of ex-
perimental findings, the birth and growth of radioastronomy in the late
1960s has verified the existence of a remarkable set of molecular struc-
tures in some regions of interstellar space (Gordon and Snyder, 1973;
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Cameron, 1973; Pinkau, 1974; Van Woerden, 1977). Interstellar medium
conditions are in some instances very similar to these applicable to the
implicit molecular environment in usual quantum chemical calculations,
and in this context it is probable that quantum chemistry may be of con-
siderable help in the study of the molecular parameters associated with
interstellar molecules.

Although ground-state species are interesting and informative, the
main problem from the point of view of interaction of theory and experi-
ment concerns the open shell structures: excited states, radical fragments,
and ions, which are difficult to reproduce and study in terrestrial labora-
tory conditions for a sufficiently long time. In this manner, the theoretical
development of open shell techniques will provide, without doubt, a bet-
ter understanding of the phenomena relevant to creation, transformation,
and decomposition of excited states.

This chapter, claiming neither priority nor definitive form, is an at-
tempt to describe in detail a sufficiently general open shell SCF procedure
that will be: (1) easily programmable, (2) without insuperable difficulties
during application, and (3) with such characteristics that the program
structure may be implemented in any breed of computer; this program-
ming trend is becoming widespread and may soon be imperative. Some
interstellar molecules provide us with an amount of computational work
sufficient for study of the appropriate features of the methodology. The
first section will present a description of a restricted SCF open shell
framework, where all the necessary hints will be given in order to facili-
tate implementation. A short survey of the interstellar molecule problem
will follow this theoretical section, with the aim of justifying the chosen
structures as an example of a computational application. The last two
sections of this chapter will give, first, a survey of the numerical charac-
teristics chosen in the application of the theory and, second, the results
obtained, compared, when possible, with experimental and other calcula-
tions.

II. Open Shell SCF Theory

A. Historical Review

The SCF open shell procedure described here may be viewed as one of
the last fruits of a quite old methodological tree. In order to outline the
history we will give in brief some of the relevant references.

The initial work of Roothaan (1960) must be taken as the starting point
which described the direction of future research. Related to this work are
the early discussions of Huzinaga (1960, 1961) and the first attempt at a
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general view of the problem by Birss and Fraga (1963, 1964), which prob-
ably precluded the development of Dyadyuscha and Kuprievich (1965),
who made an often overlooked, yet clever analysis of the open shell
mathematical tools. Then a four-year lull is found in the literature. No
new attempts to attack or analyze the subject are made until a study of
Huzinaga (1969), followed by the article of Goddard et al. (1969), who
clearly stated the full variational structure of the open shell problem. This
opened the way for a series of articles by Peters (1972), Hirao and Nakat-
suji (1973), Caballol et al. (1974), Hirao (1974), and Carbd et al. (1975)
which established the present framework. The state of the art up to this
point may be found, perhaps, in a recent monograph (Carbé and Riera,
1978), but the problem still is being studied, mainly as a result of the
coupling operator concepts. Although these new developments are in-
teresting, they will not be discussed here.

B. Expression of the Electronic Energy
In acommon and general way, including monoconfigurational and some
multiconfigurational cases, the electronic energy of a molecular system can
be written (Carbd and Riera, 1978)
E= Y whi+ 3 X (axly — BuKy), (1
iEN iEN JEN
where the constants {w;}, {a;}, and {8} are parameters of a given state
and wave function (hereafter called state parameters), {h;}, {J;}, and
{K;;} are the core, Coulomb, and exchange integrals defined over the set of
active molecular orbitals (MO), whose indices appear in the summations,
and N is the set of these occupied MO indices.
Representing the MO set by {¢;} (i € N), the molecular integrals in
Eq. (1) are defined as

hu = (ilkli) = [@the v, @
where h is the core Hamiltonian (in atomic units):
h = ~4V? — ; (Za/14)s 3
and
Jy = (i) =[ [$:(Der@rEd(De,2) dV, dVs, @)
Ky = @) =] [1(Der(Dri$(2)642) dV, dVs. ®)

Equation (1), through a redefinition of integrals (4) and (5), can be
rewritten with the aid of the so-called Coulomb (J;) and exchange (K))
operators. The definition of these operators, due to Roothaan (195}), is
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Jiy = [ dr(Drzef1) dVis2), ©)
Kigy = sr(Dridof1) dVidiD). @)
In this manner one can write

Jy = W) = (ilJili), ®
Ky = (IKilj) = (ilKjli). 9

Consequently, the energy expression (1) can be written
E= 3 (loh+ ¥ (op); = BsKI)- (10)

iEN JEN

Furthermore, it should be noted that the equivalent equations (1) and
(10) are subject to constraints related to the orthonormalization of the MO
set {¢;} (i € N), which we write as:

i) = [ dre,dv =284 V¥ ijEN. an

The constraints (11) can be relaxed but the energy expression becomes
more complicated than Eq. (1) (Lowdin, 1955).

At the same time, it should be noted that Eqs. (1) and (10) are re-

lated to a kind of wave function ® which can be expressed as a linear
combination of Slater determinants:

® =2 a®, (12)
I
subject to the conditions:
(a) (O|P) = 1; (13)
(b) if H is the spinless electronic Hamiltonian, then
@) = 3 [othi+ 3 elfdy - BYKD | (14)
IEN JEN

where {w!/}, {!/}, and {B!/} are constants depending on the nature of the
corresponding Slater determinants ®; and ®,.
The state parameters in Eq. (1) will then be expressed as

w = > > afael, (15)
I J

a; = > Y afta;alf, (16)
I J

By =2 2 afaBy. (17)
I J
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In most cases the integrals (14), when I # J, will be greatly simplified due
to the nature of the functions @; and &, (Parr, 1963), with only a few terms
remaining in the summations.

Another limitation of a SCF procedure attached to energy form (1)
consists in the variational impossibility of using an energy functional cor-
responding to an excited state with the same symmetry as the ground state
(Bethe and Salpeter, 1957). But, on the other hand, an energy equation
such as (1) will be able to cope with the most common situations encoun-
tered in the study of open shell systems, including very complicated mul-
ticonfigurational cases or the simple monodeterminantal closed shell
structures.

C. Euler Equations
Starting from Eq. (1) and constructing the augmented functional

L=E+ 3 Yes(ilj) - 8, (18)

by means of the set {¢;} of undetermined Lagrange multipliers, one can
use a variational procedure in (18), which will give

SL = 8E + 2 gsﬁ«ailﬂ + (i|&)). (19)
Recalling Eq. (1) one finds:
oF = Z w{(8ilhliy + (i|h|5i)} + EI ; { ai{(8ilJjliy + (i|J;|6i)
+ (I + G} — BACSIK ) + (ilK;(8:)
+ (Sl + (j|J,»|8j)}}. (20)

Substituting (20) into (19) and taking into account that the stationary con-
dition holds:

6L =0, 2nH
one obtains two sets of equations (Vi € N) (Euler equations):
twh + 2 (al; — BuKpli) = 2 euls), (22a)
J j
(ifbwih + X (apl; = BsK;) = 3, (e (22b)
j j

Equations (22) can be rewritten in an equivalent manner as
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Fliy = X esli)s V i€N, (23a)
7
ek = e Y i,jJEN, (23b)
where the operators {F;} (i € N), the Fock operators, are obviously de-
fined by means of:

7
The conditions (23b) can be deduced from Eqs. (22), multiplying (22a) on

the left by (j] and (22b) on the right by |i); then one has, recalling the
orthogonal nature of the MOs

IFl) = ey, (25a)

(i|F,-lj) = Eji- (25b)
Taking Eq. (25b) and conjugating both sides,

ef = (IFTlD, (26)

as done with Eq. (24) and definitions (6) and (7), it is easy to show that
Ff = F;. 27

If one considers the state parameter real, one can deduce that Eq. (26) is
equivalent to (23b).

Equations (23) are the basis of the development of the formalism used
here. Equation (23a) simply corresponds to a null gradient condition on the
energy. Equations (23b) are conditions arising from the dual nature of the
optimization problem. We will refer to them as the Hermitian conditions on
Lagrange multiplier matrix.

D. Coupling Operator

There are many ways to solve Euler equations (23). Here we choose
one possibility, which has as its ultimate goal the construction of a unique
pseudosecular equation whose eigenvectors will constitute the MO set.

The null gradient part of the equations (23a) can be related to some
operator R, (Caballol ef al., 1974) which transforms the equation for each
Fock operator into a single expression. In order to do this one can define
the projectors over each MO |i) as

P =i, ¥V i€N, (28)

Then recalling that, in practice, to the MO set there can be added a
linearly independent set of vectors {|v)} (v € V), called virtual orbitals,
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which complete the basis set {|i)} (i € N) up to a given dimension, one can
also define a projector

0=P+ 3 [o)o|, V i€N, (29)

eV

over the subspace spanned by the ith MO and the virtual orbital set.
As the projectors (28) for any orbital |p) fulfill

Pilp) = 8,i), (30

one will obtain
Ilp) = 8,li), V pEN (31a)
IIlp) = |p), V peE V. (31b)

Using Eq. (23a) and the nature of the projectors {II,;}, one can write

FIlfi) = 3 &ili), ¥V i€N, (32)
JjeEN
and multiplying both sides of (32) on the left by II;,
IFFILi) = 3 e4llflj), ¥V i€ N, (33)
jeN

which, taking into account relations (31), can be transformed into

ITFFILi) = eqfi), Y i€ N. 39
Defining a set of projected Fock operators {R;} as
R,‘ = H?Fini, YV i€ N, (35)

Eq. (34) can be written as
Riy = s4liy, ¥V i€ N. (36)
Now, with operators (35) one can build up a unique operator
R, = D aiR,, (37)

iexN
where {a;} (i € N) is a set of arbitrary real constants which will fulfill the
pseudosecular equation

Roli)

Aii), YV i€ N, (38)
with
A=, VY i€ N. (39)

At the self-consistent stage, one can obtain the spectral decomposition
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Ro= S ap+ 3 (o o) P, (40)

iEN vEV

Z a;F;

where
P, = |v){v|.

Equations (38) will be sufficient to obtain the MO set in all the cases
where conditions (23b) are automatically satisfied. This is the case when,
by the system structure, one has

(i|Fj) = (i|F}|j) = 0. (41)

Conditions (41) hold when the symmetry of the system makes the begin-
ning MOs |i) and |j) orthogonal or when for a given subset M C N
(i,j € M) — F; = F;. In other cases the Hermitian nature of the Lagrange
multiplier matrix must be taken into account.

In order to accomplish this in a practical manner, conditions (23b) can
be written as

ey — &5 = (i|F; — Flj) =0, V i,jEN, (42)

From (42) an operator 7 can be defined, using {A;} (i, j € N) arbitrary
scalars (Hirao, 1974),

1= 3 \Pi(F; — F)P, (43)

1

which, when conjugated, gives

= = > > NPHEF; — F)P;. (44)
i J

From this a symmetric operator, called the Hirao operator, can be con-
structed:

Ry =3t + 1) = > asPi(F; — F)P,, (45)
where
oy = H Ay — ). (46)
Consequently
of = M\ — i) = —0y 47

or one can say that the set of constants {o;} form a skew-Hermitian
matrix. At self-consistency the operator R fulfills conditions (23b), be-
cause if k, | EN, then

(k|RH|l> = 0'k1<k|Fl - Fk")- (48)
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Thus, if one constructs the operator

R, = Ry + Ry, (49)
and finds the self-consistent solutions of
Riji) = A\jiy, VY i€ N, (50)
then
(kIR 1Y = (kIRo|l) + (K|Ry|l) = 8\ (51

In this manner one can assure that the MO set diagonalizes the operator
R,. Therefore, if k # [, then

(kIR\|I) = 0, (52)
and taking Eqgs. (40) and (48) into account, one has
(kIRJIY = (k|Ry|l) = o (kIF, ~ Fill) = 0. (53)

when o, # 0, conditions (42) are met for all MO pairs. In this sense,
operator (49) and its pseudosecular equation (50) transform Eqs. (23) and
allows the MOs to be obtained which make the functional (1) extremum.
The operator R,, defined in Eq. (49), will be called the coupling operator.
To the coupling operator R, one can add another kind of operator which
leaves the eigenvectors of Eq. (50), and thus the energy expression (1),
invariant.

One can take an arbitrary set of real constants {8,} (k€ N U V) and
construct a linear combination of projectors

Q= > BiPs. (54
KENUV
The new operator
R=R +Q (55)
fulfills
Rli) = wli), i€ N, (56)
with
mi= N+ B = aey + B, 37

so the action of O on the pseudosecular equation of R resides in an eigen-
value shift by means of the parameters {8;} (Carbé et al., 1977b).

E. Matrix Representation: LCAO Formalism
The MO set {¢;} can be represented by means of an atomic orbital
(AO) basis set {x.}, through the linear combinations



168 Ramon Carbé and Odd Gropen
& = E CiuXu. (58)
m

Then, using {C;} as the column matrices isomorphic to {¢;}, one can
define the matrices

P, = C,C{, (59)

and in a similar fashion

Im, =P, + E P.. (60)

The matrices (59) and (60), although not true projectors, are useful in
constructing the coupling operator matrix

R=Ry,+Ry +Q, (61)

with obvious definitions for the matrices Ry, Ry, and Q, which, in order to
be constructed, require only the Fock operator matrix representation,
namely,

Fiu = toihy, + 3 D {Auo(wr|Aa) — Biy(polvh)}, (62)
Ao
where the matrix sets {A;} and {B;} are defined as
A,' = 2 aiij, (63)
3
B, = BP; (64)
J

The correct matrix representation of the final coupling operator must be
written, however, as

Rs; = SRS, (65)

taking into account the metric of the AQ basis set {x,}, defined here as the
integral

S = [ xix av. (66)

The matrix representation of the pseudosecular equation (56), from which
the vectors {C;} can be obtained, can be written as

Rs;C = SCM (67)
with
C=(CCy---C;---) and M = diag(u;, i € N).
Equation (67) is identical to
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RSC = CM, (68)

so using an appropriate decomposition of the metric matrix S, with a
general structure

S = T*T, (69
where T is an upper triangular matrix, Eq. (68) can be put in the form
R;D = DM, (70)
with
R; = TRT* (71)
and
D = TC. (72)

The computational structure for solution of equations of this kind is well
known (Wilkinson and Reinsch, 1971), and the algorithms are optimally
programmed, so no further discussion on this subject is necessary.

In the Appendix can be found a table with the most common state
parameters, as well as the practical energy and operator forms dealing
with the usual open shell systems.

III. Interstellar Molecules

A. Historical Outline

As a justification of our interest in the study of interstellar molecules,
we present here a brief survey of the historical development of these
structures. Besides the computational role played by these molecules in
this chapter, as a means of showing the performance of the already de-
scribed SCF scheme in reaching variationally correct and accessible ex-
cited states, great interest in this subject was aroused by the development
of radioastronomical detection techniques. Many of the molecules studied
here have been also treated in many ways by other authors from a quan-
tum mechanical point of view, as will be discussed later, when results are
presented. Some interstellar structures have not been treated in the cur-
rent ab initio literature (e.g., see Richards et al., 1971, 1974, 1978); others,
such as formaldehyde, have been the object of numerous studies, yet no
comprehensive work, with a coherent methodology and basis set, has
been performed on all of these molecular species to date. This may in
itself be ample justification for our interest, but also one can find in the
history of interstellar molecules—the radioastronomical history—an even
better reason.
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The early discovery of the first interstellar molecules was made in the
period 19371949, using optical techniques, and evidence of the presence
of diatomic structures in interstellar space was obtained (Adams, 1948).
The interest in finding new molecules was aroused by this preliminary
search and, some time later, the OH radical emission line was detected by
means of radioastronomical observation (Weinreb et al., 1963). The actual
list of known structures has about forty items and contains a wide variety
of molecules ranging from diatomics to medium-sized (up to ten second-
row atoms) compounds. Each year this set grows in size. General discus-
sions on this subject were presented within a radioastronomical point of
view by Buhl and Snyder (1971) and Buhl (1973), and general characteris-
tics were covered by Gordon and Snyder (1973), Margulis (1973), Shimizu
(1973), Solomon (1973), Drake (1974), Mezger (1975), Nicholls (1977), and
Gammon (1978). The term interstellar chemistry was coined by Khare and
Sagan (1973), and was also studied with respect to formation and related
reactions of interstellar matter by McNally (1972), Dalgarno and Black
(1976), Herbst and Klemperer (1976), Watson (1976, 1977, 1978), Mitchell
et al. (1978), and Sagan and Khare (1979). The related problem of the
origin of life in connection with interstellar molecules was developed in the
articles by Werner (1971), Buhl and Ponnamperuma (1971), Buhl (1974),
and Ponnamperuma (1978). Although an initial attempt to promote interest
in the link between quantum chemical points of view and interstellar mole-
cules problems was published in 1976 (Caballol et al., 1976), sufficient
information on recent developments and trends can be found in the article
by Green and Herbst (1979).

B. Interstellar Chemistry

From the theoretical point of view, interstellar chemistry may be stud-
ied in a wide variety of ways, which can be summarized as follows: (a) the
computation of properties and molecular parameters of known interstellar
structures; (b) the computation of formation or decomposition paths from
known or plausible molecular fragments in order to establish the direction
of the search for new structures; (c) the search for information on possible
structures (isomers or others) not yet detected in order to interpret in-
terstellar emission lines not yet identified. Here we have chosen the first
point of view.

C. The Chosen Structures

From the set of interstellar molecules we have taken those which,
being medium-sized, can be useful for the theoretical purposes outlined
earlier. The structures studied are presented in Table 1. Selection of these
structures has been governed partly by their relevance to cosmochemistry
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TABLE 1

DESCRIPTION OF MOLECULES STUDIED

Formaldehyde HCHO Acetaldehyde CH;CHO
Formic acid HCOOH Methylamine CH;NH,
Methanol CH;0H Cyanamide NH,CN
Dimethyl ether CH;0CH; Formamide NH,CHO
Ethanol CH;CH,OH Methylenimine CH;NH

and partly by their potential for comparison with experimental and previ-
ously published data.

The ten structures have a wide variety of organic functions—aldehyde,
alcohol, ether, amine, acid, cyano, imine—which adds an ulterior interest
to this theoretical description. Although some molecules in Table I have
been widely studied from many points of view (e.g., formaldehyde of
formamide), others (e.g., methylamine), as far as we know, have received
little or no attention from the theoretical side.

D. Computational Details

All molecules chosen have a closed shell ground state, and the geometry
attached for this state is, if possible, in accordance with available experi-
mental data. The nonredundant coordinates for the atoms are presented
for all molecules in Table 11, where, at the same time, gross atomic popula-
tions are given for the four states (ground state, first excited singlet and
triplet, and positive ion) studied on each structure.

Except for formaldehyde, whose symmetry was C,,, all the remaining
structures possess Cg group characteristics; in addition to the ground
state, the excited singlet and triplet states, as well as the positive ion have
been studied. In all calculations the geometry used was the same as the
one employed for the ground state, so our results must be interpreted as
vertical excitations or ionizations. Thus, a source of error in the results
presented may be associated with the lack of geometric relaxation. Open
Shell states were studied from a monoconfigurational point of view, so
differences in correlation energy should also be expected between the
ground state and these states.

The basis set chosen is formed by Cartesian GTO functions of double
zeta quality, taking a (9s, 5p) set contracted to a (3s, 2p) basis of atomic
functions, as described by Dunning and Hay (1977). To this basis a diffuse
s-type orbital was added to the second-row atoms C, N and O.

Calculations were performed by means of the MOMPOS system
(Carbd et al., 1977a), which uses a modified version of the program
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TABLE 11
NucCLEAR COORDINATES (a.u.) AND GROSS ATOMIC POPULATIONS
Molecule x y F4 Q(GS) O(S)® o(T)* Q(PD)?
Formaldehyde
C 0 0 0 5.93 6.29 6.34 6.01
0] 0 0 2.2835 8.35 8.14 8.10 7.09
HI 1.793 0 -1.110 0.85 0.79 0.78 0.65
Formic acid
Ol 1.086 -2.087 0 8.47 8.18 8.17 7.95
02 1.145 2.199 0 8.50 8.51 8.50 8.34
C 0 0 0 5.61 5.88 5.91 5.50
Hi —2.050 0 0 0.79 0.77 0.76 0.62
H2 2.914 1.897 0 0.62 0.66 0.66 0.58
Methanol
(6] 0 0 2.697 8.62 8.49 8.44 8.02
C 0 0 0 6.16 6.47 6.50 6.30
H1 0 1.947 —0.706 0.88 0.79 0.79 0.75
H2 1.686 -0.973 -0.706 0.84 0.73 0.72 0.69
H4 0 1.710 3.281 0.67 0.81 0.83 0.54
Dimethyl ether
(6] 0 0 0 8.55 7.52 7.52 8.03
Cl 1.507 2.213 0 6.16 7.05 7.04 6.30
Cc2 1.507 —2.213 0 6.17 7.04 7.04 6.33
Hl 3.533 1.801 0 0.87 0.74 0.74 0.70
H2 1.169 3.411 1.651 0.84 0.73 0.73 0.72
H4 0.381 —3.947 0 0.83 0.74 0.74 0.71
HS5 2.745 —2.338 1.651 0.87 0.73 0.73 0.72
Ethanol
0 2.544 0 3.789 8.61 8.20 8.26 8.02
Cl 0 0 0 6.42 6.10 6.19 6.42
C2 0 0 2.989 6.02 7.03 6.73 6.23
H —1.947 0 -0.688 0.86 0.82 0.83 0.78
H 0.974 1.686 —0.688 0.84 0.81 0.81 0.79
H -0.974 1.686 3.587 0.87 0.72 0.73 0.71
H 2.529 0 5.612 0.66 0.79 0.91 0.54
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TABLE II (Continued)

Molecule x y z Q(GS): QS Q(T) QPN
Acetaldehyde
(0] 0 1.989 3.984 8.39 8.17 8.13 7.92
C1 0 0 0 6.49 6.44 6.44 6.50
2 0 0 2.836 5.81 6.12 6.17 5.77
H! 0 1.947 -0.706 0.80 0.83 0.83 0.74
H2 1.686 -0.973 —0.706 0.82 0.83 0.83 0.71
H4 0 —1.823 3.888 0.85 0.78 0.77 0.63
Methylamine
N 0 0 2.785 6.95 6.91 6.95 6.37
C 0 0 0 6.32 6.34 6.32 7.20
H 1.947 0 —0.689 0.87 0.78 0.78 0.73
H -0.974 1.686 —0.688 0.84 0.80 0.81 0.74
H 0.828 1.562 3.505 0.75 1.17 1.15 0.62
Cyanamide
N1 0 0 2.226 7.20 7.22 7.17 6.82
N2 0 0 -2.509 7.58 7.46 7.46 7.32
C 0 0 0 5.84 5.91 5.93 5.63
H1 1.537 0 —3.397 0.68 0.70 0.70 0.61
Formamide
(0] —1.257 1.869 0 8.44 8.14 8.12 8.15
C 0 0 0 5.69 5.99 6.02 5.77
N 2.600 0 0 7.67 7.68 7.69 7.20
H1 -0.821 -1.914 0 0.85 0.78 0.78 0.72
H2 3.475 1.705 0 0.67 0.70 0.70 0.57
H3 3.515 —1.658 0 0.69 0.69 0.69 0.59
Methylenimine
C 0 0 0 6.16 6.37 6.45 6.01
N 2.415 0 0 7.42 7.38 7.29 7.08
H1 3.644 1.502 0 0.73 0.68 0.68 0.58
H2 —1.387 1.594 0 0.92 0.82 0.82 0.69
H3 —1.853 —0.898 0 0.78 0.75 0.74 0.62
2 Ground state. ¢ Excited triplet.

b Excited singlet. 4 Positive ion.
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MOLECULE for integral calculation (Almlof, 1972), whereas the SCF
part, fully programmed by the authors, and adapted to integral and sym-
metry handling of MOLECULE, is based on the theory outlined in Sec-
tion II. Double precision computations were carried out throughout the
SCF cycles. Convergence in all cases reached 1072 in the Euclidean norm
of the difference between density matrices in two successive iterations.

Medium-sized structures were chosen, ranging from 4 to 9 atoms, or
preferably from 24 to 42 AO, in our previously described double zeta basis
set. Small interstellar molecules like OH, H,O, etc. were discarded be-
cause they have been studied extensively, and for this reason are of
somewhat less interest in quantum chemistry. Bigger structures were dis-
carded due to problems of time. At the same time, linear or highly sym-
metrical structures with the appropriate size were also excluded due to
the complexity of the possible attached excited states.

The different molecular states were computed by a choice of trial
vectors and the freezing of the appropriate state symmetry by means of a
shift operator. The use of shifting is very time-consuming—the SCF-
iteration time increases and convergence is substantially slower. Con-
vergence is assured, unless intrinsic divergent states are encountered, in
cases where oscillating behavior is present by the use of shifting. Some-
times a considerable shift must be used at the start, so the convergence
rate still is decreased. For this reason we found it convenient to decrease
the shift as convergence progresses, with some simple criterion. We found
that if a modification such as

new shift = old shift/(iteration number)®

is used, where « is a control parameter which can be used to decrease
shift values at any convenient speed per iteration step, then one can obtain
the optimal SCF performance for each state and molecule.

Table III shows the time spent for the integral part and the SCF cycle
timing for ground state, and excited singlet and triplet; time is roughly
doubled in each state as the number of shells increases one unit, so relative
time between the three states will be approximately 1 : 2 : 3 for each cycle.
For each molecule and state studied the number of SCF iterations is also
given, Thus the reader can have a good knowledge of the cost for each
calculation; a CDC 371 computer was used here.

Furthermore, as it should be expected, computation time is very sensi-
tive to the number of basis functions used. The number of SCF cycles is
increased when going from ground state to excited states, and does not
seem to bear a direct relation to basis set size, but to the need to use larger
shifts in order to get smooth convergence features.



COMPUTING TIME® FOR DIFFERENT STRUCTURES AND STATES

TABLE 11X

Total integral

Time per SCF cycle/number of cycles

Number  Calculation Ground Excited Excited
Molecule of AO time state singlet triplet
Formaldehyde 24 351 36/16 108/20 65/20
Methylenimine 26 461 52/12 114/20 95/24
Methanol 28 671 85/11 246/23 181/20
Methylamine 30 840 125/12 221/15 220/15
Cyanamide 34 1140 128/9 404/28 242/25
Formic acid 34 1246 153/14 449/19 263/22
Formamide 36 1500 190/9 573/22 344/22
Acetaldehyde 38 1992 163/13 504/20 302/20
Dimethyl ether 42 3014 445/9 1323/18 816/21
Ethanol 42 3052 425/15 1279/25 803/22
¢ In seconds.
TABLE IV

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS

AND PREVIOUS CALCULATIONS FOR FORMALDEHYDE

Present Davidson Goodman
Property work Exptl. (1976) (1975)
Ground state (1A,)
Total energy (a.u.) —113.82798 —113.8951 —-113.8211
Dipole moment (D) 3.07 2.34¢ 3.08
(r?) 61.29
First excited singlet ('A,)
Excitation energy (eV) 2.83 3.8-4.2% 3.14
Dipole moment 1.71 1.56¢
(r2) 61.63
First excited triplet (3A,)
Excitation energy 2.46 3.30-3.60° 2.75 2.40
Dipole moment 1.56 1.56
(r?) 61.63
Positive ion (2A,)
Ionization potential (eV) 9.69 10.87¢ 9.63
(r®) 53.56

e McClellan (1963).

 Chuitjian (1974).
¢ Brundle (1967).

4 Freeman and Klemperer (1966).
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E. Results and Discussion
1. Introduction

The total energies, dipole moments, mean square distances of the elec-
trons to the center of mass (r?), excitation energies, and ionization potentials
obtained are presented in Tables IV-XIII, with available experimental
information and results of previous calculations. Also atomic charges can
be found in Table II, as previously stated. In this manner we hope to give a
sufficiently extensive summary of the calculations carried out on the mol-
ecules listed in Table I. In general, one can say that the results given in the
tables may be comparable in accuracy to existing computations and in
some cases provide for the first time information on excited states of
various structures—theoretical information not yet found in the literature.
In what follows some general remarks will be made on the results obtained
for the parameters shown in the tables.

2. Charges

Upon excitation N and O atomic charges tend to be decreased or
remain practically unchanged; on the contrary C atomic charges tend to
be increased. It seems that this situation is sufficiently general, and in

TABLE V

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS
AND PREVIOUS CALCULATIONS FOR FORMIC ACID

Present Previous
Property work Exptl. calc.
Ground state (1A’)
Total energy (a.u.) —188.6952 —188.7119¢
Dipole moment (D) 1.96 1.41¢ 1.4194
(r2) 135.30
First excited singlet (*A")
Excitation energy (eV) 3.89 4.77-5.51° 5.467, 5.24¢
Dipole moment 0.65 0.994¢
(r?) 134.48
First excited triplet (3A")
Excitation energy 3.61 5.117, 4.60¢
Dipole moment 0.67
(r?) 134.44
Positive ion (2A’)
Ionization potential (e V) 10.03 11.05¢ 12.53¢
(r?) 124.98

@ Kim et al. (1962). % Herzberg (1966). ¢ Vedeneyev et al. (1966). 4 Ha and
Keller (1975). ¢ Demoulin (1976).
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TABLE VI

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS
AND PREVIOUS CALCULATIONS FOR METHANOL

Present Wadt and
Property work Experiment  Goddard (1976)
Ground state (*A’)
Total energy (a.u.) —115.00345
Dipole moment (D) 2.44 1.71¢
(r?) 85.08
First excited singlet (1A”)
Excitation energy (eV) 6.38 6.68° 6.72
Dipole moment 3.28
(r*) 104.25
First excited triplet (PA”)
Excitation energy 6.18 6.50¢ 6.23
Dipole moment 3.23
(r?) 103.39
Positive ion (2A")
Ionization potential (eV) 9.79 10.85¢
(r?) 75.73

@ McClellan (1963).

® Tam and Brion (1979).
¢ Knoop et al. (1972).

4 Harrison et al. (1959).

aldehydes, e.g., may be related to the well-known carbonyl behavior, in
which a polarity change in the CO bond is usually expected.

Charges on H atoms do not suffer appreciable increments, except for
in methylamine, for which there seems to be a charge transfer from N to
the attached amine hydrogens. No great differences are encountered be-
tween charges on the excited singlets and triplets, where charge redis-
tribution due to excitation is governed mainly by the open shell orbitals
acting in a more important manner than spin structure.

3. Dipole Moments

The general trend of dipole moments upon excitation is to decrease for
carbonyl molecules and to increase for noncarbonyl structures. In the first
case, u (excited triplet) < u (excited singlet) < u (ground state) was
found; the sequence is reversed in the second group, with the exception of
methylenimine, which behaves as a carbonyl-like structure from this point
of view. When experimental results were available a correlation between



TABLE VII

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS
AND PREVIOUS CALCULATIONS FOR DIMETHYL ETHER

Present Wadt and
Property work Exptl. Goddard (1976)
Ground state ('A’)
Total energy (a.u.) —154.0049
Dipole moment (D) 2.19 1.33¢
(r?) 190.06
First excited singlet (1A")
Excitation energy (eV) 6.21 6.67° 6.76
Dipole moment 2.45
(r?) 231.89
First excited triplet ((A")
Excitation energy 6.18 6.31
Dipole moment 2.47
(r?) 231.58
Positive ion (2A4")
Ionization potential (e¢V) 8.97 10.00¢ 12.74
(r*) 176.94
@ McClellan (1963).
5 Tam and Brion (1974).
¢ Bernecker and Long (1961).
TABLE VIII

CALCULATED MOLECULAR PROPERTIES COMPARED WITH
EXPERIMENTAL RESULTS FOR ETHANOL

Present
Property work Exptl.
Ground state ('A’)
Total energy (a.u.) —154.02290
Dipole moment (D) 2.21 1.73¢
(r?) 197.00
First excited singlet (‘fA")
Excitation energy (eV) 6.32 6.83%
Dipole moment 3.85
(r?) 222.86
First excited triplet (*A")
Excitation energy 6.05
Dipole moment 4.36
(r?) 218.78
Positive ion (2A’)
Ionization potential (eV) 9.66 10.5°
(r?) 183.78

2 McClellan (1963). 5 Harrison et al. (1959).



Open Shell SCF Theory 179

TABLE IX

CALCULATED MOLECULAR PROPERTIES COMPARED WITH
EXPERIMENTAL RESULTS FOR METHYLAMINE

Present
Property work Exptl.
Ground state ('A’)
Total energy (a.u.) —95.174309
Dipole moment (D) 1.17 1.29¢
(r2) 95.88
First excited singlet (1A”)
Excitation energy (eV) 8.05
Dipole moment 3.14
(r®) 106.12
First excited triplet (*A")
Excitation energy 7.57
Dipole moment 3.21
(r?) 105.69
Positive ion (2A4")
Ionization potential (e V) 8.11 9.41°
(r?) 89.90

2 McClellan (1963).
b Vedeneyev et al. (1966).

computed dipole moments and experimental values was obtained. The
following linear relation was found:

u(exptl.) = 0.8517u(calc.) — 0.1661

for n = 11 and r = 0.9652. A very similar correlation can be reproduced
from the more ample data in the article by Snyder (1974).

4. (r®

<TlZe (r?) parameter has been found to decrease or increase slightly
upon ionization, or, in contrast, to dramatically increase upon excitation.

Carbonyl molecules show the first character, the remainder the sec-
ond. In carbonyls a small decrease is found in some cases. Large changes
may be interpreted as the result Rydberg-type excitations. Changes are,
as a general rule, less pronounced in triplets than in singlets, but differ-
ences between both states are not very significant.

5. Energies
The excited states will, as mentioned earlier, suffer mainly from the
lack of geometric optimization and the inclusion of correlation energy.



TABLE X

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS

AND PREVIOUS CALCULATIONS FOR ACETALDEHYDE

Present Ha and Keller
Property work Exptl. (1975)
Ground state ('A’)
Total energy (a.u.) —152.86079 —152.8916
Dipole moment (D) 3.46 2.69¢ 3.17
(r2) 166.73
First excited singlet (1A”)
Excitation energy (eV) 3.05 4.28° 4.27
Dipole moment 1.88 2.40
(r® 166.23
First excited triplet (PA")
Excitation energy 2.70 3.94
Dipole moment 1.72
(r?) 166.16
Positive ion (2A")
Ionization potential (e V) 9.02 10.18¢
(r?) 154.03
e Kim et al. (1962).
® Ha and Keller (1975).
¢ Vedeneyev et al. (1966).
TABLE XI

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS
AND PREVIOUS CALCULATIONS FOR CYANAMIDE

(r?)

131.38

Present Snyder and Basch
Property work Snyder (1974) (1972)

Ground state (1A')

Total energy (a.u.) —147.84687 —147.8437

Dipole moment (D) 4.86 4.27 4.91

(r?) 143.11 142.63
First excited singlet ('A")

Excitation energy (eV) 6.18

Dipole moment S.15

(r?) 143.58
First excited triplet (2.A")

Excitation energy 5.52

Dipole moment 4.75

(r?) 143.30
Positive ion (34")

Tonization potential (e V) 10.03
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TABLE XII

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS
AND PREVIOUS CALCULATIONS FOR FORMAMIDE

Present Davidson
Property work Exptl. (1977)
Ground state (*A’)
Total energy (a.u.) —168.87647 ~168.9857
Dipole moment (D) 4.57 3.71¢ 4.10
(r?) 147.16
First excited singlet (*A")
Excitation energy (eV) 4.57 5.65% 4.75 (5.63)¢
Dipole moment 2.16 2.09
(r?) 145.99
First excited triplet ((A")
Excitation energy 4.27 5.3 4.46 (5.34)¢
Dipole moment 2.02 1.91
(r?) 145.93
Positive ion (2A4’)
Ionization potential (eV) 9.89 10.16¢ 11.9
(r?) 134.21

¢ McClellan (1963).

5 Davidson (1977).

¢ Vedeneyev et al. (1966).
¢ With CI.

Correlation energy will, as a general rule, be larger for the ground state
due to an additional electron pair to correlate; this error will then reduce
the excitation energy by =1 eV. Geometric relaxation, on the other hand,
is probably most important for the excited states, and this will also reduce
the excitation energy. As these errors are opposite in sign one should
expect the results to be not too far from experimental values.

In fact, excitation energies will appear to be displaced between 0.5-1
eV in comparison with experimental values. By inspecting the tables it is
apparent that alcohols and ether show displacements of about 0.5 eV
lower whereas aldehydes show a similar trend, only doubled. Previous
calculations including correlation energy have improved this situation for
both kinds of molecules, and CI calculations provide results very close to
experimental values without including geometric optimization. These re-
sults however, may be, fortuitous because in many cases the geometry
will be strongly perturbed following excitation. A closer study of the
tables reveals that both the alcohols and ether studied have excitation
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TABLE XIII

CALCULATED MOLECULAR PROPERTIES COMPARED WITH EXPERIMENTAL RESULTS
AND PREVIOUS CALCULATIONS FOR METHYLENIMINE

Johnson and

Present Lovas (1972) Sandorfy
Property work (exptl.) (1973)
Ground state (1A’)
Total energy (a.u.) —-93.913996 —93.8824
Dipole moment (D) 2.39 1.98 2.44
(r?) 74.67
First excited singlet (*A")
Excitation energy (eV) 3.18 4.21
Dipole moment 1.36
(r?) 74.31
First excited triplet (A")
Excitation energy 2.56 3.49
Dipole moment 1.28
(r?) 74.25
Positive ion (24’)
Ionization potential (eV) 8.40 9.05
(r?) 63.56

energies of the same magnitude. The calculated wave functions show that
these transitions are due to the promotion of a 7 lone pair electron on
oxygen to a delocalized o orbital for all three structures. This is consistent
with the charge displacement from the O atom to the neighboring C atom,
as mentioned previously. In these molecules and for this kind of transi-
tion, because no bonding orbitals are fully involved, it should be expected
that geometry changes in excitation will not be very strong. For the al-
dehydes, on the contrary, the situation is very different. Excitation on
these molecules appears to involve the promotion of a lone pair on the
oxygen to an antibonding 7* orbital covering the carbonyl group, which is
localized in the CO bond as in formaldehyde or extended over the whole
structure as in acetaldehyde or formamide. The effect is heavily pro-
nounced when extension of the delocalized system is present. Thus there
is a small gap between formaldehyde and acetaldehyde, which increases
to 1.5 eV when comparing this last structure with formamide. In any case,
it is rewarding to learn that, even with the previously mentioned lack of
geometric optimization and correlation energy, the well-known trends are
reproduced on the aldehydes. With respect to the three remaining struc-
tures little can be said since cyanamide, methylamine, and methylenimine
are very different from the other molecules and also have little in common
with each other. Because experimental information about these molecular
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species is scarce as far as excited states are concerned, our results, in
comparison, are difficult to evaluate. It was difficult to find the lowest
excited state for cyanamide, as this molecule has several plausible excita-
tions. Primarily, one would expect a n — #* or a w — n* transition, but in
our computational context we find the singlet =# — n* transition lower
than the first one. Also, the difference between the two transitions = — af
and 7 — b¥ was only 0.66 eV, and the second one was the lowest.

A correlation was tried, finally, between the experimental singlet
transition energies and the computed ones. The result:

S(exptl.) = 0.75098(calc.) — 2.04,

with n = 7 and r = 0.9928, shows a fairly good trend, which confirms our
valuation of the reasonably accurate predictions of monoconfigurational
open shell computations.

6. Ionization Potentials

A final word must be said on ionization potentials, a molecular quan-
tity closely related to interstellar chemistry. The experimental values of
the ionization potentials (IP) for our molecules are in the range 9.5-11 ¢V,
whereas the computed values are in the range 8-10 eV, so a mean dis-
placement of =1 eV is present in our results. A correlation function

IP(exptl.) = 0.7367IP(calc.) — 3.4561,

with n = 8 and r = 0.7812, gives a mean absolute error in the prediction
of =0.2 eV, which is reasonable, although less convincing than in the
dipole moment or singlet excitation correlation linear functions. In any
case, the present results confirm the general trend of ionization potentials
found by other authors in a SCF context (Schwartz, 1977); it seems that
introduction of electron cloud rearrangement upon ionization produces
results =1 eV too low in comparison with experimental values. The previ-
ous linear correlation shows, however, that this situation can be easily
remedied.

7. Corollary

One can conclude that the procedure we have presented here is the
first step in the right direction, and it is satisfying to note that ab initio open
shell SCF calculations can now be performed in a quite straightforward
manner, as has long been the case for closed shell structures. It is, how-
ever, reasonable to think that in order to obtain refined results with a
higher degree of accuracy, it is necessary to include geometric relaxation
and, to some extent, correlation energy. Nevertheless, the SCF procedure
provides sufficiently useful information about excited states in sequences
of molecular structures.
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Appendix. State Parameters

In Table A.I the state parameters used in our calculations are pre-
sented. The energy expression (1) may also be written as

E=2“’I<Ehz’)

IS pE!
+ 3 e (S S ) - 8u(Z T K)o AD
IesJeS pEI g€ pEI gEJ
TABLE A.I

STATE PARAMETERS"

Closed shell S = {C}

[ a C B: C

C 2 2 1

Doublet S = {C, O}

o B
© c o c 0
C 2 2 1 1 0.5
0 1 0 0

Triplet S = {C, O}

o B
w C o C (]
C 2 2 1 1 0.5
(0] 1 0.5 0.5

Singlet S = {C, 0., 03}

a B
© c 0, 0, c 0, 0,
c 2 2 1 1 1 0.5 0.5
0, 1 0 0.5 0 -0.5
0, 1 0 0

2§, set of shells; C, closed shell orbital indices; O, open shell orbital indices.
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where S is the set of shells appearing in the state, {w;} are the occupation
numbers for the MOs belonging to shell I, and {a;;} and {8,;} are the
Coulomb and exchange parameters between shell I and J. From Eq. (A.1)
Fock operators may be written in shell form through

Fy =twh + Y (ad; = BuK)), (A.2)

JeS§

where F; stands for a Fock operator used in the same form for all MOs be-
longing to shell I. At the same time there are defined Coulomb and ex-
change shell operators

=, (A.3)
peJ

K, =Y K, (A.4)
pEJ

As the most usual case occurs when energy takes the form (A.1), prefera-
bly programs should take this simplification into account in order to obtain
optimal computation times.
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I. Introduction

A. The One-Electron Approximation and the DODS Idea

Almost all the methods used in quantum chemistry are based on the
well-known variation theorem (Eckart, 1930). Choosing the type of the
trial wave function used in the variation procedure, one must take into
account a great number of different factors, e.g. the given class of the
wave functions must be adequate to describe the most important physical
features of the system, contain as many free variational parameters as
feasible from the computational point of view, etc. It is also rather desira-
ble to build up the wave function of simpler constituting elements which
may be visualized to some extent, thus facilitating the interpretation of the
results obtained and the elaboration of a realistic physical picture for the
system studied. The one-particle approximations—the Hartree~Fock
method and its generalizations—are of upmost importance in this respect.
This is one of the reasons why just the Hartree-Fock (HF) or self-
consistent field (SCF) method is the basic one in quantum chemistry: the
many-electron wave function is approximated as a single Slater determi-
nant, i.e., as an antisymmetrized product of functions each of which de-
pends on coordinates of only one electron. These one-electron functions
(orbitals) are then optimized in a variational way.

The HF method in its most usual form applies the restriction for the
one-electron functions that (for closed-shell systems) two electrons with
opposite spins are put on the same spatial orbital. (Besides this double-
occupancy restriction, often restrictions are introduced also for the spatial
symmetry properties of the orbitals.) For this reason the conventional HF
method is often called ‘‘restricted’” HF (RHF), especially if one wants to
make a clear distinction between the different related approaches.

The use of the double-occupancy restriction has the advantage that the
determinantal many-electron wave function becomes automatically an
eigenfunction of the spin operators S, and §2. The RHF method gives
results which are often satisfactory in many respects, but the correlation
energy (the error in the energy calculated by the RHF method) is quite
significant, being at least comparable with the energy changes and differ-
ences important from the chemical point of view. Another well-known
drawback of the RHF method is that it is inapplicable to the description
(even qualitative) of the dissociation processes: at large interatomic dis-
tances (if one can get convergence in the SCF procedure at all) the RHF
wave function does not correspond to the neutral odd-electron atoms or
groups, but contains also large ionic VB terms as a necessary consequence
of the double-occupancy restriction. It is well known that there is a great
variety of other problems too, for which the RHF approximation is not
adequate; it is sufficient to mention here the magnetic (or more generally,
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spin-dependent) phenomena. There is consequently a need for methods
which go beyond the RHF approximation and take into account, at least
partly, the correlation effects.

The method of constructing the HF wave functions is the reason why it
is also often called the one-electron or independent-particle model: one
may consider that each electron moves in the field of the nuclei and the
average field due to the other electrons, with the intimate correlation
between the motion of different electrons not taken into account. Strictly
speaking, this is fully valid only for the simplest Hartree method, in which
the Pauli principle is taken into account only partly; if one uses the prop-
erly antisymmetrized HF wave function, then the probability of finding
two electrons with the same spin at the same point of the space is always
zero (‘‘Fermi-hole’’). Accordingly, in the HF method only the motion of
the electrons with opposite spins may be considered as fully uncorrelated.
Nevertheless, owing to the specific importance of the RHF method, it is
usual, following Lowdin’s (1959) proposition, to define the correlation
energy as the deviation of the RHF energy from the exact nonrelativistic
value, and to call correlation effects only those which are not included by
the antisymmetrization into the RHF wave function.

Some of the methods which aim at taking into account a part of the
correlation energy can be considered as generalizations of the usual HF
approach since they remain within the framework of the one-electron
approximation. Their important advantage is in conserving the conceptu-
ally simple, visualizable picture of assigning at least in some sense one
orbital to each electron. (We shall consider in this article only methods of
this type.) These methods are based on the idea of using *‘different orbi-
tals for different spins’’ (DODS), which was probably first explored in the
papers of Slater (1930, 1951) concerning problems of solid-state physics
and worked out for molecular systems mainly by Lowdin and co-workers.

The basis of the DODS philosophy consists in the assumption that
important correlation effects can be described if one does not ‘‘force”
pairs of electrons having opposite spins to occupy identical spatial orbi-
tals. Thus these electrons may ‘‘avoid’’ each other, their average distance
increases, and therefore it becomes possible to describe not only the
Fermi-hole but, at least to some extent, also the ‘‘Coulomb’’ one. Thus a
part of correlation between the electrons with opposite spins can be taken
into account in this conceptually simple way. The flexibility of the wave
function increases as the number of optimized spatial orbitals is doubled
with respect to the RHF case.

B. DODS Methods
The first step in order to realize the DODS idea is to remove the
double-occupancy restriction of the RHF method and yet conserve the
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single Slater-determinant wave function. Thus one gets the (spin-) unre-
stricted HF (UHF) or simple DODS method? (e.g., Coulson and Fischer,
1949; Berthier, 1954a,b; Pople and Nesbet, 1954; Pratt, 1956; Lowdin,
1958a; Nesbet, 1961; Amos and Hall, 1961; Amos and Snyder, 1964;
Snyder and Amos, 1965; Koutecky, 1967; Claxton and Smith, 1971;
Mayer, 1971a, 1973a, 1974b; Fukutome, 1972, 1973; Ladik and Otto, 1975;
Tifio and Klimo, 1967a,b; Tiho er al., 1978; Kertész et al., 1979; Lunell,
1979). As the orbitals with different spins now can be varied independently
of each other, the application of the UHF method means that a trial wave
function of increased flexibility is used in the variation procedure. Accord-
ingly, the UHF method often gives better (i.e., lower) energies than the
RHF one, thus really permitting account to be taken of a part of the
correlation energy. The ‘‘dissociation catastrophe’ characteristic of the
RHF method also does not appear in the UHF case. However, in many
cases, especially for small and intermediate internuclear distances (i.e.,
just around the equilibrium geometry), one cannot find UHF solutions
differing from the RHF one (e.g., Coulson and Fischer, 1949; Fukutome,
1972; Mayer, 1978). In these cases the decrease of the interelectronic
repulsion which can be obtained within the framework of the UHF
method cannot compensate for the slight increase in the average distance
between the electrons and nuclei and/or the increase in the kinetic energy
of the electrons. In these cases the use of the UHF formalism is useless, of
course.

There are problems with the UHF method even in the most favorable
cases when it gives lower energies than the RHF one. Though lower
energy means better energy according to the variation principle, it does
not follow that the UHF wave function is also automatically better than
the RHF one. Often the opposite is true. (A characteristic numerical
example will be shown in Section IV,A). In fact, using the single DODS
determinant UHF wave function, one encounters the serious difficulty
that it is not an eigenfunction of the total spin operator $2, i.e., it does not
correspond to any definite spin multiplicity, but is a mixture of compo-
nents having different multiplicities (e.g., singlet, triplet, etc.).

In order to solve this problem Lowdin (1955¢) proposed to use the
‘‘spin projection operator’’ bearing his name, which permits one to obtain
from a wave function of such mixed character a new wave function having
the desired multiplicity. As will be seen, the spin projection operator
‘‘annihilates’” (multiplies by zero) all the components with unwanted mul-
tiplicities, leaving unchanged that component which corresponds to the

2 The UHF equations were first derived (Berthier, 1954a,b; Pople and Nesbet, 1954) for
treating open-shell systems (radicals) and not in order to deal with the correlation problem.
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required multiplicity, i.e., it performs the projection into the subspace of
the appropriate spin eigenfunctions.

If one solves the UHF equations and subjects to spin projection the
UHF wave function obtained, then usually one gets an improvement with
respect to both the energy and the wave function. This approach may be
called ‘‘UHF with subsequent spin projection”” (UHF+SP) procedure. In
this case, however, there appears the contradiction that one optimizes
variationally the single determinant wave function which one has before
the projection and not the projected one which is really applied. (In Sec-
tion IV,A we shall demonstrate an example showing that this inconsis-
tently variational approach may lead to serious difficulties.)

Owing to these problems, it is desirable to apply the spin-projected
wave function directly as trial function in the variation procedure, and to
determine the orbitals in such a way as to obtain a minimum energy for the
wave function which one has after the projection. This is the essence of
the spin-projected ‘‘extended Hartree-Fock’’ (EHF) method—the central
subject of this article—and explains why the EHF method is often called
‘‘projected HF”’ (PHF) also.?

The ‘‘alternant molecular orbital’’ (AMO) method represents a
simplified version of the EHF one, since the orbitals are not varied quite
freely but are constructed according to some recipe. It will be discussed in
some detail in Section II,C. Some other methods of DODS type will be
mentioned in Section II,K.

We may note here that the variational wave functions used in some
well-known classical calculations may also be considered as specific ver-
sions of the EHF wave function. This is the case, e.g., when the wave
function of the He atom is built up by using two 1s orbitals with different
exponents (Hylleraas, 1929; Eckart, 1930). Specific attention must be paid
to the fact that Weinbaum’s (1933) wave function for the H, molecule,
containing the ionic terms with an optimized weight (the importance of
which, for the development of our understanding of the chemical bond,
may hardly be overemphasized), can also be presented in the form of a
spin-projected determinant. This means that for the case of two electrons
and two basis orbitals the EHF wave function coincides with the full CI
one (cf. also Davidson and Jones, 1962). This is, of course, not valid for
larger systems.

3 There is a significant inconsistency in the nomenclature. Thus the EHF method is also
called ‘‘spin-extended,” simply ‘‘generalized,” ‘*GF’’ (originating from a group-theoretical
notation), etc. At the same time the notation EHF is sometimes used for quite different
approaches (e.g., Lowdin, 1955a; Das and Wahl, 1966; Jug, 1973). In the papers of the
present author the nomenclature proposed by Lowdin (1958a) was consistently used; it will
be followed, therefore, also in the present article.
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C. The ‘“‘Symmetry Dilemma”’ and the Projection Method

It is worthwhile to look at the EHF problem from a somewhat more
general point of view. As Lowdin (1955¢, 1962¢, 1963, 1964, 1966, 1969,
1976) emphasized, the exact solutions of the Schrodinger equation are
automatically eigenfunctions of the operators corresponding to the con-
stants of motion and thus commuting with the Hamiltonian.* However, if
one uses approximate wave functions, no such properties follow from the
variation principle. On the contrary, requiring the fulfillment of some
symmetry property represents an additional restriction (constraint) from
the point of view of the variational problem, thus decreases the flexibility
of the trial function, and, in general, leads to an increase of the energy
(also see, e.g., Musher, 1970). Lowdin introduced the term ‘‘symmetry
dilemma”’ to describe such situations. In fact, remaining within the given
class of functions, one must choose between obtaining a lower energy or
having a wave function with correct symmetry properties (e.g., an eigen-
function of the operator $2). In order to solve this symmetry dilemma
Lowdin proposed the ‘‘component analysis,”” which may be performed by
means of projection operators. The energy of a wave function constructed
in an unrestricted manner with respect to the given constant of motion
represents the weighted average of the energies of the pure components.
As these energy values are usually different, one can find a component
with an energy lower than that of the starting wave function. Thus the use
of the projection operator formalism permits one not only to ensure the
correct symmetry but also to get a further improvement in the energy.?
There is also another important advantage of this approach: if the starting
wave function is a Slater determinant, then one conserves the immediate
connection with the independent-particle model. (Not only the well-
visualizable orbital picture is conserved, but also properties such as
Koopman’s theorem may be generalized—cf. Section III,F). In this re-
spect one has to consider the projected determinant not as a linear combi-
nation of a large number of different determinants (in the form of which it
can be explicitly expressed) but as a single conceptual entity. The situation
is quite similar to the case of a single Slater determinant which is also
nothing but the antisymmetric projection of a Hartree product. Thus the
projected HF method in the most general sense (the spin-projected EHF
method is a specific case of it) represents such a kind of generalization of
the independent-particle model in which the trial wave function used in

* In the case of degenerate energy levels one may also choose the wave functions in such
a way as to fulfill this requirement.

3 Moreover, if the wave function possesses automatically a correct symmetry without
imposing any restriction on it, this does not mean, in general, that there is no ‘‘broken
symmetry’’ wave function which will have a lower energy after the projection is performed.
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the variation procedure is a Slater determinant projected according to the
appropriate symmetry. Based on a rather limited number of data available
at that time, Lowdin (1966) expected that in this manner one could take
into account about 95% of the correlation energy. (Unfortunately, this
expectation was fulfilled in the actual calculations performed at the ab
initio level only for the case of two-electron systems—see Sections 11,1
and IV,A))

II. Some Theoretical Aspects of the EHF Method: A Survey

After the pioneering work of Pratt (1953), the EHF method was pro-
posed by Lowdin (1955¢) and since that time a very large number of
scientists have worked on the problems connected with different aspects
of the method or its simplified and generalized versions. They used a great
variety of quite different approaches and formalisms. It is completely
impossible to give a detailed account of all these works; in this survey we
can discuss only those main steps in the development of the field which
were most important from the point of view of the approach used by the
present author and summarized in Section III. Some of the results (mainly
those which will be explicitly utilized in the next sections) are discussed in
some detail; many others can only be briefly summarized or mentioned.
These differences in presentation, however, do not in any way correspond
to similar differences in the importance of the contributions to the field
due to the different authors.

A. Pratt’s Spin Operator

Pratt (1953) was the first to construct an operator which, when applied
to a product of spin functions of 2N electrons, containing N a-s and N 8-s
(i.e., corresponding to S, = 0), produces a singlet eigenfunction of the
operator S 2. Though the spin projection formalism introduced by Léwdin
(1955c¢) shortly thereafter is much more elegant and general, it is instruc-
tive to discuss Pratt’s work briefly. Its importance consists not only in its
pioneering character, but also the physical picture [the spin-coupling
scheme (Pauncz, 1967)] which can be connected with the EHF wave
functions appears here in the most immediate way. The essence of Pratt’s
approach is as follows.®

The electrons are divided into two groups (subsystems) A and B, each
of which contains N electrons and is in the state of maximum multiplicity

8 Originally Pratt considered the wave function together with its spatial part and applied
specific orthogonality conditions for the orbitals; from our point of view it is sufficient to
consider the spin functions alone.
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(S = S, = Sp); these are then coupled together according to the vector
coupling scheme to form a resulting singlet:

S

¥(S=0) = MES (= 1)5¥sp5 (S, Mo)@a(S, —M,). M
Here the factors (—1)5~*: are the Clebsch—Gordan coefficients; ¢, (S, M,)
and ¢x(S, —M;) are normalized spin functions of the subsystems A and B,
respectively, corresponding to the different z-projections S, = =M,
which are possible for the case of the maximum multiplicity S = N/2.
These spin functions may easily be constructed from the functions
ealS = iN, M; =iN) = a(1,)d2,) - - - a(N,) and (S = N, M, = —4N)
= B(13)B(2s) - -+ B(Ng) by the repeated use of the ‘‘step operators’’

N N
Sac =2 8,- and S5, = S,
i=1 i=1

corresponding to the two subsystems and by introducing appropriate nor-
malization coefficients. Accordingly

V(S = 0) = O\[@alS =N, M, = iN)gs(S = iN, M, = —iN)], (2)

where

N

O: = X (=DY[(N = M)Y/(NIMUN + )", 8z ). (3

M=0
As a result of applying this operator, one obtains a sum of products of spin
functions (or, when the spatial part and the antisymmetry of the wave
function are also taken into account, a sum of Slater determinants).
According to the previous discussion, applying the operator O, to a
product of spin functions containing N a-s and N $8-s, one has to con-
sider the electrons with spins a as belonging to subsystem A, and the elec-
trons with spins 8 as belonging to subsystem B. In order to get this divi-
sion automatically, Pratt (1953) modifies the operator O, and obtains
the more general operator’

= (N +1) m}‘,[(HZ( DN M (S, + (S S}

A

N
X H (S‘jA,?'SlA S SkB+ + SJA,ASJA;"SkB?'Ska_)] * (4)
in’kBi
Here the summation according to i goes over all the possible divisions of

2N electrons into two groups A and B, each containing N electrons. The

" In Eq. (4) we added a pair of parentheses, which are absent in the original article (Pratt,
1953) due perhaps to a misprint.
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essence of this modification is the following: the operators after the sym-
bol II eliminate all wave functions in which, for the given division i, the
two groups consist not of only a-s or 8-s. Thus only that term of the sum
over i will survive which corresponds to the required division of the
electrons (except, possibly, the interchange of the groups A and B, which
needs not to be considered as a separate case). Pratt (1953) proved that the
operator O has the fundamental properties: (a) it is Hermitian; (b) it com-
mutes with the operator $2; (c) it commutes with the spin-free Hamilto-
nian; (d) its square is proportional to itself: O = const - O and (e) it
commutes with the antisymmetrizer.

We shall not discuss those aspects of Pratt’s work (1953) which are not
essential from our point of view; we only call attention to the fact that
Pratt, though he did not explicitly realize that his operator O is (up to a
constant) a projection operator, already obtained the most important
properties of the spin projection operator.®

B. Lowdin’s Spin Projection Operator

In his classical series of papers Lowdin (1955a,b,c), in the course of
the detailed analysis of density matrices, natural spin orbitals, and CI
expansions, derived the formulas for different matrix elements taken be-
tween Slater determinants built up of not mutually orthogonal orbitals.
(These formulas were used in the derivations discussed in Section III).
LLowdin also performed a detailed analysis of the conventional HF method
and of the properties of wave functions consisting of a single Slater deter-
minant. He pointed out that all the essential information concerning the
single determinant wave function is contained in the first-order density
matrix, and that the latter (similarly to the wave function) is invariant
under the linear transformations of the orbitals. In other words, the single
determinant wave function is uniquely determined by the linear space
spanned by the occupied orbitals. The single determinant wave function
in the general (DODS) case is not an eigenfunction of the operator $2 but is
a mixture of terms with different multiplicities. In the third part of the
series Lowdin (1955¢) introduced his spin projection operator as a specific
case of the projection operators which can be assigned to the operators
commuting with the Hamiltonian:

. _ — I+ 1)
0 HS(S+ nD-I0+1) )

1#S

This operator permits selection from a wave function of that compo-
nent which belongs to the eigenvalue S(S + 1) of the operator $2 (having

® Léwdin’s spin projection operator (Section II,B) is, however, strictly idempotent.
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the spin multiplicity 2S -+ 1). In fact, each term $2 — I(l + 1) of this
operator product annihilates that component of the wave function which
belongs to the eigenvalue /(I + 1) of the operator $2 whereas the other
components are multiplied by a constant, e.g., the component correspond-
ing to the eigenvalue k(k + 1) is multiplied by k(k + 1) — I(l + 1). For the
component with the desired eigenvalue S(S + 1) this is just compensated
by the introduction of the appropriate denominators. In the operator (5)
the values of / run from 0 (if the number of electrons is even) or 3 (if the
number of electrons is odd) to the maximum value N/2, which is possible
for N electrons, except the desired value S. Thus, after applying this
operator, only this component of the wave function survives.

By considering the case S, = 0 for an even number of electrons
(N = 2n) and presenting the operator §2 in the well-known form 82 =
—IN(N - 4) + Z,.,Pg (here P9 is the operator interchanging the spin
coordinates of the ith and jth electrons), Lowdin (1955¢) demonstrated
that the spin-projected single-determinant wave function may be given as
a sum of Slater determinants:

6S¢’ = @STO = kz Cka. (6)
=0

Here T, = ® is the original Slater determinant, while T is the sum of all
the (})? Slater determinants which can be obtained from T, by replacing &
spins « by B and, simultaneously, k spins 8 by a. In order to prove the
expansion (6), Lowdin utilized the fact that the spin projection operator is
a polynomial of the operator $2 and that 2.<;Pg and, therefore, 82 (and
©%) commute with the antisymmetrizer. By counting the number of inter-
changes corresponding to the electrons with identical and different spins,
respectively, it can be found that $2T}, is a linear combination of T;_,, T},
and Ty :

82T, = (n — k + 12Tp_y + [nQk + 1) = 2k2]T. + (k + 1Ty, (7)
(by using the definition 7_, = T,,, = 0 this expression remains valid alASO
for k = 0 or k = n). Because 6 is a polynomial of the order n — 1 of §2,

all the Ty-s (0 < k < n) must appear at the right-hand side of Eq. (6)
The spin-projected wave function 05T, is an eigenfunction of §%

S$205T, = S(S + 1)05T,. (8

Substituting Eqs. (6) and (7) into Eq. (8) Lowdin (1955¢) obtained the
recursion formula

(n — k2crer + [0k + 1) — 282 — S(S + Dlep + kK¢, =0 (9

for the coefficients ¢, (these coefficients are often called ‘‘Sanibel coeffi-
cients’’).
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Already in this basic paper, Lowdin (1955¢c) gave also the explicit
expressions of the Sanibel coefficients for the singlet (S = 0) case and for
the S, = 0 component of the state of the highest multiplicity § = n:

A —1
- (}) (10)

c;‘p)

I

o = cf®  (does not depend on k), (11)

respectively.

The value of the coefficient ¢, is usually unimportant, as in general
the spin-projected determinant wave function is not normalized any-
way. Nevertheless, Lowdin (1955¢) gave its value for the singlet case
[c® = (n + 1)7'] for which it can be easily obtained by considering a
determinant built up of doubly filled orbitals, which is automatically a
pure singlet.

Loéwdin (1955¢) gave also the expectation value of the energy for the
specific case of the spin-projected Slater determinant built up of strictly
orthonormalized spatial orbitals, and discussed how the results can be
used for the interpretation of Hund’s rule. At the same time he pointed out
that it is necessary to consider also the general nonorthogonal case, which,
however, became possible only after the so-called ‘‘pairing theorem”
(Section II,D) was proven.

The expansion of type (6) occurs also in the more general cases, and
the corresponding Sanibel coefficients® were the subject of extensive in-
vestigations (e.g., Percus and Rotenberg, 1962; Sasaki and Ohno, 1963;
Smith, 1964; Manne, 1966; Pauncz, 1967; Kouba and Ohrn, 1969; Smith
and Harris, 1969; van Leuven, 1969; Mano, 1970; Sarma, 1975). As a
result, one can determine the values of Sanibel coefficients in all cases by
using closed formulas, finite sums or recursion relations. We shall not
discuss here these derivations,!® but only mention that in the most impor-
tant “‘principal case” § = M (i.e., when the eigenvalue M of the operator
S, is the largest value compatible with the given eigenvalue S(S + 1) of
the operator $ ?) the Sanibel coefficients may be most easily obtained (e.g.,
Pauncz, 1967) by using the following interesting presentation (Lowdin,
1958b) of the spin projection operator

Ni2-8

Gs=02S+ D1 Y (-1p

=0

Se 8

P25 + p D1 (12)

¢ In order to distinguish between the different cases, more detailed notations are also
often used for the Sanibel coefficients: e.g., Ci(S, S,, u), where u stands for the number of
electrons with spin « and the meaning of the other symbols is obvious.

10 A detailed discussion of this problem and of many other aspects of the spin projection
operator formalism may be found in Pauncz’s book (1967).
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(the subscript S indicates that we are dealing with the principal case). Be-
cause (to the extent of this author’s knowledge) the derivation of Eq. (12)
cannot be found in the literature, it seems worthwhile to sketch it very
briefly (Mayer, 1977).

The spin projection operator commutes with the antisymmetrizer and
does not act on the spatial functions. We may therefore restrict ourselves
to the consideration of spin functions. Let us start from a product of
spin functions containing wa-sand v B-s(u + v = N,u — v = 2M = 28):

9i(pv) = all) a2) -+ alp) Blp + 1) Blp + 2) -+ BN).

%(u, v) is an eigenfunction of operator S’z with an eigenvalue M, it con-
tains, therefore, only components with § = M. Accordingly, in order to
obtain the projection § = M, the spin projection operator must annihilate
only the components which are of higher multiplicity:

N2 32 - Il + ]) _ N/2 S__S‘+ + S? + S‘z - Il + ]) (13)
S+ -+ SS+1D)-ll+1)

63 =

1=S+1
The second equahty in (13) follows from the identity $2 = §_8§, + §2 + §,.
As the operators S, and $2 commute, the application of the annihilators in
Eq. (13) produces again spin functions ¢ which are eigenfunctions of S,
with the same eigenvalue M = S. Thus on the right-hand side of Eq. (13)
we may replace $2 + §, — I(l + 1) by S(S + 1) — I(l + 1), and obtain
after simple algebraic manipulations

1=8+1

Nj2-S

= II {1 - 8.8,/12¢S + alg + DI (14)

Based on the identity §,5_ = §_8, + 23,, it is easy to prove by indgction
that the fo}lowing relationship holds for the case § = M, when §5.5%9
=(S + k)Sky:

$2828 8§, = §en1897 4 425 + g + 1S54, (15)

Now, it is easy to see immediately that Eq. (12) is equivalent to Eq. (14) if
one considers only one annihilator (g = 1) or the product of the first
two annihilators (g = 1, 2). For the general case (¢ = 1, 2,..., N/2 - 9)
this equivalency may be easily proven by induction on the basis of
Eq. (15).

It is worthwhile to mention that the Sanibel coefficients in the ‘‘prin-
cipal case’’ can be given (Pauncz, 1967) explicitly as

c B s ()
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i.e., they are interrelated exactly in the same manner as in the singlet
case.

The relationships between the above two formalisms, i.e., between
Pratt’s spin operator and Lowdin’s spin projection operator were investi-
gated by Berencz (1960). He showed that the operator O, in Eq. (3) repre-
senting the basis of Pratt’s approach and Loéwdin’s spin projection
operator 05 in Eq. (5) give results coinciding up to a constant when
applied to a determinant with the spin distribution 7y = {aa. . .[BB. . .}.
To do this, he proved the relationship T}, = (k!)"%S,_S5.)*T,. Berencz
(1960) gave also an independent derivation of the recursion relation (9)
based on the identity $2 = §,5_ + §2 — §,. It may be also noted in this
connection that Berencz and Pauncz (1958; Berencz, 1958, 1963) have
further developed Pratt’s formalism, which is based on the consideration
of two subsystems, and applied it in constructing the spin functions be-
longing to different eigenvalues of the operator $2 and in treating CI prob-
lems.

C. The AMO Method

By generalizing some ideas of Slater (1930) concerning antiferromag-
netism, Lowdin (1955¢) introduced the alternant molecular orbital (AMO)
method as a specific version of applying the DODS idea and the spin
projection method for treating the correlation problem. The AMO method
was quite successful in describing the m-electron structure of conjugated
molecules (Yoshizumi and Itoh, 1955; Itoh and Yoshizumi, 1955; Lefebvre
etal., 1960; Dearman and Lefebvre, 1961; Pauncz et al., 1962a,b; de Heer,
1962a,b, 1963; Fischer, 1962; Pauncz, 1962, 1963, 1964, 1967, 1969; Coul-
son, 1963; Moskowitz, 1963; de Heer and Pauncz, 1963; Swalem and de
Heer, 1964; Silberman e al., 1968; Lindner and Lunell, 1967; Lunell and
Lindner, 1968; Tamir and Pauncz, 1968; Laskowski and van Leuven,
1971; Tyutyulkov, 1975, 1978) and, at least to some extent, in treating the
electronic structure of crystals (Lowdin, 1956, 1962a; Dermit, 1962;
Calais, 1965, 1967, 1979; Goscinski and Calais, 1965; Calais and Sperber,
1973; Sperber and Calais, 1973; Sperber, 1973; Larson and Thornson,
1966; Dugay and Thomas, 1975; for some different applications, see, e.g.,
Brandas, 1967, 1968). The AMO method and the results which can be
obtained by its use are described in detail in Pauncz’s book (1967). Ac-
cordingly, we shall show only that the AMO method may be considered as
a simplified version of the EHF method, differing from the latter in the
way of performing the variational procedure for the orbitals. In the AMO
method one does not consider the orbital coefficients as free variational
parameters, but the DODS orbitals are obtained by combining with each
other the occupied and empty (virtual) RHF (or, sometimes, Hiickel or
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“‘topological’’) orbitals according to a specific recipe. This approach re-
duces the number of variational parameters which are to be optimized. By
using the appropriate coupling scheme and optimizing the value(s) of the
parameter(s), one may ensure that the electrons having different spins will
‘‘avoid each other,”” as a consequence of the fact that the orbitals filled
before the projection by spins a and B, respectively, are more or less
localized on different subsystems of the atoms.!! This is especially evident
for the m-electron systems of alternant hydrocarbons, for which the oc-
cupied and virtual Hiickel or RHF orbitals appear by pairs (Coulson and
Rushbroke, 1940; Coulson and Lounget-Higgins, 1947; Pople, 1953;
Lounget-Higgins, 1966; Hall and Amos, 1969). Each pair consists of an
occupied (Y;,) and a virtual (y;,) orbital, and their LCAO coefficients
corresponding to the atomic orbitals (AO-s) x,, belonging to the two sub-
systems (I and II) of atoms are either identical or differ only in the sign:

Y = 2 CuiXu + 2 CuiXu» Py, = 2 CuiXe — E CuiXus

REIL rell keI REIL
By forming the linear combination of these orbitals
a; = Pz, cos ¥ + Y, sin 9, b; =y, cos ¥ — P, sin ¥, (17)

one may produce new pairs of orbitals which are localized on the two sub-
systems to an optimum extent. It follows from the orthogonality of the
functions s that
(ajla;y = (bilb;) = &y, (ajb;) = A = cos 29, (18)
(ab) =0 (i #)).

The trial wave function used by the AMO method in the variation
procedure is the spin-projected DODS determinant built up of the spin
orbitals ;¢ and b,8 constructed according to Egs. (17). Depending on
whether one uses identical ‘‘mixing parameters’ 4 (i.e., \) for all the
orbital pairs, or one seeks the energy minimum by optimizing the mixing
parameter for each pair of orbitals separately, we get the ‘‘one-
parameter’’ and ‘‘many-parameter’’ versions of the AMO method. The
former is evidently much simpler, while for the latter the flexibility of the
trial function is much larger, though its optimization is also much more
difficult.

D. The Pairing Theorem
As we have seen, the spatial orbitals a; and b, used in the AMO
method, although not all of them are mutually orthogonal, have neverthe-

' According to Adams (1963), the wave functions of the AMO (and EHF) type can
describe, at least partly, not only the short- and long-term correlation of the electrons with
opposite spins, but also the short- (Fermi hole) and long-term correlation of the electrons
with identical spin.
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less some far-reaching orthogonality properties: according to Eqs. (18) the
orbitals which are filled before projection with the same spin form two
orthonormalized subsets, and the orbitals a; and b; filled with different
spins have also nonzero overlaps only by pairs. These orthogonality prop-
erties did much facilitate the treatment of the AMO formalism. Following
Lowdin’s proposition, Amos and Hall (1961) proved the so-called ‘‘pair-
ing theorem’” (see also Lowdin, 1962a; Pauncz, 1967; Ukrainsky et al.,
1972) which permits the generalization of this type of limited orthogonality
for all DODS determinant wave functions built up of arbitrary spin orbi-
tals a;a and b;8. This means that one can always find such transformations
of the orbitals which ensure—without changing the resulting many-
electron wave function—that the orbitals become orthonormalized and
‘‘paired’’:

(aja;) = (bi|b;) = &, (19a)

(ailb;) = \idy;. (19b)

The orbitals satisfying Eqs. (19) are often called ‘‘corresponding orbi-
tals.”’

The pairing theorem has a fundamental importance for the EHF
method, as it is the key to obtaining explicit expressions for the different
matrix elements appearing in the theory.

It follows from the known properties of the Slater determinants that
the orbitals filled with the same spin may be assumed orthonormalized
[Eq. (19a)] with no loss of generality. (The linear transformations provid-
ing the orthonormalization may influence at most the normalization of the
many-electron wave function.) Thus Amos and Hall (1961) had to prove
only that one can also always obtain the pairing (19b) by performing
appropriate unitary transformations within the two sets of orbitals a; and
b; separately.

In order to do this, Amos and Hall (1961) proved that a rectangular
matrix S of order a X b (@ = b) having a rank a can be diagonalized by
means of two unitary matrices!*:

U*SV = T. (20)

Here U and V are unitary matrices and T is a diagonal matrix. The matrix
formed from the overlaps (b;|a;) changes just according to this formula, if
one subjects the orbitals b; and a; to the unitary transformations U and V,
respectively.
The Hermitian matrix S*S can be diagonalized by the unitary matrix V
of order b X b:
(S*S)V = VD. Q@D

12 The case @ # b occurs when the number of orbitals filled with spins a and B, respec-
tively, is different.
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Here D is the diagonal matrix containing the eigenvalues. One obtains
after multiplying Eq. (21) from the left by S:

(SS*)SV) = (SV)D. (22)

This is again an eigenvalue equation with the same eigenvalues as Eq.
(21). The rank of § and, thus, of SV is a, therefore the number of linearly
independent columns of SV is also a. It follows from Eq. (21) that
(SV)*(SV) = D. Based on this result Amos and Hall (1961) proved that the
remaining b — a columns of SV contain only zeros and correspond to zero
eigenvalues in D. (The other eigenvalues are equal to the |\;? values.)
Furthermore, they showed that the a linearly independent columns are
also orthogonal to each other. Therefore, the linearly independent col-
umns of SV, after being normalized to unity, form the unitary matrix U of
order a X a. This may be written as

Sv = UT, (23)

where T is a diagonal matrix. After multiplying Eq. (23) from the left by
U~! = U* we arrive at Eq. (20).

One has to mention (though it does not influence the correctness of the
pairing theorem) that the above algorithm becomes partly inapplicable to
finding the paired orbitals if the rank of S is less than a, i.e., if there are
one Or more zero A-s in (19b). Owing to the round-off errors, one may
expect a numerical instability already in the case of small, though not
strictly zero A; values.

Pauncz (1967) demonstrated that a necessary condition of the pairing is
that the unitary matrices U and V must diagonalize the Hermitian matrices
S*S and SS*, respectively. This is, of course, in agreement with the above
derivations. Such a pairing procedure was used, e.g., by Gorlov and
Ukrainsky (1973, 1974), since it is applicable also in the case of zero A
values. It is, however, easy to see (Mayer et al., 1973) that the two
diagonalizations performed independently of each other do not guarantee
the sufficient conditions for the pairing if there are degenerate eigenvalues,
i.e., if two | A| values are equal. This may happen due to symmetry reasons
(as it is the case, e.g., for the m-electrons of benzene). In fact, in such a
case the unitary matrices obtained in the diagonalization procedure are
not uniquely determined. No similar problem can occur for the above
algorithm of Amos and Hall (1961), as the matrix U is built up by using the
matrix V.

These difficulties with the pairing algorithms may be solved (Mayer,
1977) by utilizing the fact that the problem of pairing four orbitals (two of
spin « and two of spin B8) can be solved analytically. On this basis one
could construct also a complete pairing procedure, by using the method of
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two by two rotations; it is, however, sufficient to apply this approach for
the subspaces of the orbitals corresponding to the |A| values lower than
some threshold (if the Amos—Hall algorithm is used) or to the degenerate
eigenvalues (for Pauncz’s method).

It is to be emphasized once again that the conditions (19) do not repre-
sent any restriction (constraint) from the point of view of the EHF varia-
tional problem.'? In fact, one may always satisfy these conditions without
changing the determinantal many-electron wave function (except, possi-
bly, the normalization); accordingly, the component of the wave function
corresponding to a given multiplicity and selected out by the projection
operator is also invariant under these transformations of the orbitals. With
other words (e.g., Lowdin, 1976), the projected wave function may be
essentially characterized by the same fundamental quantities (projectors
into the subspaces spanned by the two sets of filled orbitals or the corre-
sponding density matrices if the LCAO formalism is used) which define
the single determinant. This fact has many important consequences.

E. The Spatial Symmetry Properties of the EHF Wave Function

Popov (1970) and Gerratt (1971) investigated the spatial symmetry
properties of the EHF wave functions. They showed that for the mole-
cules having spatial symmetry and an even number of electrons the
(singlet) spin-projected determinant wave function may correspond to the
symmetry of the Hamiltonian in two cases. The first arises when each of
the two orbital sets a; and b;, filled before projection by spins « and g8,
respectively, transform according to irreducible representations of the full
symmetry group G of the molecule. The second case becomes possible if
the group G has at least one ‘*halving subgroup’ g (i.e., a subgroup the
number of elements of which is exactly a half of the original group G). In
this case the spin-projected determinant wave function will be
symmetry-adapted also if the orbitals a; and b, separately are basis func-
tions of irreducible representations only of the subgroup g, while the other
operations of the group G interchange the two sets of orbitals. (The orbi-
tals a; and b; must span equivalent irreducible representations of the sub-
group g.) The first case is quite similar to the situation in the RHF method
and is an evident consequence of the fact that the single determinant wave
function, and thus also the projected one, is uniquely determined by these
two subspaces of orbitals. It is also very easy to understand the second
case, if one takes into account that due to the symmetry (Pauncz, 1967) of
the Sanibel coeflicients (n is the number of electron pairs):

Cni = (=)™ ¢y, 24

13 This is valid for any type of wave function that can be obtained from a Slater deter-
minant by applying a linear operator.
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the interchange of the sets of orbitals filled before projection with spins «
and B, respectively, can change the spin-projected wave function by not
more than a phase factor. (In contrast to the first case, the unprojected
determinant has no strict spatial symmetry in the second one.) It should be
noted that Gorlov and Ukrainsky (1973, 1974) erroneously assumed that
the EHF wave function is necessarily symmetry-adapted and corresponds
to one of the aforementioned two cases. In fact, though rarely, one may
encounter the spatial ‘‘symmetry dilemma’’ also in the EHF case (e.g.,
Mayer and Kertész, 1975), because the spin-projected EHF method does
not involve any explicit restrictions for the spatial symmetry of the wave
functions.

F. The Limit of a Very Large Number of Electrons

The relations between the EHF and UHF (or projected and unpro-
jected AMO) methods in the limit of a very large (N — ) number of
electrons was investigated by many authors (e.g., Pauncz et al., 1962a;
Pauncz, 1962, 1967; Lowdin, 1962a; Ukrainsky, 1972; G. Bicz0, unpub-
lished results; Martino and Ladik, 1971; Kruglyak and Ukrainsky, 1970;
Ukrainsky and Kruglyak, 1970; Misurkin and Ovchinikov, 1972; Mayer
and Kertész, 1976; Mayer, 1977). The most general results were published
perhaps by Ukrainsky (1972). He investigated the interrelations which
hold between the quantities (denoted in Section 111 as A§) occurring in the
expression for the total energy (E,,;) of a spin-projected determinant for
the case of a singlet or of other very low (§ < N) multiplicities.!* He
showed that in the limit of N — « the expression for E,.; goes over into
the expression for the energy (Epgps) of the unprojected DODS determi-
nant. Based on this consideration Ukrainsky (1972) concluded that

Ll_{nx (Eproj - EDODS) =0. (25)

This is, however, not true (Mayer and Kertész, 1976), because one must
properly take into account that both of the energy values diverge in the
limit of N — <, It is true that the terms which appear in the projected case
but are absent in the unprojected one become negligible as compared to
the terms present in both cases, but these small terms, each of which
tends to zero when N — <o, occur in double sums, thus their number goes
to infinity. As the total energies diverge, the Eq. (25) assumed by
Ukrainsky (1972) does not follow from his results. In fact (Mayer and
Kertész, 1976) the difference between the total projected and unprojected
energies may tend to a constant nonzero limit or diverge slowly (e.g.,

4 If all A, fulfill the relation 0<<|\;|<1, one obtains a nonzero limit for the ratio A§/A§ if
b = 0, but this ratio vanishes (Mayer, 1977) as 1/N?if b > 0 (N is the number of electrons).
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logarithmically). Nevertheless, Ukrainsky’s statement is valid for that
quantity which has a real physical importance, i.e., for the value of the
energy per particle:

1{11—1'2 [(Epmj - EDODS)/N] = 0. (26)

The situation may be well illustrated by Figs. 1 and 2 showing the results of
some model calculations (Mayer and Kertész, 1976) performed for the
m-electrons of some polyene chains by using the PPP integral approxima-
tion.

The relation (26) permits determination of the different energetic
characteristics of very large systems without performing the spin projec-
tion explicitly. [There is also a useful relation for the spin densities (Krug-
lyak and Ukrainsky, 1970; Ukrainsky and Kruglyak, 1970; Ukrainsky,
1972)]. Thus one can, so to speak, ‘‘legalize’’ the use of the simple UHF
method in the problems of solid-state physics, which is of great impor-
tance in treating antiferromagnetism and the correlation of mobile elec-
trons in long chains or crystals (e.g., Kertész, 1977; Kertész et al., 1976,
1979).

G. The Method of the ‘‘Composite Hamiltonian’’
After this consideration of the most important properties of the wave
functions used in the EHF method, we shall give a brief survey of the
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Fig. 1. The difference between projected (UHF+ SP) and unprojected UHF energies and
between the EHF and UHF energies for polyenes as a function of the chain length (number
of m-electrons). From Mayer and Kertész (1976).
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Fig. 2. Energy improvement per electron pair with respect to the RHF solution given by
some DODS methods as a function of the polyene chain length (number of 7-electrons). The
UHF value for an infinite chain is also indicated. From Mayer and Kertész (1976).

different approaches used to treat the variation problem. (The AMO
method was considered separately owing to its historical importance and
to the specific role it played in the development of the field.)

In order to treat the general variation problem going beyond the AMO
formalism, Lowdin (1955¢, 1966) proposed the method of the ‘‘composite
Hamiltonian.’’ For the spin-projected determinant 6S® the matrix element
of the Hamiltonian H may be written as

(65D|H|65D) = (B|OSH G| D), 27

i.e., it has the same form as the matrix element of the ‘‘composite Hamil-
tonian’’ OS*H 6 for the original (unprojected) determinant. Therefore, if
one takes the normalization (0S®|6S®) = (D|65*6S|d) properly into ac-
count, then the problem may be reformulated as if the Hamiltonian were
the ‘‘composite Hamiltonian’> containing also many-electron terms, but
the wave function is a single Slater determinant and not a sum of many
determinants.'®> Though Léwdin (1955¢) gave a formal generalization of

5 By taking into account the properties of the spin projection operator, one can get the
following simplifications:
@s+ﬁés = H@S’ @s+@s = 65,
These may be used also to obtain (e.g., Lowdin, 1976) from this approach the generalized
Brillouin theorem discussed in Sections II,J and III,B.
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the HF equations for the case of Hamiltonians containing many-electron
interactions, this approach remained of only abstract theoretical impor-
tance, because it was not possible to write down explicitly and treat the
terms of the ‘‘composite Hamiltonian’’ corresponding to the n-particle
interactions and the necessary density matrix elements. Exceptions were
the applications to some two- and three-electron systems, but the method
encountered serious convergence difficulties even in these cases (Lunell,
1970).

H. Goddard’s GF Equations

As it is known, one of the fundamental approaches to the problem of
spin functions is based on the investigation of the irreducible representa-
tions of the ‘‘symmetric group’ S,. It is enough to refer here to the
‘‘branching diagram’® of the Kotani—-Yamanuchi group and their
‘‘genealogical spin functions’’ forming an orthonormalized basis in the
given §, S, subspace (Kotani et al., 1955). These functions were essen-
tially rederived by Goddard, who considered the different antisymmetric
spin eigenfunctions by using Young’s orthogonal representations as well
as the corresponding variational problems (Goddard, 1967a,b,c, 1968a—e,
1969, 1970, 1972; Ladner and Goddard, 1969; Blint and Goddard, 1970;
Guberman and Goddard, 1970).

The detailed equations were obtained for the so-called GF wave
function'® (Goddard, 1968a), which is equivalent (Goddard, 1967b, 1968a;
Lowdin and Goscinski, 1970; Mano, 1970; Snook, 1972) to a spin-
projected Slater determinant in the ‘‘principal case’”” § = §,.
Accordingly—though the formalisms are entirely different—the GF
method is fully equivalent with the EHF in the most important ‘‘principal
case.” (The EHF method is, however, applicable not only to the ‘‘princi-
pal case’ but also to any pairs of § and S, values.) Though Goddard
(1967c, 1968b,e, 1969) successfully performed some rather interesting cal-
culations, one encountered serious difficulties concerning his GF equa-
tions. Disregarding some minor ambiguities in their published form (cf.
Mayer et al., 1973), the main defect of the GF equations is that they are
given only for the use in a complicated iterative scheme which is, how-
ever, not convergent in most cases (e.g., [. Ukrainsky, private communi-
cation, 1972). [The convergence difficulties are so severe, that, e.g., Gor-
lov and Ukrainsky (1973, 1974) gave up the attempts (Ukrainsky, 1971;

6 The treatment of the variational problem for the other “*GI’’ spin functions is not
feasible, except the case of a very small number of electrons, because there are no relation-
ships like the pairing theorem. The so-called ‘‘generalized valence bond” (GVB) method
(Goddard et al., 1973) represents a simplified version of the ‘“G1’’ method (spin-coupling
scheme in which the spins of each electron pair are coupled together into a singlet), as the
orthogonality properties of type (19) are introduced as additional constraints.
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Ukrainsky and Kruglyak, 1973) to use the GF equations and turned to
the direct numerical minimization of the energy.] As Goddard did not
derive explicitly the conditions of a stationary energy, his results (despite
their great theoretical importance) were not well applicable as a basis for
further analysis and for searching for algorithms with better convergence
properties.

According to the previous discussion, the EHF equations described in
Section III are not identical with the GF equations but are equivalent with
them in some sense: if one succeeds in finding the solutions of the GF
equations, then they are related to the EHF orbitals by unitary transfor-
mations. (Thus the relationship between the GF and EHF orbitals resem-
bles that between the canonic and corresponding UHF ones.) For a de-
tailed analysis of the relations between the GF and EHF equations see the
article by Mayer et al. (1973).

I. Some Other Approaches

The matrix elements of different operators, appearing in the frame-
work of the AMO method (Pauncz et al., 1962a; de Heer, 1962a; Pauncz,
1962, 1967; de Heer and Pauncz, 1963) or for the general spin-projected
DODS determinants (Lowdin, 1958b; Harris, 1966, 1967a,b,c), were de-
termined by some authors based on the consideration of different permuta-
tions. (Despite the differences in the formalisms, Goddard’s method is
also closely related to this approach.) These authors do not consider the
spin-projected determinant wave function as a linear combination of a
number of Slater determinants, but rather, treat the spatial and spin parts
of the wave function separately. They utilize the Hermiticity of the an-
tisymmetrizer and its projection operator character, and present the per-
mutations occurring in the antisymmetrizer as products of permutations
each acting only on the spatial and only on the spin coordinates, respec-
tively. Then they find all those permutations for which the result of the
integration over the spatial coordinates does not vanish due to the ortho-
gonality (19a) or pairing (19b). The summation over the spin functions
gives for each permutation one of the Sanibel coefficients. Consequently,
the different matrix elements contain some quantities depending in a
somewhat complicated manner on the Sanibel coefficients and on the
overlap integrals A appearing in the spatial integrations. [These quantities
we shall denote as A¢ (Mayer et al., 1973) in Section 1II.] Thus Harris
(1966, 1967a,b,c) derived the expectation values of different spin-free and
spin-dependent operators for the spin-projected determinant wave func-
tions.

We may note at this point that the derivation of the equations to be
discussed in Section III required a number of other matrix elements also.
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In order to obtain the different matrix elements of spin-free operators, the
present author (Mayer, 1971b, 1974d, 1977; Mayer et al., 1973) found it
convenient to work directly with expansion (6).!7

Harriman and co-workers derived the expressions!® for the first- and
second-order density matrices corresponding to the spin-projected deter-
minants (Harriman, 1963a,b, 1964; Hardisson and Harriman, 1967), as
well as to the determinants projected according to the spatial symmetry
(Simons and Harriman, 1969). Their most important results consist in the
finding that the natural orbitals corresponding to the spin-projected DODS
determinant (Harriman, 1963b, 1964) are exactly the same as for the un-
projected single determinant (Amos and Hall, 1961). The natural orbitals
in both cases are the normalized sums and differences of the paired (‘‘cor-
responding’’) orbitals and the spin projection changes only their occupa-
tion numbers: for the unprojected determinant (Amos and Hall, 1961) the
occupation numbers are $(1 = A;), while for the spin-projected determin-
ant one has, in the notation of Section III, the expression (I. Mayer,
unpublished):

1 £ MAD) + ALG)]/AL.

Harriman and co-workers (Harriman, 1967; Sando and Harriman,
1967; Harriman and Sando, 1968) also worked out a rather complicated
energy minimization procedure based on the density matrices and the
steepest descent technique, and applied it to investigate the mr-electron
structure of some conjugated molecules and radicals.

Mestechkin’s method (Mestechkin, 1967, 1973; Mestechkin and
Whyman, 1974) is also based on the consideration of the density matrices.

17 Owing to the extremely great number of determinants appearing in this case and to the
absence of the full orthogonality between the orbitals, it was assumed in the literature that
this expansion cannot be managed and its use must be avoided even at the expense of
introducing further complications into the formalism (e.g., Lefebvre and Prat, 1967, 1969;
Burden, 1972). However, by utilizing the Hermiticity and idempotency properties of the spin
projection operator, as well as that it commutes with the spin-free operators, it was possible
to work out a simple (though sometimes tedious) technique based on Lowdin’s (1955a)
general formulas (see also, e.g., McWeeny and Sutcliffe, 1969) for the matrix elements
between the determinants built up of nonorthogonal orbitals. It seems that it is much easier
to realize this method than to explain (Mayer, 1977) its details by words. In fact, this
technique is straightforward to such an extent that the author set up a computer program
performing all the time-consuming steps of derivations directly in symbols. (This program
was used to check once again the EHF equations discussed in Section I1I, derived originally
by hand.)

'8 The minor inaccuracies found in them are noted, e.g., by Ukrainsky (1972), G. Biczo
(unpublished) and Philips and Schug (1974b). As a consequence, the formula for the spin
density given in Pauncz’s book (1967) contains also a minor error (I. Mayer and T. Pollak,
unpublished); the correct formula may be found in the work of Ukrainsky (1972) and Harris
(1966); see also Section IIIF.
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In this approach, however, the central elements of the theory are not the
Sanibel coefficients and the quantities formed from them and from the
overlap integrals A, but the relative weights of the components with differ-
ent multiplicities present in the unprojected determinant. (The orbitals do
not appear explicitly in the formalism at all.) Accordingly, this is a line
which is completely disconnected from the approaches used by other
authors. For this reason we shall not discuss this theory [described also in
a recent monograph of Mestechkin (1977) on density matrices] in detail,
but only point out that it has been developed into a rather powerful
method. Thus Klimo and Tiho (1976, 1977, 1978; V. Klimo and J. Tiho,
private communication, 1979; Tifio et al., 1979) used it to perform a series
of rather interesting calculations for different radicals both at the semiem-
pirical and ab initio levels.

Rosenberg and Martino used a direct energy minimization procedure
based on the conjugated gradient and steepest descent techniques in per-
forming some very interesting calculations at the ab initio level (Rosen-
berg, 1975; Rosenberg and Martino, 1975). They pointed out (Rosenberg
and Martino, 1975) that their condition for the vanishing energy gradient is
equivalent to the equations (Mayer et al., 1973) described in Sections III,B
and C, and, therefore, their method represents an indirect way of solving
these equations.

The different approaches (e.g., Poshuta and Kramling, 1968; Sullivan,
1968, 1972; Musher, 1969; Hameed ¢t al., 1969; Matsen and Cantu, 1969;
Ruedenberg and Poshuta, 1972; Lim, 1975; Gallup, 1968, 1969a,b, 1970,
1973a,b,c; Heikes and Gallup, 1970) based on the group-theoretical for-
malism of the so-called ‘‘spin-free quantum mechanics’ (Matsen, 1964)
exhibit a considerable similarity to Goddard’s methods. We call the atten-
tion especially to the articles by Gallup, who also investigated the varia-
tional problem corresponding to the EHF method; his iterative scheme is,
however, also not free from convergence difficulties.

One must discuss separately the specific case of two electrons, for
which the solution of the variational problem does not represent any seri-
ous difficulty. In the two-electron case the performance of the EHF
method is extremely good: up to 90-98% of the correlation energy corre-
sponding to the given symmetry species (e.g., of the radial correlation for
He) can be taken into account (Schull and Lowdin, 1956a,b, 1959; Low-
din, 1966; Hurst et al., 1968; Chong, 1966; Goddard, 1968b). If one per-
forms projection also according to the symmetry (cf. Section I1,K), then a
similar percentage of the total correlation energy can be obtained (Auffray
and Percus, 1962). These very good results may be connected with the
following specific property (Davidson and Jones, 1962; Bunge, 1967) of
the projected wave functions, which is, unfortunately, valid only in the
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two-electron case: One can always present in the form of an appropriately
projected single determinant the wave function resulting from a full CI
between all the configurations which can be set up by taking for each
symmetry species the first two natural orbitals of the exact wave function,
having the largest occupation numbers. The two-electron case was inves-
tigated thoroughly by Shull and Lowdin (1956a,b, 1959) and Coulson and
co-workers'® (Coulson, 1964, 1966; Coulson and Hibbert, 1967; Hibbert,
1967, 1968; Froese, 1966). An interesting calculation by using the
““method of moments’’ was done by Szondy and Kapuy (1976).

J. Brillouin Theorem and Generalized Brillouin Theorem

The well-known Brillouin theorem of the RHF or UHF methods (“‘the
singly excited configurations do not interact with the HF ground state’’) is
usually derived as a consequence of the HF equations. It is, however,
known (Lefebvre, 1959; Dahl ¢z al., 1970; Mayer, 1971a) that this proce-
dure may also be reversed: one can at first prove that the Brillouin
theorem is equivalent to the variational principle and then obtain the HF
equations from this theorem. Since the author’s approach to the EHF
variation problem represents a generalization of this idea, it seems worth-
while to sketch here very briefly a derivation of this type (Mayer, 1971a);
this may be of interest also because this is perhaps the simplest possible
way of obtaining the UHF equations.

At first, we shall show that the Brillouin theorem must hold for the
single-determinant wave function ®, having the absolute minimum
energy, or else one could construct another single-determinant wave func-
tion which would have an even lower energy. In fact, the wave function ®,
and the singly excited wave function ®, (in which one of the orbitals (say
a,) is replaced by an arbitrary orbital ¢ orthogonal to all the filled orbitals
of the same spin] are determinants differing in only one column. There-
fore, according to the properties of the determinants, their linear combi-
nation ® = ¢,®@, + ¢, P, can be also presented as a single determinant. We
may assume with no loss of generality that both ®, and ®, are normalized
and we may determine the coefficients ¢, and ¢, in such a way as to obtain
a minimum energy for the wave function ®. As (®,|®,) = 0, the lowest
root of the secular equation is

E, = Hy + ¥(Hy — H,yy) [ (l + ———“JHMJZ——) " 1] . (28

(Hoo - flu)2

where H; = (®,|H|®;). If we assume that Hy, # 0, we have from Eq. (28)
E, < Hy. But H,, is the energy corresponding to ®,, and it was assumed

% They used the notation UHF in the sense of our EHF.
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to be the absolute minimum. We arrive at a contradiction; the indirect
proof of the theorem is completed.

Thus the Brillouin theorem gives a necessary condition for the single-
determinant wave function with the lowest energy. It is also easy to show
(e.g., Mayer, 1971a) that this theorem gives also the necessary and suffi-
cient conditions for the energy to be stationary: 8((®|H|®)/(®|D)) = 0.
Expressing the Brillouin theorem by means of the one-electron orbitals
and introducing the usual Coulomb and exchange operators we have

(®|H|Dy) = (clHMar) + 3 (cajara)) — [cajaa))
(J';Jék)

+ E [ijlakbj]
J

= fc*{[m + > Jr-Kky+ 23}] ak} dv=0. (29
j j
(j#k)

For the notations see, e.g., the article by Mayer (1974b) or Section III.

As c is an arbitrary orbital orthogonal to all the a;, the function in
braces may have components only in the subspace of the filled orbitals
a;, and we obtain the UHF equations:

Fea, = [H + S d-Rp+ 3 J,.a] a4 = Seta.  (30)
(jsjék) ’ ’

One may add the self-repulsion terms and diagonalize the matrix £¢ in
order to get the UHF equations in the canonical form.

In the case of other classes of wave functions the Brillouin theorem
must be replaced by the generalized Brillouin theorem?® (e.g., Lefebvre
and Smeyers, 1967; Kaldor, 1968a—d; Smeyers and Pinto Suarez, 1968;
Lunell, 1973; Kaldoret al., 1968; Levy and Berthier, 1968; Coulson, 1971;
Grein and Chang, 1971; Mayer, 1971b, 1973b, 1977; Mayer et al., 1973;
Lowdin, 1976). As pointed out in Epstein’s (1974) monograph, it has
become a generally accepted approach to treat the variational problem
connected with the different classes of trial wave functions on the basis of
the corresponding generalized Brillouin theorem.

For the spin-projected determinant wave functions the generalized
Brillouin theorem may be formulated as follows. If ¥ is a spin-projected
determinant having a stationary energy value and ¥, is any ‘‘singly ex-
cited’’ spin-projected determinant (i.e., which can be obtained from ¥ by
replacing one of the filled orbitals by an arbitrary one) then

(W,|H — E|¥) = 0. 31

20 Sometimes it may be suitable to use not the ordinary Brillouin theorem but the
generalized one also in the UHF case (Lunell, 1973; Mayer, 1974b).
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Here H is the total Hamiltonian of the system and E is the (stationary)
energy value belonging to V. ,

The EHF equations discussed in Section III were derived by the au-
thor (Mayer, 1971b, 1974a,c; Mayer et al., 1973; Mayer and Kondasz,
1975) based on this theorem. Therefore we will not discuss here the proofs
of the theorem, as a quite general one will be presented in Section III,B.
We mention only that for the class of wave functions considered, the most
general proof (applicable to an arbitrary number of electrons) was perhaps
previously given by Kaldor (1968a). Based on the method of the *‘compos-
ite Hamiltonian,”’ he gave some formal EHF equations containing 1, 2,
. . ., N-electron terms and obtained the generalized Brillouin theorem as
their consequence. It is surprising, therefore, that by using the generalized
Brillouin theorem Kaldor (1968a) obtained a wave function for the Li
atom which did not satisfy the equations from which the theorem was
derived. This situation is most probably due (Mayer et al., 1973) to some
minor inaccuracies in the summations, occurring in Kaldor’s equations.
(The derivation of the generalized Brillouin theorem was, however, not
influenced by these errors.)

Lefebvre and Smeyers (1967), Kaldor (1968a—d; Kaldor et al., 1968),
and others (e.g., Lunell, 1970, 1973; Grein and Chang, 1971; Smeyers and
Pinto Suarez, 1968) have solved the variational problem by using al-
gorithms based immediately on the generalized Brillouin theorem. In
these algorithms one repeatedly finds corrections for the orbitals (either
for all the orbitals simultaneously or for one orbital at a time) by requiring
the fulfilment of the theorem in the first order of the corrections. To do
this, one has to perform in each step a limited CI calculation between the
“‘ground’’ and ‘‘singly excited’’ configurations and update the orbitals
according to the CI coefficients obtained for the excited configurations.
The procedure is then continued until the generalized Brillouin theorem is
fulfilled within the given convergence criterion.

K. Some Simplified Versions and Generalizations of the EHF Method
Martino and Ladik (1970) derived EHF equations for the so-called
‘“‘one A’’ approximation which corresponds to the one-parameter version
of the AMO method: only equal A; values are permitted in (19b). In order
to exclude the off-diagonal Lagrangian multipliers the ‘‘coupling operator
formalism’’ (Birs and Fraga, 1963; Huzinaga, 1969) was applied (H. Skle-
nar and J. Ladik, unpublished). The numerical realization, however, met
unsolvable convergence difficulties. Then complying with Ladik’s re-
quest, the present author performed an independent rederivation and
analysis of the ‘‘one \’> EHF equations and found that due to a not quite
consistent use of the Lagrangian multiplier technique Martino and Ladik
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(1970) lost an important additional condition (cf. Section II,L). This condi-
tion must be added to their equations to ensure the optimum common
value for the A\-s, but it was found to be too complicated to be pro-
grammed. Instead, Martino and Rosenberg (F. Martino, personal com-
munication, 1973) used a technique of direct minimization of the energy,
but the ‘‘one A’” approximation was shortly given up. [Its generalization to
the crystal orbital method (Ladik and Martino, 1970) was superfluous in
light of the later work of the same authors (Martino and Ladik, 1971) and
the other results discussed in Section II,F.]

It represents an approximation in another respect if one uses instead of
the full spin projection operator (5) only one of its terms. This is the
so-called ‘‘simple (or single) annihilation’’ method (Amos and Hall, 1961;
Amos, 1962; Amos and Snyder, 1964; Snyder and Amos, 1964, 1965; Hall
and Amos, 1965). In this method one annihilates only the component of
the DODS determinant wave function which has the closest multiplicity to
that of the ground state and is, therefore, usually of the highest weight
among the components with unwanted multiplicities. (Usually one ex-
cludes the triplet in the even-electron case and the quartet for the odd-
electron one.) As the wave function becomes a sum of a number of deter-
minants even in the case of the simple annihilation, this method—after a
period of popularity—is now used only rarely and only for subsequent
“‘correction’’ of the UHF wave functions (e.g., Salotto and Burnelle,
1970; Philips and Schug, 1974a; Yonezawa et al., 1969; Kruglyak et al.,
1973; Brown and Williams, 1973; Stosser et al., 1975; Cremaschi et al.,
1976).

More recently, however, Smeyers and co-workers worked out an ex-
tremely simple and ingenious variant of the partial annihilation, called the
“‘half projected HF’ (HPHF) method (Smeyers, 1971; Smeyers and
Doreste-Suares, 1973; Smeyers and Delgado-Barrio, 1974, 1976, 1977,
1978; Smeyers and Brucena, 1978; Cox and Wood, 1976). In this method
one uses a variational wave function consisting of only two determinants
which can be obtained from each other by interchanging all spins « and 8.
They showed that due to the symmetry property (24) of the Sanibel coeffi-
cients each second multiplicity is absent from this type of wave function
(e.g., for the case of an even number of electrons there remain the singlet,
quintet, etc. components, but the triplet, heptet, etc. are absent). The
method gives results which are close to the EHF ones and may be consid-
ered as a happy compromise between the spin ‘‘symmetry dilemma’’ and
other troubles connected with the UHF method, on the one hand, and the
complexity of the EHF equations, on the other.

It may be worthwhile to note here that all the considerations discussed
in Section III for the EHF case are essentially applicable also in the HPHF
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one. One may obtain the equations for the HPHF orbitals by performing
some trivial substitutions in the EHF equations (I. Mayer, unpublished):
one has to set equal to zero all the Sanibel coefficients except ¢, = § and
c, = (—1)"*5/2. As a consequence, only those A§ coefficients [see Egs.
(53)] survive for whichb = 0 and/ora = b. The quantities B¢ occurring in
the definition of the A§-s will also reduce either to unity or to a simple
products of some |A;*-s. This leads to a considerable simplification of the
equations, of course.

As discussed already, the AMO method is essentially a simplified
version of the EHF one. We may note additionally that one may, in turn,
consider the EHF method a generalization of the AMO in which not only
the mixing parameters are optimized but also one performs simulta-
neously a variational optimization of the ‘‘starting’’ molecular orbitals
(they are also the natural orbitals for the DODS determinant and its spin-
projected counterpart). The recent ‘‘simplified EHF’’ procedure of
Lengsfield and Schug (1978) is essentially an AMO calculation in which
the starting orbitals are obtained from the natural orbital analysis of the
UHF wave function.

There are two lines of generalization of the spin-projected EHF
method. One of them is an immediate generalization into the projected
HF method in a more general sense, in which one applies, besides the spin
projection, also projection according to the spatial symmetry (e.g., Low-
din, 1964, 1966; Auffray and Percus, 1962; Kancerevicius, 1968; Bendaz-
zoli et al., 1971; Bunge and Bunge, 1971; Jucys and Lazauskas, 1974;
Laskowski and Lunell, 1975; Lunell, 1979). In the case of atoms, ¢.g., one
can take into account a part of the angular correlation in this way.

Another line of generalization of the EHF method (Brigman and Mat-
sen, 1957; Burke and Mulligan, 1958; Kerwin and Burke, 1962; Poshuta
and Kramling, 1968; Hameed et al., 1969; Kaldor and Harris, 1969; Kal-
dor, 1970a,b, 1972; Kunik and Kaldor, 1971, 1972; Ladner and Goddard,
1969; Blint and Goddard, 1970; Goddard, 1972; Heikes and Gallup, 1970;
Lunell, 1973) resembles in some sense the multiconfigurational SCF
method, though it remains within the framework of a generalized one-
electron picture. In this approach one takes into account that for more
than two electrons there is, in general, more than one linearly independent
spin function belonging to the same pair of § and §, values (‘‘spin degen-
eracy’’). Accordingly, the wave function is constructed as a linear combi-
nation of these different spin functions. Then in performing the variational
procedure one has to optimize simultaneously both the orbitals and the
coefficients at the different spin functions. The absence of the orthogonal-
ity between the orbitals and the rapidly increasing number of the indepen-
dent spin functions seems to represent an impassable barrier to the wider
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use of the wave functions of such increased fiexibility.?' There is a similar
‘‘nonorthogonality problem’ also in the case when one builds up the
starting wave functions of spin orbitals which are not of pure spin a or 8
but have general spin functions (‘‘general spin orbitals,”” GSO). In this
case (Lowdin, 1976) the number of spatial orbitals is essentially doubled
(the spatial parts corresponding to spins « and 3, respectively, may be
different) and one has to apply projections according to eigenvalues of
both operators S, and $2 (e.g., Lunell, 1968, 1970, 1972a; Beebe and
Lunell, 1975). (For an unprojected version of this approach, see, e.g.,
Delgado-Barrio et al., 1977.) The nonorthogonality problem was the rea-
son for the failure of some other methods also. We may mention the
‘‘nonpaired spatial orbital’”” (NPSO) method (for a review, see Pauncz,
1967, 1969), which was proposed by Linnett as a generalization of the
‘‘semilocalized orbitals’” used by Coulson and Fischer (1949); if the
nonorthogonality problem could be solved, the NPSO method would rep-
resent a rather interesting and useful application of the DODS idea.

L. The Problem of Lagrangian Multipliers

The difficulty encountered in the ‘‘one \>> EHF theory of Martino and
Ladik (1970) and other problems induced us (I. Mayer and G. Biczo,
unpublished) to consider the questions connected with the use of the
Lagrangian multipliers in deriving the different SCF-type equations.
These problems were repeatedly debated in the literature (e.g., Goddard
et al., 1969; Dahl et al., 1970; Morikawa, 1974) and their consistent solu-
tion becomes of utmost importance if one wants to use this technique in
more complicated cases such as the EHF variational problem.

The point is that, according to the standard method of variational
calculus, the variation of the auxiliary functional (obtained by adding to
the original one the constraints multiplied by the appropriate Lagrangian
multipliers) must be performed as for a free variational problem and the
auxiliary conditions (constraints) must be substituted only afterwards.
Instead of this, in deriving the HF-type equations, one usually starts with
the energy expression obtained by making explicit use of the orthonormal-
ity conditions and performs its variation only. This means that the overlap
integrals between the orbitals, which are implicitly present in the energy
formula (as zero or unity values), are fixed and not varied together with
the orbitals. It is mentioned by Goddard et al. (1969) that the additional
terms appearing from the variation of the overlap integrals are such that

21 The “‘mixing’ of different spin functions was investigated also within the framework
of the AMO formalism (Pauncz, 1967, 1969; Lindner and Lunell, 1967; Lunell and Lindner,
1968; Tamir and Pauncz, 1968) but was found to be of usually minor importance.
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they can be combined with the undetermined Lagrangian multipliers to
form some new ones. This is, of course, true for the usual RHF or UHF
case; one might only add that, e.g., in the UHF case (I. Mayer, unpub-
lished), the ‘‘original”’ off-diagonal Lagrangian multipliers (i.e., those
which one has if the overlap integrals are also consequently varied) are, in
fact, all zero,?” while the diagonal ones are all equal to —E (E being the
total many-electron energy) and thus are not related to the orbital ener-
gies. (One may trivially reproduce these results, as all the necessary ma-
trix elements are given in Mayer, 1973a.)

In the EHF case, however, the overlap integrals A\; between the corre-
sponding orbitals also appear explicitly in the energy formula. As there is
no restriction in (19b) for the value of A; in the ‘‘diagonal’’ case j = i, no
Lagrangian multipliers appear by which the terms originating from the
variation of the overlap integrals A;, induced by the variation of the orbi-
tals, could be combined. This is the very reason why Ladik and Martino
lost a condition in their derivations.

In our opinion (I. Mayer and G. Biczd, unpublished) the problem may
be solved in the following way. One defines the formal expression ob-
tained for the energy by using the auxiliary conditions as a new functional
which has, strictly speaking, no immediate physical meaning, but is equal
to the energy when (and only when) the auxiliary conditions are fulfilled.
Then one has to search for the stationary values of this auxiliary quantity,
subjected to the same conditions. Within the class of functions satisfying
the auxiliary conditions, this quanfity and the energy have, of course, the
same stationary values realized for the same wave functions; as we have,
from a mathematical point of view, two different variational problems, the
Lagrangian multipliers will, of course, be different. In the EHF case one
must perform an optimization also according to the A; values appearing in
the energy formula as formal scalar parameters and introduce the addi-
tional constraints that the overlap integrals (a;|b;) must be equal to these
(optimized) A; values. If one treats the EHF variational problem by using
the Lagrangian multipliers in this manner (I. Mayer, unpublished), then
one obtains the EHF equations exactly in the same form as they were
derived by a systematic study of the different specified variations (see
Mayer, 1974d, where the transformation to the form of equations de-
scribed in Section III is also shown). We shall not, however, discuss in
detail these alternative derivations in the present article.

2 This is perhaps the case (e.g., G. Bicz6, unpublished) for any Lagrangian multipliers
which correspond to such conditions on the orbitals, which one can always satisfy without
changing the many-electron wave function, i.e., which do not represent a true constraint in
the variation problem.
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III. The EHF Equations

A. Formulation of the Problem

As we have seen, the variational problem for the spin-projected de-
terminant wave functions was investigated by a number of authors using
quite different techniques and formalisms. This great variety of the meth-
ods was perhaps due to the complexity of the EHF variational problem,
which makes it difficult to find a procedure that would be fully satisfactory
in all respects. In this section we shall briefly summarize the approach
used by the present author; he hopes that his work is a contribution to the
progress in this field.

Although it leads to some repetitions, perhaps it would not be super-
fluous to start with a short formulation of the variational problem to be
solved in the EHF method.

According to the discussion given in the previous sections, one uses in
the EHF method a spin-projected determinant wave function

¥ =05 32)

as trial function in the variation procedure. Here O is the spin projection
operator (5) and ® is a single DODS determinat wave function built up of
the spatial orbitals a; and b, filled with electrons of spin « and 8, respec-
tively. Accordingly, in the case of an even number of electrons (N = 2n)
and S, = 0, the determinant ® can be given as (&.Ai is the antisymmetrizer):

@ = da,(1) (Db (2)BQ) - * - au(2k ~ 12k — 1)by(2k) B(2k)
< an(2n — Nan — 1)b,(2n)B2nN)]. (33)

As the operator OS annihilates all the unwanted components of ®,
leaving unchanged the component corresponding to the desired multiplic-
ity, ¥ = O5® is an eigenfunction of the operators S, and $2, but is, in
general, not normalized. As any projection operator, S is Hermitian and
idempotent (e.g., Lowdin, 1960, 1966):

6565 = 65 = 05+, (34

Furthermore, 65 commutes with the antisymmetrizer and with any spin-
less operator, and, thus, also with the usual nonrelativistic Born—
Oppenheimer Hamiltonian

N
f] = 2 HN(I) + 2 (rij)_‘ (35)
i=1 i<j
Here HY is the one-electron part of the Hamiltonian, containing the
operators of the Kinetic energy and nuclear attraction.
Now, the EHF variational problem can be formulated as follows:
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determine the one-electron orbitals a; and b; in such a way as to obtain a
stationary (minimum) energy value for the spin-projected many-electron
wave function ¥ = 05®.

According to the discussion given in Section II,D, one can always
subject the orbitals to such transformations which ensure that they be-
come orthonormalized (19a) and paired®® (19b). This means that in the
EHF case the doubly filled orbitals of the RHF method are in some sense
replaced by pairs of orbitals which are not orthogonal to each other but
are orthogonal to all the other orbitals.

Similarly to the RHF or UHF equations, the EHF equations discussed
in this section are related to the one-electron orbitals and give the condi-
tions for the many-electron wave function built up of the orbitals satisfy-
ing the equations to have a minimum (or, at least, a stationary) energy
value.

B. A Proof of the Generalized Brillouin Theorem

The consideration of the EHF variational problem can be most gener-
ally based on the generalized Brillouin theorem (Section II,J) because (as
will be seen) it is fully equivalent to the variational principle for the spin-
projected determinant wave functions. For this reason we give here a
general proof of this theorem (Mayeret al., 1973). In this proof, in contrast
to that of Kaldor (1968a), we shall not assume any orthogonality and
pairing properties for the orbitals. This fact is of great importance from
the point of view of the generality of the derivations discussed in the next
sections. (In order to obtain manageable expressions, we shall utilize, of
course, the orthogonality and pairing to the extent as they can be assumed
for each given case.)

Let us consider the variational condition

S{W|H|¥)/(¥|¥)] = 0 (36)

for a wave function ¥, having a stationary energy. By performing the
variation of the fraction in Eq. (36) we obtain

(SV|H|W)(W|¥) — (SU|W)(VA|Y)
(¥[¥)? '

Since 8V contains an arbitrary phase factor, Eq. (37) is fulfilled for
arbitrary variations 8V if and only if both the quantity written down
explicitly in Eq. (37) and its complex conjugate (c.c.) are separately equal
to zero. As we may assume that (‘I’I‘I’) # 0, we obtain from Eq. (37), by

.= 0. 37

23 In Section III,G we shall consider also a case in which only limited pairing properties
can be assumed for the orbitals.
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introducing the energy E = (V|H|W¥)/(¥|¥), a very useful form of the
variational principle which is completely equivalent to Eq. (36):

(8¥|H — E|¥) = 0. (38)

If no restriction is put on the trial wave function ¥, then its variation 8V is
fully arbitrary and Eq. (38) leads immediately to the Schrodinger equa-
tion. If, however, ¥ is required to belong to a given class of wave func-
tions, then only those 8¥-s are permitted which can be obtained by arbi-
trary variations of ¥ within the given class. Thus, in the case of a linear
variational problem, Eq. (38) gives the secular equation, while for the
nonlinear problems one can obtain from Eq. (38) the different (gener-
alized) Brillouin-type theorems.

In our case ¥ = @5® is a spin-projected determinant. In order to vary
this wave function, one has to perform the variation of the one-electron
orbitals:

di i di + 8 di = di + Mnci, (39)

where d = a or b, the ¢-s are arbitrary one-electron spatial orbitals and 7
is an arbitrary complex parameter of variation tending to zero. One ob-
tains ¥ + 8V for the most general variation if each orbital d; is replaced in
Eqgs. (32) and (33) by d; + 8d;. Thus ¥ + 8¥ becomes a spin-projected
determinant each column of which represents a sum of two terms d; and
8d; = nc,, respectively. According to the known properties of determi-
nants, ¥ + 8C can be expressed as a sum of 2V spin-projected determi-
nants. However, most of these terms will contain the square or higher
powers of n and can be neglected as compared with the terms of first order
in . Thus we may write

N
¥+ 86V =v+ n z ‘I’l(di g Ci). (40)
=1

Here ¥,(d; — c;) = 65®,(d; = ¢;) is a *‘singly excited’’ spin-projected de-
terminant which can be obtained from ¥ by replacing the orbital d; by the
arbitrary orbital ¢;. Thus one obtains the most general first-order variation
of ¥ as

N
V¥ =17 E W (d; = cy). 1)

i=1
By substituting Eq. (41) into Eq. (38), interchanging the order of the sum-
mation and integration and dividing by n* (n — 0 but  # 0, or else

8¥ = 0) we obtain:

S (Widi— )l - E[¥) = 0. @)
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Since the orbitals c; are arbitrary and independent of each other (we may
set also ¢; = 0 for one or more c¢;-s), we conclude that the necessary and
sufficient condition of fulfilling the varational principle (36) for the spin-
projected determinant wave function ¥ = §S® may be given as the gener-
alized Brillouin theorem

(¥y(di— c)|H — E|¥) =0, (43)

which must hold for all d-s (d = a or b) and arbitrary orbitals c;.

One can show (Mayer, 1973b, 1977) that the generalized Brillouin
theorem gives also a necessary condition which must be fulfilled if the
energy of the spin-projected determinant is an absolute minimum. The
proof is quite similar to that discussed in Section II,J for the ordinary
Brillouin theorem of the UHF case, but is slightly more involved as one
must take into account that the spin-projected determinants are usually
unnormalized and, especially, that one may not require (¥,|¥) = 0in the
spin-projected case.?*

C. The ““Overall’’ Form of the EHF Equations

One obtains the EHF equations by expressing the generalized Bril-
louin theorem in terms of the one-electron orbitals and taking into account
that ¥, contains an arbitrary orbital (Mayer, 1971b, 1974c; Mayer et al.,
1973). To do this, one has to determine the integrals (¥,|¥) and
(¥,|A|¥) and the energy E = (¥|H|¥)/(¥|¥), i.e., different matrix
elements taken between spin-projected determinants.

If ¥/ = 05®' and ¥ = §5P are spin-projected determinants with the
same S and S, values, then by making use the properties of the spin
projection operator and of the expansion (6) we can write

n

(W|¥) = (65®'|05®) = (P'|05D) =<<1>'[ E c,,,T,,,> = 20 Cn{ D' | Ty
m=0 m=
(44)

and similarly

24 There is a consequence of mathematical character which follows from the comparison
of these two proofs of different type: the absolute minimum of the energy is necessarily a
stationary value also, i.e., the wave function with the lowest energy cannot be a *‘pathologi-
cal’” (e.g., boundary) point. The existence of such a wave function for which the energy
reaches its exact lower limit looks evident physically, although it is not trivial to prove this
mathematically (cf. Lieb and Simon, 1974, where the existence theorem for some UHF and
RHF problems was proven). However, our proofs and considerations (similar to those given
in Section 5 of Lieb and Simon, 1974) show that in the LCAO case (finite basis set expansion
for the orbitals) such a wave function always exists and is an interior point, so the orbitals
fulfill the (matrix) EHF equations derived from the generalized Brillouin theorem.
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(P|A|Y) = (650 |F|650) = <<1>'|f1! S calu) = 3 cul@ AT,
m=0 m=0

(45)

Accordingly, the generalized Brillouin theorem can be rewritten as

=

X cm<q)l|ﬂ - Ele> = 0. (46)
Thus one has to determine the matrix elements between ®, and all the
determinants occurring in the different T,,-s. This can be done by perform-
ing an appropriate classification of the orbitals, then a systematization of
the determinants occurring in the different T,-s and of the nonvanishing
minors of the overlap matrices. (The latter appear in the derivations ac-
cording to Lowd:in’s (1955a) formulas for the matrix elements between the
determinants built up of not mutually orthogonal orbitals.) The values of
these minors are to be determined in each case by utilizing as much as
possible the orthogonality and pairing properties of the orbitals (cf. also
Section IL,I).

Turning to the derivation of the EHF equations, we shall at first con-
sider the following specific case.

Let ¥ = 0S® be a spin-projected determinant with a stationary
energy, built up of the orbitals satisfying Eqgs. (19a) and (19b), and let the
“‘singly excited’’ spin-projected determinant ¥, = §5®,, occurring in the
generalized Brillouin theorem, differ from ¥ by replacing the orbital g,
with an arbitrary orbital ¢. At the moment, however, we subject the or-
bital ¢ to the temporary restriction that it be orthogonal to all the filled
orbitals a; and b;: {(cla;) = {c|b;) = 0. It is easy to see that in this case one
obtains from Eq. (44) that (¥,|¥) = 0, and the generalized Brillouin
theorem reduces to

(WIRI®) = S e @ H|T,) = 0. 47

m=0

After a somewhat lengthy but simple derivation, Eq. (47) can be expressed
as (Mayer, 1971b; Mayer et al., 1973):

j U K)a, + NEA K bIdy = 0, (48)
where the operators % (k) and 4°(k) are defined as?
Hek) = ANKEY + ANKITP + AlOKE + 3 (A3, kJpe — Rpa + TP
=
Gk

+ AN, DIRP + AP — KDY + AT — KO, (49)

25 In Mayer (1971b) some notations were different from those used here. For the rela-
tions between the notations see the footnote in Mayer et al. (1973).
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Aok) = AJRHY + X {43, k)(Jpe + I — Kpe — KPP+ NKPY
dih )
+ A, BT — Ki%) + NPT (50)

The generalized Coulomb and exchange operators occurring in Egs.
(49) and (50) are defined as

Jpeg) = [HRED gogqr), Rpeg) = [ LD gy, 51
12 12

where d, ¢, and g, respectively, stand for a or b. We have the following
relationships for the adjoints of the operators J and K:

j),cd+ - jlglc; f(jcd+ = f(jdc. (52)

As has been already discussed in Section II, the quantities A# playing an
important role in the theory are functions of the Sanibel coefficients c,,
and the overlap integrals A; between the corresponding orbitals. They are

defined as
n—a+b

Aba(kb k2s RS} ka) = 2 (—l)mcmBr(rzz—b(kl’ k29 DS} ka)’ (533)
m=b

where
.
B&(ky, ko, .., ko) = > [N |2 (53b)
1=i<ig<<ip=n g=1
iptkykas kg
(p=1,2,--,1)

and B¢ = 1 (Af = 0if a > n or b > a). The basic recursion relation be-
tween the Af-s is (Mayer et al., 1973):

Ag(kh k2’ LRI | k(l) = Algl+1(kl’ k2’ R k(l+l)
+ |Aka+1lz Aba-:.ll(kl’ k25 LT ka+1) (54)

from which one can obtain a number of other useful recursion formulas
(Mayer, 1978).

Because c is an arbitrary orbital which is, however, orthogonal to all
the orbitals a; and b; filled in @, it follows from Eq. (48) that the function
d#o(k)a, + NA(k)b, in brackets can have only components proportional
to the filled orbitals. This means that this function can be written as a
linear combination of the filled orbitals. Thus we obtain the ‘‘overall’’
form of the EHF equations (Mayer, 1971b; Mayer ef al., 1973):

Rok)a, + NAYKb,: = Y (effa; + elb)  (k=1,2, ...,n) (55
i=1
It is easy to see that the similar equations for the orbitals b, may be

obtained from Eq. (55) if one interchanges everywhere a with b and A with
A¥.
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D. The Matrices £

The matrices £ occurring in the equations remained fully undeter-
mined up to this point, as we have considered only the case when
(cla;) = (c|b;) = 0 for alli-s. Therefore Eq. (55) alone do not give all the
conditions of the stationary energy. In order to get all these conditions,
one must consider also the case when the orbital c¢ is not orthogonal to the
filled ones, especially to the b;-s (Mayer, 1971b; Mayer et al., 1973). As
will be seen, in this case one obtains some explicit expressions for the
elements of the matrices £, and this is necessary to complete the deriva-
tion of the EHF equations.

Let us first consider the case when the orbital ¢ is not orthogonal to one
of the orbitals b, (/ # k) but is still orthogonal to all the other orbitals b;
and to all the orbitals a;. One finds that (¥,|¥) = 0 holds also in this case,
so one must again expand Eq. (47) only. After a lengthy derivation one
obtains Eq. (48) but with an additional term on the left-hand side, propor-
tional to (clb,). We denote this term temporarily as (c|b;) Q (Q is a sum of
a number of one- and two-electron integrals over the filled orbitals; its
explicit form will be utilized later). We may combine the term {c{b,) Q with
the integral in Eq. (48) and obtain the expression

f c*[#k)a, + NA (k)b + Qb)) dv = 0. (56)

Now, we may apply considerations similar to those which led from Eq.
(48) to Eq. (55), but in the present case ¢ is not orthogonal to b;, conse-
quently the term containing b, should be dropped from the linear combina-
tion occurring at the right-hand side. Thus we obtain

%a(k)ak + A?Q@b(k)bk + Qb = E ekia; + E eilb;. 57
i=1 i=1

(i#D
Comparing Eqs. (57) and (55) one finds
et = —Q. (58)
By substituting the explicit form of Q into Eq. (58) we obtain the matrix
element ¢ (Mayer et al., 1973):
ef) = Al(k, DN alfMay) + Adk, DNECBIAY b
+ Ak, DN (@l Nbye) — AYk, D (bilHMay)

+ Y {AU, k, DINEXE ([asallasbi] — [aalbras] + [balbibi)
=1
GEED
— [aby|b;bi)) + Nilbwasla;bi] + NiXf([asb|bsbi] — [biaslbsby])
+ NiNEMaibslasbi] + NeA([bsblasbi] — [bibi|bras])
+ NAf[abjlaxas] — labjlaan)) + Nflabilbsax]
- )\}"[a,-bllb,-ak] + )\,-([b,bl|aka,] - [b,-b,lajak])
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+ M A (aaijach;] — [aailbsai))]

= A3, &k, D[[ablasa,] + [bibiibsa,] — [bibjaxb;)

— [bajlasar] + NE([bsbi|bib;) — [b;bi)biby] — [a;bila;bi))

+ N (lawajlaar] — [aajara)] — [abilarb;]) + Ni[baslbar]]

+ A3(J, k, DIAEAFN[balla;b,] + NENENE ([a;a,)b;bi]

= [aalbib, DT} + A3k, D(Nf[brallacbi] + Af[abi|bra)])

— Ak, D([bib)brax] — [bebilakbe] + [aibaia]

= lablara] = Mi[ablab] — M(abylacby)). 59
The two-electron integrals over the spatial orbital are defined as follows

[deeifig) = JJ d¥(Def(2)(r2) fi(1)g2) dv, dv, (60)

(d, e, f, and g, respectively, stand for a or b).

Considering in a similar way the case when the orbital c is not orthog-
onal to the orbital b, but is orthogonal to the other filled orbitals, we ob-
tain the expression for the diagonal element £ of the matrix £%. In this
case, however, (¥,|¥) # 0 and one has to use the full form (46) of the

generalized Brillouin theorem. As a consequence, the total many-electron
energy E also appears explicitly in the expression of ¢ §2:

efh = —Alk) (byHay) + E {A%(j, k)([abrlaga;]
ko
—Aasbilarh;] — [brajara;] — [brbjlaxb;] + [bibjbar])
+ A3(J, O[A(bsbilaras] — [bbilasar)) — Milabilbia,]]}
+ AUK)NEE — Niqy. : (61)

The total spin-projected many-electron energy is given by

E = (A" { S I alBYay) + (BlAYb)

+ Ai(j)(;\j(bjlﬁ”laﬁ + N (a|HV b)) + Ad(lasbilasb;]
+ A}(j)[ajbjlbjaj]] + Zk {A%(, k)([ajak(ajak]

= lasarlara;] + [biblbibi] — [bbi|bib;])
+ A3, OIAAE(aaklb;bi] — [aa.lbib,])
+ Mhdbbilasa] ~ [bibjlaa) ]
+ Ek {AY(J, Blabilabr] + A, K[arb;|ba]
(%o
+ Mllabilaar] + [bibilba] — [abilacas] — [bibilaib;])
+ M(lasailabi] + [biarlb;by) ~ (arajla;be) — [awbybbi))

+ Mialacbilab]] + AR(j, KA} M[ajbklbjak]}}' (62)
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In Eq. (61) g, is the following real quantity

ax = 2 (41U, D(alH"a) + (bIAYb) + [ablaib)

G

+ A3(j, DN (alHVby) + M(blHMa) + [abibiaD]

+ jgl {A3(J, k, D(a;ala;a] - [a;ailaa;] + [bbi|bibi]
GilER)

~ [biblbib;)) + A3, k. DIAN(bsblasa)) — [biblaa;])

+ NN (asalbib] — [aai|bib, D]

- 21 {—A3, k, Dlasbla;b] + A3, k, DIN([a:bja;a))
GEES IR

+ [bibi|bia)] — [biajaa;) — [bibila;by))

+ N([a;bl|bib;) + [aailabs) — [asalbsa)] — [abilbibi))

— [abjlbsa] — Marlabilasb]) — ARG, k, DA [bsala;b]}. (63)

The elements of the matrix £2® occurring in the equations for the orbit-
als of type b, can be obtained from these expressions by interchanging a
with b and A with A* everywhere. (The quantity g, is invariant under these
interchanges.)

One can obtain the expressions for the elements of the matrix £%® in a
quite similar manner by considering the cases when the orbital ¢ is not
orthogonal to the different orbitals a;. We shall not quote here explicitly
these expressions (they may be found in Mayer ef al., 1973) because, as
discussed by Mayer et al. (1973; Mayer, 1974b,d), it follows from the
properties of the determinants that they do not give any independent
condition for the stationary energy. (This is a consequence of the fact that
a variation 8a, of the orbital a,, which can be given as a linear combina-
tion of the filled orbitals a; does not, in fact, change the determinant or
spin-projected determinant wave function except, possibly, the normal-
ization; consequently such a variation does not lead to a variation of the
energy.) Accordingly, the elements of the matrix £%¢ (and £*) can be
considered as undetermined quantities, i.c., one can obtain their expres-
sions directly from Egs. (55), after Egs. (59) and (61) for the elements of
the matrix £ have been substituted. To do this, one has to multiply (55)
by a¥ (I #+ k) or a¥ and integrate over dv by taking into account the
orthogonality and pairing of the orbitals. The expressions for the elements
of the matrix £ (or £%%) obtained in this manner can be transformed to the
form which one gets directly from the generalized Brillouin theorem by
performing some algebraic manipulations making use of the identity (54).

It follows from the independence of the first-order variations (see also
Mayer et al., 1973, for a somewhat different reasoning) that the same
expressions would result for the elements of the matrices € also in the case



Spin-Projected Extended Hartree~Fock Method 229

when the arbitrary orbital ¢ would be not orthogonal even to all the filled
orbitals a; and b; simultaneously. Consequently, the EHF equations (55)
together with Eqgs. (59) and (61) for the elements of £2¢ are equivalent to
the generalized Brillouin theorem and, therefore, give the necessary and
sufficient conditions of stationary energy for the spin-projected determi-
nants. (It may be emphasized once again that these equations are related to
the case of orthonormalized and paired orbitals; one may, however, al-
ways ensure the fulfillment of these conditions.)

The properties of the matrices £ and some other forms of presentation
for their elements were extensively discussed by Mayer et al. (1973;
Mayer, 1974d). Here we shall briefly mention only two of the results of
this analysis. The first is that the matrices £2% and £% are Hermitian while
the matrix £ is the adjoint of £°® (Mayer et al., 1973; Mayer, 1974d). The
second result (it was obtained in an alternative derivation of the EHF
equations, based on a systematic study of different specified variations of
the orbitals) shows that the diagonal matrix element ¢} is immediately
connected with the fact that the total energy (62) depends on the overlap
integrals A, between the corresponding orbitals (Mayer, 1974d):

efh = —AYNOE/ Nz =const- (64

The derivative at the right-hand side of Eq. (64) contains terms of three
types: those resulting from the differentiation of the A-s occurring
explicitly in Eq. (62), those resulting from the differentiation of the A¢-s in
the numerator of Eq. (62), and that resulting from the differentiation of AJ
(the normalization integral for the spin-projected determinant) in the de-
nominator of Eq. (62). In this approach the last term is that which leads to
the explicit appearance of the total many-electron energy E in the EHF
equations, while the terms of the second type can be collected to form the
quantity g,. The relationship

0ASky, ks, ..., ko)
OA;

(65)

_ {0, kE ki kor . ki)
Af=const A%“1011-;-#11(/(19 k2, LR k(U k)a

k& {ky, ky, ..., k}

which one can easily derive based on the definition (53) of the Af-s, ex-
plains the similarity in the structure of Eq. (63) for g, to that of the energy
formula (62).

E. Some Transformations of the EHF Equations

The EHF equations derived in the previous sections have a form quite
different from that of other SCF-type equations. It seems, therefore, rea-
sonable to discuss how they can be transformed into some more familiar
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forms. From now on we shall use Dirac’s bra and ket vectors which
permit presentation of the expressions in a more concise form,

Let us first consider the second term on the left-hand side of Eq. (55),
substituting A = (b.la;). It can be transformed as follows (Mayer et al.,
1973):

NAY Kb = (bilar)BP(K)|by) = A¥(K)|by) (bilar) = A(k)PYay), (66)
where we have introduced the notation
Pid = ldi)<di| (67)

for the operator of the projection into the one-dimensional subspace span-
ned by the orbital |d;) (d = a or b).

While in Eq. (55) this term was considered as the operator NiA o(k)
acting on the orbital |b,), in Eq. (66) we have transformed it into the form
in which the operator £°(k) P% acts on the orbital |a,). This gives us the
possibility to combine the two terms on the left-hand side of Eq. (55) into a
single operator acting on |a,). Note that the operator (k) is Hermitian
as a consequence of Egs. (52) but neither A4 °(k) nor 4 (k) P} are Hermi-
tian.

Furthermore, one can see upon inspection that the orbital a, occurs as
a ‘‘ket”’ in each term of Eqs. (59) and (61) for 2P and g}, respectively,
either in the coefficient Af = (b,ja,) or in the one- and two-electron inte-
grals over the one-electron orbitals. One can, therefore, perform manipu-
lations analogous to those shown in Eq. (66). The first terms of ¢ §2|b;) lead
just to the adjoint of the operator 4 °(k) P2, which can be seen by making
use of Eq. (52). Thus one obtains (Mayer et al., 1973):

efhlbi) = —PUA%K) |a) — qiPYlaxy + ANK)EP}|ay) (63)
and
eRlby = —E@lay,) (i # k) (69)

where the operator £¢/ is defined (Mayer and Kondéasz, 1975) as?:

E® = — |by) (a AF [A%(i, KEY + A3, ORP + AN, HIP
+ Y {ARG, J, BOIUTE - KP) + KPP+ AR - K9]

J=1
U#ik)

— A3, j, k)(K¢e — jea — jjbb)}]

26 In Mayer et al. (1973) a different, but fully equivalent definition of £ was given; a
form closely related to (70)—(71) was, however, used in discussing the LCAO case.
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- P At A + T — KPP+ 1 - Ko

+ 2 AN IR = T = AT
(}:il.kv
- LG, . K3+ 39— Ry = K+ RO = b (bl
(70)

The definition of the coefficients p#? is given by

PR = A3, k)(bi| HY |byy + A3, WX} (a] HY |by)
+ A3, k)ab; | bea;] + A3, k)ab; | aibi]

+ 2 {A3G, J, OINF(asa; | a;be] = [asa; | bras] + [bya; | biby]
=
{jFik)
—[a;b; | bib)) + [bia; | ab] + Ni([asb; | bibi] — [bia; | bibi))
+ NEMLab; | abi] + N([bsbi | a;by] — [bsbi | braj])]
+ A, j, OINEN[bsa; | a;br] + NiNF([aa; | bibi] — [a5a; | bibi])]
— A3, J, K)([bbi | brbs] — [bib; | bibi] — [a;b; | asbe])}. an

Performing these transformations for all terms containing the elements
of the matrix £, bringing them to the left-hand side, and combining
into a single operator all the resulting operators acting on the orbital
|ax), we obtain a convenient form of the EHF equations (Mayer
et al., 1973):

Fek) lay) = X efflay  (k=1,2,...,n), (72)
=1

where the operator Fe(k) is defined as

M-

Fok) = (k) + A2k Py + PYRYK) + [qx — ANKE]IPY +

(

Ezp. (73)

)

e
)

As discussed already in the previous section, the elements of the
matrix £% can be considered as undetermined quantities. As in the
previous cases, we obtain again the analogous set of n equations for
the orbitals |b,) by the interchanges a < b; A < \*.

The operator Fe(k) defined in Eq. (73) is not Hermitian, because
the operators E£¢} are not so. (The other terms are either Hermitian or
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occur together with their adjoints.) However, it is easy to see, that
due to the pairing (19b) of the orbitals, one has for the adjoint of the
operator E¢P (Mayer ef al., 1973):

Egptlay)y = 0. (74)

This means that the EHF equations (72) remain valid if one replaces
F%(k) by the Hermitian operator

n

Faky = Foghy + S Egp (75)

1
1#k)

and the elements of the matrix £2¢ also do not change. (We may note that
in the equations discussed in Section III,G the operators Egp* appear
without performing any such artificial transformations.)

Mayer et al. (1973; Mayer, 1977) transformed the EHF equations also
to some other different (but, of course, equivalent) forms as (pseudo)-
eigenvalue equations of different non-Hermitian and Hermiticized
operators and forms in which the ‘‘k-dependence’’ of the equations was,
at least formally, excluded by using the ‘‘coupling operator formalism.”’
We shall not discuss here these further possible presentations of the EHF
equations; they may be either found in the article by Mayer et al. (1973) or
obtained from Egs. (72)—(75) in a quite straightforward manner.

F. The Odd-Electron Case

In the odd-electron case the EHF equations can be derived from the
generalized Brillouin theorem exactly in the same manner as was dis-
cussed previously for an even number of electrons. The structure of the
equations is also very similar. However, in the odd-electron case one must
consider explicitly three different types of equations: two for the orbitals
a; and b; forming pairs of corresponding orbitals and one for the ‘‘un-
paired’’ orbital. (None of them can be obtained from another simply by
interchanging some symbols, as was the case in the previous sections for
an even number of electrons.)

Rather than quote these lengthy equations here (they are given in
Mayer, 1974¢), we shall only discuss briefly some interrelations which
hold between the EHF problems for systems differing by one electron
(Mayer, 1977).

Let us consider the doublet state of a system containing 2v + 1 elec-
trons?” (S = §, = 4 the number of electrons with spin « and B is

27 In Mayer (1974¢c) the numbet of electrons was denoted as 2n + 1. Here we use the
notation v instead of n, while n is defined as v + 1, in order to conserve the notations used
above for the case of an even number (2n) of electrons.
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= v + | and v, respectively) and the singlet state of another system
with an even (2v + 2 = 2n) number of electrons (S = S, = 0; the number
of electrons with both spins « and 8, respectively, is #). In order to avoid
any mistake we shall denote here the Sanibel coefficients for the odd-
electron case asd,, (m=0,1,2,. . . , v), while the notationc,, (m =0, 1,
2,. . . ,n) will be conserved for the case of an even number of electrons.
Similarly, the quantities A# and B¢ defined in Eq. (53) will be denoted in
the odd-electron case as D§ and E¢, respectively. (In the odd-electron case
n must be replaced by v in these definitions.) It follows from Eq. (16) that
the Sanibel coefficients in these two cases differ only by a factor of 2 (the
number of electrons with spin « is in both cases u = n):

d, = 2c, m=12,...,v. (76)

Let us now assume that the wave function in both cases is built up of
the same orbitals; of course, in the odd-electron case the number of orbi-
tals filled with spin B is one less. Let the orbital absent in the odd-electron
case be b,. The orbital q, which was paired with b, becomes now the
“‘unpaired’’ one; it will correspond to the orbital g, in the article by Mayer
(1974c).

In the odd-electron case there are v = n — 1 pairs of orbitals a;—b;
and, accordingly, one has the same number of the quantities A;. For the
subscript i we could assume that its value runs from 1 to ». However, it
will facilitate the comparisons if we conserve the notations used in the
even-electron case. Thus we assume:i = 1,2,. . .,n, but i # k. Accord-
ingly, if we have to perform a summation over the values of i (or an
analogous subscript), then the summation running from 1 to v must be
replaced by that running from 1 to n, but excluding the value £. For
instance, by applying this consideration to the definition (53b), we trivially
find

Eg(kly kz, LI ka) = B?+1(k1’ k2’ L ) ka’ k)’ (77)

where B¢*!' and E¢ correspond to our two systems with the even and odd
number of electrons, respectively. Based on Egs. (76) and (77) one obtains
from definition (53a) (the A¢-s are denoted as D§ in the odd-electron case)
the similar rejationship

Dg(kla k2s L kll) = 2Ag+1(kl’ k2’ e ey ka, k)~ (78)

One may rewrite the energy formula for the odd-electron case [Eq. (9)
in Mayer, 1974c] by taking into account that the number of electrons is
now 2v + 1 (instead of 2n + 1), and perform manipulations analogous to
those discussed above for all the summation indices. Then, by making use
of Eq. (78), the energy of the odd-electron system can be rewritten by
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using only quantities corresponding to the even-electron case. By compar-
ing the resulting expression with that of the diagonal matrix element 2%
corresponding to the latter system with 2n electrons,*® one obtains
(Mayer, 1977):

efk = AYK [ Ezn — Ezny(bp)]. 79

Here E,, is the total singlet spin-projected energy for the system with
2n electrons, while E,,_,(b,) is the spin-projected energy for the doublet
state of the system obtained by removing the electron from the orbital by.

As the energy for a spin-free Hamiltonian evidently does not depend
on whether the system has a resulting S, value of +% or —4, an analogous
expression holds when the electron is removed from the orbital a;:

eft = AWK [Ezn — Egu-s(an)]. (80)

If one transforms Eq. (72) to the form of an eigenvalue equation, then
e will be its eigenvalue (Mayer er al., 1973). Accordingly, one may
consider Eqs. (79) and (80) as a generalization of the Koopmans theorem
for the EHF case. (An analogous generalization was obtained also by
Goddard for his orbitals). According to definition (53), the coefficient A }(k)
is independent of the orbitals a, or b, in question. This means that one
could divide the equation for the orbital a, by A §(k), then the resulting new
quantity e ¥ = £§¢/A}(k) would correspond even more to the usual notion
of the orbital energy. (For an application of this result see Mayer and
Kertész, 1976.)

The interrelations between the case of odd and even numbers of elec-
trons have also an important consequence from the practical point of view:
they permit calculations for the doublet states of odd-electron systems by
using a computer program set up for the case of an even number of
electrons. (Thus one may avoid the explicit programming of the three
different types of equations appearing in the odd-electron case.) One has
only to add to the odd-electron system an additional electron located on a
dummy center at infinity and perform the EHF calculation for the singlet
state of the resulting system with an even number of electrons. In fact, the
energy which is necessary to remove the electron from the dummy orbital
is always equal to the ionization potential I ., of the latter and does not
depend on the orbitals corresponding to the original system. Accordingly

E2n = E2n—1 + Idummy' (81)

2% This expression can be obtained from Eq. (31) of Mayer et al. (1973) by performing the
interchanges a <> b, A < \* already discussed in the foregoing sections.
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Therefore, if one minimizes the energy E,, of the system containing the
additional electron at infinite distance, then this involves also the minimiz-
ing of the energy E,,_, of the original system.??

It was meaningful to transform the expression for the spin density
(Ukrainsky, 1972; Harris, 1966) to a form containing only quantities cor-
responding to the system with the additional electron. Assuming that this
electron is on the orbital b,, one obtains after a lengthy but simple algebra
(I. Mayer and T. Pollak, unpublished):

pu) = (GADAS + 241, (0P
+ 3 (A3, 1) + 2430 Wlla®F — A IBOP
- 243(j. n) Re [\bF)a®)D). (82

G. The EHF Equations for the Successive Optimization of the Orbitals
The EHF equations discussed so far (we may call them ‘‘basic”” EHF
equations) are related to the final (converged) orbitals and give the neces-
sary and sufficient conditions for the energy to be stationary. Their solu-
tions are not evident, however. For instance, the simple iterative scheme
of solution based on Eq. (72) transformed to an eigenvalue problem could
diverge even when started from the closest vicinity of the solution (Mayer,
1974a). We needed, therefore, an algorithm of solution with reliable con-
vergence properties. For this reason we worked out the EHF equations
necessary to realize a procedure of the successive optimization of the
individual orbitals, which is necessarily convergent.?° In this method one
recalculates the orbitals cyclically, one at a time, going through all the
orbitals in each cycle. When the given orbital is updated, all the others are
kept fixed and one must determine the orbital in question in such a way as
to obtain a minimum possible total energy (within the limitation given by
the other fixed orbitals). In this manner one obtains a decreasing (or at

25 One can obtain (Mayer, 1977) the relationship (81) by performing an analysis of the
energy formula for the system with the additional electron, taking into account that all the
interactions with the dummy orbital are zero, as is the corresponding A value. In practice—in
accordance with the correct dissociation properties of the EHF method—it is not necessary
to put the dummy center strictly into the infinity. It is enough, if it is on a sufficiently large
distance so that all the interactions, except the long-range Coulomb ones, are negligible. The
latter can then exactly be compensated by attributing a nuclear charge of unity to the dummy
center. )

30 This approach to solving different SCF-type problems was repeatedly rediscovered in
the literature. For recent discussions, see, e¢.g., Lunell (1970, 1972b, 1973), Mayer (1973a,
1974a), and Mayer and Kondasz (1975).
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least, not increasing) sequence of the energy values. This sequence is, in
principle, infinite; it is bounded from below (as follows from the varia-
tional principle), therefore, it does converge to a definite minimum energy
value.

Even in the UHF case the method of successive optimization of the
orbitals requires the use of equations having a form slightly different from
the usual one (Mayer, 1973a). In the EHF case a number of new terms
appear in the equations which are absent from the ‘‘basic’’ EHF equations
(and vanish, accordingly, for the converged paired solutions). These new
terms are connected with the following aspects of pairing of the orbitals. If
one has obtained the orbitals ensuring a stationary energy, then one can
always subject them to the transformations providing the orthogonality
and pairing, and thus investigate the conditions of stationary energy for
these orthonormalized and paired orbitals. (These conditions are given by
the ‘‘basic’” EHF equations discussed in the previous sections.) If, how-
ever, one does not yet have a convergent solution, fixes all the orbitals but
one, and optimizes this individual orbital according to the scheme dis-
cussed above, then one usually obtains an orbital which is not paired. It
follows from the properties of the determinants, that this orbital can be
assumed (with no loss of generality) to be orthogonal to all the other
orbitals filled with the same spin. The pairing can be performed, however,
only after the new orbital has been actually obtained. The pairing will
affect, in general, all the orbitals of both sets a; and b;; this, however, does
not influence the convergence properties of the algorithm. (The pairing
must be performed in each step to conserve the possibility of using man-
ageable equations.) As the convergence is approached, the new orbital
obtained in the given step will be closer and closer to the old paired one,
and finally we get paired convergent solutions.

Thus, in order to realize the algorithm discussed above, we shall solve
a specific variational problem in which the energy is required to be sta-
tionary under the variations only of the orbital g, which is actually op-
timized. We may assume the fulfilment of the orthogonality conditions
(19a), but (19b) must be replaced by the weaker conditions

(a,-|b,~) = Ai 81-]' (l * k) (83)

In the spirit of the derivation given in Section I11,B, one easily obtains that
this variational problem can be formulated in the specific form of the
generalized Brillouin theorem:

(Wi(ax — o)|H — E|V) =0, (84)

i.e., only the single excitations from g, have to be considered.
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Expanding (84) is terms of one-electron orbitals by taking into account
(19a) and (83), we obtain the EHF equation for the orbital a, in the same
“‘overall”’ form as described in Section I1I,C; the elements of matrices ¢
are, of course, different from those discussed in Section III,D, since they
contain a number of terms proportional to the integrals {b;|a;), which now
are nonvanishing. We shall give the form of this equation transformed to
an eigenvalue problem of an Hermitian operator (Mayer and Kondasz,
1975) which we use in the actual calculations:

(1- 3 #1) o (1= 3 1) law —etlan. 89
(b (b
Here the operator Fo(k) is defined by

Felk) = 8 (k) + AUk PL + PRAYK) + [qx — ANKE]P]
+ X {Eg + Egt + [rid — AU, KEIPY}

i=1
(i#k)

+ 2 sillb)(bl, (86)
AT )

- whereas the coefficients r{ and s{¥ are given by

rip = A, k)«ai'HN'ai) + <bk‘HN|bk> + [aibilaibi])

+ A3, Dlabbial + 3 {ALG, ), D alf M)
i Gei
+ (b|H|b;) + [asbjla;b;] + [asbilasbe] — [a;ailaa]
+ lajaa;a] + [aibJ"ar;bj] + [bybilbibi] — [bsbilbybs])
+ A, J, BN (alHNb) + MN(BiHMa) + N ((asailbia;)
— [a;ailaibs] + [abilbsbi] — [aibi|bib]) + Af[aibjla:a;]
— [bialaia;) + [bibilbra;] — [bibjlasbi]) + [a;belbras]

+ [bsadab;] + Labj\ba]l} + 2 {ALG, 4, k, D([a;ala;a1]
o

— laalaia;] + [b;bbsb] — [b;bi|bib;])

+ A3, j, k, DINA(bsblasal] — [bib|laas]) + NiAF([asabb)]

~laalbbD} + 2 (AL, k Dlablab]
GRS
+ A, j, k, DIN([bsbibsa)] — [b;bab;] + [a;bia;al
= lablaa;]) + Mt (labi\bib;] — [abilbib)] + [aa))a;b]
— [a;albia;)) + [aibylbsa]) + M Nf[abjla;b]]
+ Al j, k, DA AF[baj|aibs]), (87)
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sE = A3, j, k(—(bJH"|bsy — [aiblab;] — [abilasb;] — [bibilbibi]
+ [bibilbibs]) + ARG, j, BINENadH Ma;) — N¥(a|Hb;)
— M(bdHMa;) + Nf([aibilbebs] + lajalba;] ~ [aala;b;]
= [brailbibs)) + N([bibilbras] + [aibilasa;] — [abiaia;]
= [bibla;bi]) + M A [brailbia] _n [a:biba] — [ajbi|biaj]]

+ A3, j, KA NE[aby|bras) + IE {A%G, j, k, D(—[abjab;]
=1
A#1k)
+ [bibi|bib;] — [bibilb;b]) + A, J, k, DIA([aibiasal]
= [abilaia]) + [bib|ba;] — [bibasb])) + N ([aailbal]
— [awai|laib;] + [buailb;b)] — [biailbib;]) + Af([abilb;b]
— [abibib]) + M(biblab;] — [bibiba)) — [abilbal]
= MMabila;b] — MAF[badbia] + N A(bailbias]
= [aaila;a)] + [aalaa;)] + AdG, J, k, DDA ((Dadaia;]
— [badaa]) + MAEAF(aadbias] — [aaiab])
+ MA([biblaa;] — [biblaal]) + NN ([aaidbibl]
= [aa)bib;) — MNf[bailaib;) — MAf[badab] + MNf[biaiab T
(88)

The other terms were defined in the previous sections. The equations
for the orbital b, can again be obtained by the interchangesa < b, A & \*,
In accordance with the previous discussion, the terms

=

> ERT + [~ AIG OEIP + Y silb)(bl,  (89)
(ko (AR R ’

which are present in Eq. (86) but are absent in Eq. (73), vanish for the
paired convergent solution.

It could prove to be troublesome that the EHF equation for the orbital
a; contains the total many-electron energy E, which is, however, not
known until the solution has actually been obtained, since it depends also
on this orbital. It follows, however, from a slightly involved analysis done
by the present author (Mayer, 1974a) that one may freely substitute into
the EHF equation the value of the energy calculated by the orbitals of the
previous iteration step, because this will not destroy the good con-
vergence properties of the algorithm. Moreover, some further simplifica-
tions (Mayer and Kertész, 1975; Mayer, 1978) may often be introduced
into the procedure without influencing the convergence (see Section
IV,A).

The convergence properties of the method obtained in performing the
EHF calculations for the mr-electron system of butadiene are illustrated on
Figs. 3 and 4.
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Fig. 3. Convergence of the EHF energy for the PPP model of butadiene. The EHF
procedure was started from the UHF+SP wave function. (Each iteration cycle consists of
four iteration steps in which a single orbital is optimized separately.) From Mayer (1974a).

IV. Some Applications of the EHF Method

A. Some Numerical Aspects and Results

Almost all authors dealing with the EHF variational problem (see Sec-
tion II) performed actual calculations by using their approach (e.g., Shull
and Lowdin 1956a,b, 1959; Hurst ef al., 1958; Kotani et al., 1960; Gos-

107!
1072
1073
104
1073
1076
1077
1078

Fig. 4. Convergence of the EHF procedure for butadiene started from the UHF+SP
wave function. (—o—o~) the maximum change of the P matrix elements in a whole iteration
cycle (last four iteration steps); (—x—-x-) the deviation from the pairing of the new orbital
obtained in the given iteration step before the pairing of the orbitals is reconstructed. (Note
the logarithmic scale.) From Mayer (1974a).
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cinski and Calais, 1965; Chong, 1966; Lefebvre and Smeyers, 1967;
Smeyers and Pinto Suarez, 1968; Smeyers and Doreste-Suarez, 1973;
Smeyers and Delgado-Barrio, 1974; Kaldor, 1968a-d; Kaldor et al., 1968;
Harriman, 1967; Sando and Harriman, 1967; Harriman and Sando, 1968;
Goddard, 1967c, 1968b,e, 1969; Gallup, 1969b; Burden, 1972; Gorlov and
Ukrainsky, 1973, 1974; Brown and Larsson, 1973; Rosenberg and Mar-
tino, 1975; Klimo and Tiho, 1976, 1977, 1978; V. Klimo and J. Tino,
private communication, 1979; Tiho et al., 1979; Lunell, 1979; Mayer and
Kertesz, 1975, 1976; Mayer, 1974a, 1975, 1976, 1977, 1978) at the
semiempirical or ab initio levels. As the systems studied and the bases or
parametrizations were different, a detailed comparative analysis of the
numerical results obtained is not always possible and would require a
great amount of space anyway. For this reason we will not discuss this
here. Instead, we will only mention the most important aspects connected
with the computer realization of the EHF equations derived in Section II1
and discuss quite briefly the results of some calculations performed by the
present author. This will give an idea of the possibilities and limitations of
the method; our conclusions are completely in line with the findings of
other authors.

1. Computer Realization )

Based on the discussion given by Mayer et al. (1973; Mayer, 1974b) the
EHF equations (Section I11,G) can be transformed to the LCAO formin a
quite straightforward manner. In programming it was convenient to deal
directly with the matrices and vectors corresponding to the different
operators and orbitals, respectively, without rewriting the formulas
explicitly in terms of matrix elements and individual LCAQO components
[cf. Egs. (68) and (69) in Mayer et al., 1973).

One first forms the matrices P#¢ = cfcf* (d, e = a or b; ¢? is the column
vector containing the LCAO coefficients of the orbital d;) and then uses
them to build up the matrices J% and K% corresponding to the operators
J and K%, These matrices (stored on the ‘‘background’’ devices) are
then utilized in calculating the one- and two-electron integrals over the
molecular orbitals a;, b;, occurring in the equations and in setting up the
final matrices to be diagonalized. This organization (Mayer, 1978) permits
one to use the list of two-electron integrals only once in a given iteration
step. !

The fast and accurate calculation of the coefficients A§ defined in Egs.
(53) is of central importance in realizing the EHF method. In order to
determine the A¢s one has to calculate the quantities B¢, which are,

31 In the case of semiempirical integral approximations using the ZDO assumption (PPP
and CNDO methods) it was possible to use programs of much simpler organization.
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Fig. 5. Illustration of the scheme of calculating the coefficients A§ for the case of four
values of x; = [A*. From Mayer (1977).

according to Eq. (53b) ‘‘symmetric sums’’ of the |A;f? values. One may
find different recursion schemes for calculating the B¢-s (e.g., Harriman,
1963a); the present author worked out a simple method in which an aux-
iliary vector is cyclically recalculated®? (Mayer, 1974d; Mayer and Ker-
tész, 1975). This scheme is illustrated in Fig. 5 for the case of four
x; = |Af? values. Moreover, it is sufficient to use even this fast algorithm
to find only a limited number of A§-s; the others can then be obtained by
some very simple recursion formulas (Mayer, 1978) derived from Eq. (54).

The EHF equations for the successive optimization of the individual
orbitals (Section II1,G) are rather complicated. Two types of simplifica-
tions were found to be useful in reducing the amount of necessary compu-
tations. The first is based on the observation that not all of the additional
terms (89), absent from the ‘‘basic’” EHF equations, are of the same
importance; one may usually drop the most complicated ones without
significantly influencing the convergence. The calculation of the remaining
terms, which were found to be of upmost importance, is rather easy
(Mayer and Kertész, 1975). This simplification was found to be especially
useful when a simpler programming scheme was used in performing
semiempirical calculations.

82 A proof by induction for this algorithm is given in the Appendix of Mayer (1974d).
Unfortunately, Eq. (A7) there contains misprints, which, however, may be easily found
upon inspection.
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TABLE 1

COMPARISON OF DIFFERENT METHODS FOR THE PPP MoDEL
OF THE 7-ELECTRONS IN BUTADIENE®

Part of Overlap
correlation with
Total energy exact
-electron taken into (full CI) A values for
Wave energy account wave corresponding
function eV) (%) function® orbitals
RHF —77.09700 0 0.92954 151
UHF —77.38789 21.4 0.80500 0.9284; 0.6611
EHF local
minimum —77.82041 53.1 0.93696 0.7181; —0.7181
UHF + SP —78.01878 67.7 0.97953 (as for UHF)
EHF —78.34163 91.4 0.99085 0.7749; —0.5114
Full CI —78.45836 100 | —

¢ From Mayer (1974a).
® The projected wave functions are renormalized to unity.

Another simplification is most useful in the ab initio case, since it
permits much less frequent use of the list of two-electron integrals and
recalculation of the auxiliary matrices and other quantities. In this case
one determines the corrections to all the orbitals a; (or b)) simultaneously,
i.e., does not take into account the corrections obtained for the first orbi-
tal when recalculating the second one, etc. If the starting vector is not
extremely poor, this simplification almost does not increase the number of
full iteration cycles (consisting in recalculating all the orbitals) while each
cycle becomes much faster (Mayer, 1978). Often it is useful to combine
the different versions of the algorithm in each calculation.

2. Some m-Electron Calculations

Table I summarizes some results obtained by different one-electron
methods for the m-electron model of butadiene in the PPP integral ap-
proximation® (Mayer, 1974a). In these and some other (Mayer, 1975)
four-electron calculations performed at the semiempirical (PPP, CNDO)

33 The details (parametrizations, etc.) of the calculations shown on the tables were given
in Mayer (1974a, 1975) and Mayer and Kertész (1975). For the constant ¢* in the Mataga-—
Nishimoto formula a value of 14.4117 was used, assuming the distances being measured in
angstroms and the y values in electron volts. A small deviation in this value was the source
of some minor differences between our RHF energies and those obtained by Lengsfield and
Schug (1978).
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level we were able to compare the results given by the different one-
electron approximations also with those of the full CI calculations giving
the exact solutions for the model Hamiltonians considered.

For butadiene (Table I) the UHF method permits account to be taken
of 21.4% of the correlation energy, but the UHF wave function may be
considered much worse than the RHF one: it has a much lower overlap
with the exact ground-state CI wave function. The UHF energy improve-
ment with respect to RHF results from a compromise: the lowering of the
weight of the highest CI eigenfunction in the determinantal wave function
is obtained with the result that there appears a large overlap 0.5401
(29.2% weight) with the lowest (—76.634 eV)?* triplet eigenfunction.

If one performs the spin projection of the UHF wave function, then the
triplet and quintet components disappear and the UHF + SP method
gives a great improvement with respect to UHF (and RHF). A further
significant improvement is given by the EHF method, as the projected
wave function itself is optimized variationally. Thus for this system the
EHF method permits account to be taken of 91.4% of the correlation
energy and gives a wave function which is very close to the exact full CI
one.

In both UHF and EHF cases the one-electron orbitals a; and b;, form-
ing pairs of corresponding orbitals, are the mirror images of each other
with respect to the reflection at the center of the molecule (Mayer, 1974a).
A similar situation was observed for all linear polyene molecules (Mayer
and Kertész, 1975, 1976). Accordingly, the wave function corresponds to
the second case discussed by Popov and Gerratt (see Section ILLE). For
butadiene we found also the EHF wave function corresponding to the first
case discussed in Section ILE, for which not only the many-electron wave
function but also the individual one-electron orbitals are symmetry-
adapted, similarly to the RHF ones. For this EHF solution, however, the
energy is much higher, as the number of effectively free variational pa-
rameters is lower, so it represents only a local minimum (Mayer, 1974a).

In Table II we compare the above results with those obtained by using
a different parametrization (Mayer, 1975) for the off-diagonal core inte-
grals. The qualitative tendencies are the same in both cases (cf. also with
the results of Table VI in Section V for the Goeppert-Mayer—Sklar inte-
gral approximation). The differences in percentages, however, indicate that
the energy improvement which can be obtained by the UHF and
UHF 4+ SP methods is rather system (parametrization)-dependent. At the
same time the EHF results are not much affected by the changes in
parametrization.

34 This figure was misprinted in Mayer (1974a).



244 Istvan Mayer

TABLE II

COMPARISON OF THE RESULTS OBTAINED FOR BUTADIENE BY USING TwO DIFFERENT
PARAMETRIZATIONS IN THE PPP INTEGRAL APPROXIMATION SCHEME®?

Part of correlation energy taken Overlap with exact (full CI)
into account (%) wave function

Parametrization = Parametrization Parametrization Parametrization

Method CATE “B”b pATE uBssb
RHF 0 0 0.930 0.941
UHF 21.4 8.3 0.805 0.856
UHF + SP 67.7 47.6 0.980 0.971
EHF 91.4 86.3 0.991 0.987

¢ From Mayer (1974a).
® From Mayer (1975).

We shall also discuss the case of cyclobutadiene, for which the per-
formance of the EHF method is extremely good; see Table III (Mayer,
1975). Quite similar results were obtained with another parametrization,
too (Mayer and Kertész, 1975). Figure 6 shows that for cyclobutadiene
one has a well-pronounced symmetry effect: as the ratio between the sides
of the rectangle approaches unity, the deviation of the EHF wave function
from the full CI one (the value of 1 — (¥gur| W) falls a few orders of
magnitude. At the configuration of a regular square, which is suggested by

TABLE III

COMPARISON OF DIFFERENT METHODS FOR THE PPP MODEL OF
THE 7-ELECTRONS IN CYCLOBUTADIENE?

Erro: of total Overlap with
w-electron energy exact (full CIy
Method eV) wave function
RHF? 2.389109 0.667
UHF 0.532576 0.683
UHF + SP 0.200127 0.993
EHF 0.000063 0.9999986
Full CI 0 1

¢ From Mayer (1975).

¢ Single-determinant wave function with doubly filled orbi-
tals and no spatial symmetry; it corresponds to only one of the
two ‘‘Kekulé structures’’ (‘‘symmetry dilemma’’).
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Fig. 6. Deviation from unity of the overlap between the EHF and full CI wave functions
for the PPP model of cyclobutadiene as a function of the ratio between the sides of the
rectangle. (Note the logarithmic scale.) From Mayer (1975).

recent experimental results, this measure of the error in the EHF wave
function becomes only 1.4 X 1079, and it was not easy to establish
(Mayer, 1975) that this small difference between the wave functions is not
due only to the round-off errors.

A similar situation exists for the other simplest antiaromatics also with
four m-electrons: cyclopropenyl anion (I) and cyclopentadienyl cation (II)

ANO)

However, the exact m-electron full CI ground state of these systems is
triplet, while the lowest full CI singlet eigenvalue is degenerated, indicat-
ing that the lowest singlet states of these ions perhaps have a deformed
geometry. On the contrary, the full CI ground state of cyclobutadiene is
singlet, though not total-symmetric: the wave function changes by a phase
factor under the rotations around the fourfold axis.

The excellent results given by the EHF method for these antiaromatics
(as compared with the very poor RHF ones) indicate that one cannot even
qualitatively imagine the w-electron structure of these systems by using
the picture of doubly filled orbitals. Owing to the antiferromagnetic
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character of the spin-coupling scheme inherent in the EHF wave function
(see Section II,A) these molecules may be considered as the simplest
systems of the antiferromagnetic type.

Table IV shows the comparison of the energy improvement per elec-
tron pair given by different DODS methods with respect to the RHF
energy for the case of some w-electron molecules with 210 electrons (see
Figs. 1 and 2 in Section II,F for longer polyene chains). We may again
notice that the results given by the EHF method are not only better but
also much less system-dependent than those obtained by the UHF and
UHF + SP procedures. (Note the two orders of magnitude difference
between the UHF results for benzene and decapentaene.) We will not -
discuss these results here in any detail (see Mayer and Kertész, 1975) and
only note that in the case of the nonalternating fulvene molecule two EHF
solutions were obtained: one with an appropriate spatial symmetry and
another was a broken-symmetry solution with a slightly lower energy.

Concerning the radicals, we shall only mention a few results of our
PPP calculations (I. Mayer and T. Pollak, unpublished). The m-electron
spin densities calculated by the EHF method for the allyl radical are very
close to those obtained by full CI, and agree very well also with the
‘‘experimental’’ values determined by using the well-known McConnell

TABLE IV

CoMPARISON OF DIFFERENT DODS METHODS FOR SOME 7-ELECTRON SYSTEMS IN THE
PPP INTEGRAL APPROXIMATION®

Energy improvement per
electron pair with respect
to RHF solution (eV)

Molecule UHF UHF + SP EHF EHF |2} values

Ethylene 0.040 0.309 0.720 0.581
Butadiene 0.146 0.461 0.623 0.775; 0.511
Hexatriene 0.189 0.459 0.557 0.837; 0.744; 0.454
Octatetraene 0.210 0.441 0.511 0.868; 0.822; 0.705; 0.406
Decapentaene 0.222 0.427 0.479 0.886; 0.860; 0.799; 0.667; 0.365
Benzene 0.002 0.072 0.406 0.860; 0.698; 0.698
Styrene 0.038 0.225 0.379 0.894; 0.809; 0.732; 0.618
Fulvene 0.047 0.189 0.366 0.864; 0.779; 0.556

0.065 0.259 0.407 0.847; 0.786; 0.522
s-Triazine 0.045 0.308 0.524 0.835; 0.663; 0.663

2 From Mayer and Kertész (1975).
% Full CI coincides with EHF.
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equation. No such happy situation holds for larger systems. For the ben-
zyl radical the EHF method takes into account about 50% of the correla-
tion energy known from the literature, the spin densities, however (though
they give a very good correlation with the full CI values), are strongly
“‘overpolarized’’ (have too large absolute values), which is the general
tendency observed in the literature for the EHF spin densities. For the
polyene radicals, when the length of the chain increases, the ratio of the
projected and unprojected spin densities quickly approaches the value 3
predicted by the theory (Ukrainsky, 1972a) for the N — o limit.

3. A Comparison of Potential Curves

The potential curves obtained for the B—-H molecule at the ab initio
level by using the different one-electron methods are shown on Fig. 7
(Mayer, 1978). (A double zeta-type basis of Gaussian lobe functions was
used.) These curves may well illustrate the discussion of different one-
electron methods given in the Introduction (Section 1,B).

At the interatomic distances lower than ~3.4 a.u. we have only two
distinct (RHF and EHF) curves, as the UHF method gives no solutions
differing from the RHF ones. The position of the minima on the two
curves agree well with each other and with the experimental equilibrium
distance. Thus the RHF method gives a reasonably good description of
the potential curve at the equilibrium and smaller distances, but at the
larger interatomic distances the RHF energy rapidly increases and from
~7 a.u. on the RHF procedure fails to converge.

so L Elou]

—-25.05 L

—25.1L

-25.15} Rlau]
1.0 1.5 20 25 30 35 40 45 50 55 60

Fig. 7. Potential curves of BH molecule obtained by using different one-electron meth-
ods and a 4s/2p Gaussian lobe basis set. From Mayer, (1978).
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From about 3.4 a.u. the UHF curve departs quite smoothly from the
RHF one and then approaches a correct asymptotic energy value too
quickly.3®

The behavior of the UHF + SP method is rather pathological. After
the separation of the UHF and RHF curves occurs, the UHF + SP ener-
gies, as expected, are between the UHF and EHF ones. The UHF + SP
curve, however, departs sharply from the RHF one and exhibits spurious
extrema. These artificial extrema on the UHF + SP curve are related to
the limitations due to the nonvariational character of this procedure and
show that the UHF + SP method is not adequate to describe even the
qualitative features of potential curves. (Its asymptotic behavior seems,
however, rather good. For a further discussion, see Mayer, 1978.)

The EHF energies are not only lower than those given by the other
one-electron methods, but the EHF potential curve has a weli-balanced
shape and is correct, not only qualitatively but at least, semiquantita-
tively. The value of 67.5 kcal/mole obtained for the dissociation energy of
BH (the depth of the minimum) is somewhat smaller than the most proba-
ble value 83 kcal/mole obtained by a combined experimental-theoretical
estimation (Jones et al., 1967). If one polarization function is added to the
basis on each atom, then the calculated dissociation energy increases to 71
kcal/mole; one may assume that the use of a larger and/or optimized basis
would lead to better (possibly quite good) agreement with the experiment.

A comparison of the results obtained by using some different basis sets
for this molecule (Table V) shows that the EHF method is insensitive to
the peculiarities of the basis, only its overall character is of importance.
Though the absolute values of the energies were strongly different, we
obtained almost exactly parallel potential curves for minimum basis sets
of quite different quality, and similarly, for different basis sets which were
of double zeta type at least in the valence shell.

As the interatomic distance increases, the potential curves given by
the different DODS methods (UHF, UHF + SP, EHF) tend almost
exactly to the same limiting value which is practically equal to the sum of
the RHF energies of the two atoms. This shows that neither of these
methods is able to describe the atomic correlation of the boron atom. This
is in line with the general observations (e.g., Schaefer, 1972) and is imme-
diately connected (Lunell, 1968; Mayer, 1978) with the spin-coupling
scheme (cf. Section II,A) inherent in the EHF wave function: the resulting
EHF multiplicity is obtained from coupling two subsystems of electrons

3 According to an analytical study of a simple model problem, the UHF energy and its
first derivative are continuous and coincide with the corresponding RHF values at the point
where the departure of the UHF curve from the RHF one takes place. The second derivative
of the UHF energy is, however, discontinuous at this point; the UHF + SP method has a
discontinuity already for the first derivative of the energy.
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TABLE V

Basis-SET DEPENDENCE OF THE BH DissoCIATION ENERGY
CALCULATED BY THE EHF METHOD®

Calculated BH dissociation

Basis set energy (kcal/mole)
Minimum; STO/3G* 96.5
Minimum; STO/6G® 95.9
“‘Split shell” (4/3 + 1G)® 67.9
Dunning’s 4s/2p 67.0
Gaussian lobe 4s/2p 67.5¢

@ ]. Mayer, A. AZman, and J. Koller, unpublished results.

® Internal basis sets generated by the ‘‘GAUSSIAN 70"
program system.

¢ From Mayer (1978).

of spins « and 3, respectively, each being in the state of maximum multi-
plicity. At the same time, e.g., two 1s electrons of an atom form a singlet
subsystem to a good approximation. The effective singlet coupling for a
given pair of electrons may be achieved in the EHF case either if their
orbitals are not considerably ‘‘split’’ or if all the other orbitals are practi-
cally doubly filled. As a consequence, for systems which can be consid-
ered as consisting of such pairs of singlet-coupled electrons, one expects
that only one orbital pair will be significantly split, while the other elec-
trons will occupy almost identical pairs of orbitals.

According to the above results, the EHF method takes reasonably well
into account the ‘‘extra’” molecular correlation, whereas it does not de-
scribe at all that part of the correlation energy which has atomic character
even in the molecule. This leads to a relatively good description of forma-
tion and breaking of a chemical bond. It is expected that this good behav-
ior is not restricted to the case of such simple two-electron o-bonds for
which the EHF method may be considered as a generalization of Wein-
baum’s approach to the H, molecule.?® We shall return to this question in
Section V.

B. Application to the Superexchange

Magnetic ion pairs in a crystal lattice which are too far apart to have a
considerable direct exchange interaction may still exhibit a correlation of
usually antiferromagnetic type between their spin alignments due to the

36 Specific problems may appear if there are more than two atoms (see, e.g., Rosenberg
and Martino, 1975); in this case the existence of different EHF solutions may also become
more dangerous.
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interaction via the perturbation of the nonmagnetic environment. This
phenomenon is called superexchange and represents an important field of
experimental and theoretical investigations in solid-state physics and
mangetochemistry. We cannot survey here the different theoretical ap-
proaches used to treat the problem but refer only to the basic work of
Anderson (1963) and the recent reviews of Newman (1977) and van Kalke-
renet al. (1979) (see also, e.g., Hayet al., 1975; Harcourt, 1976; Block and
Jansen, 1976).

Recently we proposed (Mayer and Angelov, 1978, 1980) to treat the
problem of superexchange in insulators by using the EHF method. In
insulators it is often sufficient, at least to a first approximation, to consider
only a single cluster containing the given pair or ions, reducing in this way
the problem to a molecular-type one.

The simplest model of superexchange used for qualitative or some-
times even semiquantitative considerations is the so-called ‘‘three-center,
four-electron’’ model (Fig. 8) in which one considers explicitly only the
magnetic ions and one ligand atom, and each center is represented by only
one orbital. These usually are the appropriate 3d orbitals x; and x; of the
magnetic ions and a 2p orbital x, of the ligand atom. As in the zeroth-order
approximation x; and x; are singly occupied and x, contains two electrons,
we have four electrons in the model.

The quantity which has to be determined is the singlet-triplet separa-
tion or the ‘‘exchange parameter’’ J in the (formal) spin Hamiltonian
(Lowdin, 1962b)

H,, = E, — 2J3%,, (90)
where

Ey =% 'E+1*E; J=1iCE - °E); o1

5 2 . .
s, and s, are the spin operators of the magnetic electrons, and 'E and 3E
are the singlet and triplet energies, respectively.

9 9
S OO ONC ©
d2_2 ‘ Rs ‘ d,2_,2

X1 Xz X3

Fig. 8. The ‘‘three-center, four-electron’” model of superexchange.
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The model is usually treated by a CI-type approach, in which different
“‘processes’’ (i.e., the admixture of different excited configurations) are
considered. This leads to extremely complicated expressions (Huang and
Orbach, 1967) as one has to take into account the overlap®” between the
orbitals x. (Since the magnetic orbitals are essentially singly occupied, the
usual RHF LCAO-MO theory is not well applicable even to the singlet
state, because it strongly exaggerates the weight of the ionic terms.)

One of the evident advantages of applying the EHF method to the
superexchange problem is that the singlet and triplet energies can be
obtained in the framework of exactly the same formalism. Furthermore, it
was established (Mayer and Angelov, 1978, 1980) that for the ‘‘three-
center, four-electron’” model the EHF wave function is identical with the
full CI for the triplet and it is nearly so in the case of the singlet. This is
due to the rather limited basis set and is not valid, of course, for larger
models; the physical picture obtained by considering the EHF wave func-
tion may be easily generalized, however. The use of the EHF computa-
tional scheme is also, of course, not restricted to this simplest model.

Being a generalized one-particle approach, the EHF method immedi-
ately provides us with a well-visualizable picture of the one-electron
MO-s, for which the different interactions cause each orbital to be more or
less delocalized over the whole cluster. The analysis of the EHF wave
function (Mayer and Angelov, 1978, 1980) also permitted a slightly differ-
ent point of view of the problem, more closely related to the ‘‘unper-
turbed”’ physical model in which the orbital x, is doubly filled and the
orbitals x, and x; are singly occupied. The ‘‘direct’ interactions between
the magnetic electrons can be described by solving a Weinbaum-type “‘full
CI”’ problem for the two electrons on x; and x;, omitting from the explicit
consideration or keeping doubly filled the ligand orbital x,. Now, the
analysis of the EHF wave function in terms of different configurations
showed (Mayer and Angelov, 1978, 1980) that the different ‘‘direct’” and
“‘indirect’’ interactions may be simultaneously taken into account in the
following manner: the doubly filled ligand orbital y, is replaced by a
slightly delocalized doubly filled®*® MO; the admixture of the AO-s x, and
Xs to this orbital (the degree of which is optimized automatically in the
course of the EHF variation procedure) reflects mainly the covalency
effects in the metal-ligand bonding. The magnetic orbitals x, and x, are

37 As the considerations usually remained at a semiqualitative level, the nonorthogonal-
ity problem was not treated, as usual in quantum chemistry, by performing the CI in an
orthogonalized basis, since in this case one would lose the immediate connection with the
original physical model.

3% In the model discussed, one of the EHF orbitals must be doubly filled due to the small
basis set.
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also replaced by some new ones containing a small admixture of the ligand
orbital x,. These orbitals may be immediately connected (Mayer and
Angelov, 1980) with the ‘‘effective magnetic orbitals’’ in Anderson’s
(1963) “‘ligand field’’ or ‘‘kinetic exchange’’ model for superexchange.
The CI for the two electrons on these new effective magnetic orbitals is
also automatically included in the EHF variation procedure.

The use of the EHF method in treating the superexchange may be-
come of specific importance if one considers problems in which each
magnetic ion contains more than one d electron and is in a high spin state.
In this case we have, besides the closed shells, two subsystems of elec-
trons, within each of which the spins are coupled together, due to Hund’s
rule, to form the states of maximum multiplicity. We are essentially in-
terested in the different states resulting from coupling of these subsys-
tems. As the spin-coupling scheme (Section II,A) characteristic of the
EHF wave function exactly corresponds to this situation, the EHF
method is expected (Mayer and Angelov, 1980) to be especially adequate
to treat problems of this type. One may propose also a straightforward
and perhaps adequate simplified scheme: the orbitals corresponding to
shells of physically closed character (for which the EHF method would
give no significant orbital splitting anyway) may be kept doubly filled and
one may apply the full EHF formalism only to the shells of physically
open character, performing, however, a simultaneous variational optimi-
zation of the LCAO coefficients for the orbitals of both closed and open
type.

V. Concluding Remarks

Since in 1955 when Lowdin published his classical work, the concep-
tual simplicity of the EHF method, on the one hand, and the complexity of
solving the corresponding variational problem, on the other, have rep-
resented a great challenge for generations of quantum chemists. As we
have seen, a number of different approaches were worked out; one of
them is discussed in some detail in Section 111, others are summarized in
Section II. The development of the theory in this field (of course in per-
manent interaction with that in the other branches of quantum chemistry
and related topics) led to a deeper understanding of different important
aspects of the electronic structure of atoms, molecules, and the solid
state. A number of actual calculations were also done by using the EHF
method and the related approaches; these clarified the possibilities and
limitations of the method. Accordingly, we shall close the present article
devoted to the spin-projected EHF method by a brief summary of the
conclusions which one may get at in this respect.
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The great enthusiasm of the first period was based on the extremely
good results which can be obtained for the two-electron systems by using
the EHF method and, especially, the projected HF method in the more
general sense (cf. Section II,I). Unfortunately, the limitations due to the
EHF spin-coupling scheme did not permit obtainment of similar good
results for larger systems. This essential limitation prevented the method
from fulfilling the expectation that it might become a universal key for
solving the correlation problem.? Its importance, however, is very large
in conceptual analysis of problems like antiferromagnetism. As the EHF
calculations are time-consuming, one must select those problems for
which the characteristic features of the EHF method (not only the visu-
alizability of the generalized one-particle scheme, but when possible, also
the spin-coupling scheme) represent advantages with respect to the other
approaches. Some fields will be discussed here in which, according to the
opinion of the present author, the use of the EHF method may be espe-
cially fruitful.

The correlation in m-electron systems (especially antiaromatics). The
‘‘horizontal’’ correlation characteristic for such systems is described well
by the EHF method. One may note in this connection that the more simple
AMO method gives results which are in many cases almost as good as the
EHF ones. The comparison of results for butadiene shown in Table VI
may well illustrate this statement.*® It is, however, this author’s opinion
that for larger systems it is practically easier to carry out a complete EHF
calculation than a many-parameter AMO one.

Formation and breaking of a chemical bond. In this respect the EHF
method may be most adequate for consideration of diatomics, especially
in those cases in which other methods meet difficulties. Thus, the investi-
gation of the potential curves for molecules like N, cannot be carried out
for the interval of larger interatomic distances by using methods like the
usual CI procedures for single and double substitutions or their equiva-
lents. In fact, in order to obtain a correct asymptotic behavior, it would be
necessary to take into account the higher excitations also (P. Pulay, pri-
vate communication, 1978). At the same time the EHF wave function is

3% The further generalizations of the method (e.g., the use of GSO-s) possibly could help
to overcome these limitations. The corresponding variational problem, however, may be
more complex than that in the EHF case by one or more orders of magnitude.

% As noted in Section II,I, the EHF method can be considered as an AMO using
variationally optimized ‘‘starting’’ MO-s. These optimized MO-s can be obtained a poste-
riori by performing a natural orbital analysis of the EHF wave function. For butadiene these
‘‘starting’’ MO-s were found to be rather close to the canonical RHF MO-s, thus demonstrat-
ing the extremely ingenious character of the original AMO idea. (The mixing of the occupied
and virtual RHF orbitals in the EHF natural orbitals is characterized by coefficients of value
only 0.025 and 0.029. Similar results were obtained for the PPP parametrization also.)
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TABLE VI

COMPARISON OF DIFFERENT METHODS FOR THE GOEPPERT-MAYER-SKLAR
MODEL OF THE 7-ELECTRONS IN BUTADIENE®

Energy improvement with Part of correlation
respect to RHF energy taken into
Method solution (eV) account (%)
UHF local
minimum?® 0.121 5.1
UHF local
minimum?® + SP 0.922 39.2
EHF local
minimum® 1.555 66.2
UHF 0.641 27.3
UHF + SP 1.727 73.5
EHF 2.057 87.6
AMO (A-MO-s)¢ 1.956 83.2
AMO (RHF-MO-s)¢ 2.034 86.6
Full CI¢ 2.35 100

@ 1. Mayer, unpublished results.

b Solutions with spatially symmetry-adapted individual one-electron
orbitals.

¢ Literature data taken from Pauncz’s (1967) book.

¢ “Topological” starting MO-s (obtained by diagonalizing the overlap
matrix).

quite adequate to describe these dissociation processes: at the larger in-
teratomic distances the atoms are in states of high multiplicity due to
Hund’s rule, and their valence electrons form just two subsystems of
maximum multiplicity which correspond to the EHF spin-coupling
scheme. Accordingly, one may expect an especially good asymptotic be-
havior of the EHF potential curves. At intermediate distances the interac-
tion between such atoms will be reflected by the delocalization of the EHF
orbitals. (As an illustration, we show in Fig. 9 the RHF and EHF potential
curves of the N, molecule calculated at the CNDO/2 level of integral
approximation. From about 5 A the EHF energy is equal to the full ma-
chine accuracy with the sum of the CNDO energies of two nitrogen
atoms.)

A related useful application of the EHF method may be the calculation
of potential curves for diatomic fragments necessary in calculating poten-
tial surfaces of reacting systems by using the ‘‘diatomics in molecules’
method (L. Ziilicke, private communication, 1978). The good asymptotic



Spin-Projected Extended Hartree~Fock Method 255

E —2EN
[a.u]
0.5
RHF

-1

Fig. 9. Potential curves of the N, molecule calculated at the CNDO/2 level (1. Mayer,
unpublished resuits).

behavior and the possibility of performing the calculations for different
spin states (including ‘‘exotic’’ ones) in the framework of the same for-
malism may make the EHF method especially advantageous in this re-
spect.

Superexchange and similar problems—see Section IV,B.

In all of the aforementioned cases the closed shells (including the
o-¢electrons of the conjugated molecules) may perhaps reasonably be
treated by using the simplification discussed in Section IV,B.

It follows from the previous examples that (beyond the wr-electron
problems) the application of the EHF method may be advantageous for
systems in which either there is a well-defined two-electron open-shell
subsystem (like a bond which is broken) or in which the open-shell elec-
trons form—due perhaps to Hund’s rule—two subsystems of high multi-
plicity, coupled in an antiferromagnetic manner.
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I. Importance of the Schrodinger Equation

Since the discovery of modern quantum theory in 1925 independently
by Schrodinger, Heisenberg, and Dirac, it has generally been believed
that the structure of the stationary or scattering states of any molecular
system could be described by finding the eigenfunctions ¥ to the time-
independent Schrodinger equation

HY =EV, (n
where H is the Hamiltonian operator
€€
H = , 2
2 ka Je<l I3 @

having each classical momentum p, replaced by the differential operator

=_’1_<_3_ 0 i). 3)
Pr = 2i \Bx, * By, > 024

For stationary states, the complex wave function ¥ is assumed to be
absolutely quadratically integrable, i.e., it belongs to a Hilbert space of
type L?, whereas for scattering states it is assumed to be finite at the
boundaries of the system.

It should be observed that, in classical quantum mechanics, it had been
impossible to treat molecular systems from first principles, and that it was
essentially the discovery of the exchange phenomenon by Heisenberg (/)
in 1926 in his study of the helium atom that opened the way to the treat-
ment of two- and many-electron systems. Using this idea in a study of the
ground state of the hydrogen molecule consisting of the two atoms a and
b, Heitler and London (2) could show in 1927 that a wave function

@(1, 2) = Ha(1)b(2) + b(Da(2)], (4

which is invariant under the exchange of the two electrons 1 and 2, seems
to correspond to the ‘‘covalent bond’ in chemistry. This paper gave
“‘birth”’ to the new field of quantum chemistry, which celebrated its fiftieth
anniversary in 1977.

The first two papers on exchange were certainly more qualitative than
quantitative—expressing a new idea in physics and chemistry. The final
test of the validity of any theory depends on how well its numerical results
compare with the experimental experience and whether one obtains com-
plete agreement in all figures known, when all factors are taken into con-
sideration. The first proof that the Schrodinger equation (1) in a configura-
tion space with two electrons would give theoretical results in excellent
agreement with experience was given by Hylleraas (3) in 1929 in his study
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of the helium atom. Similar evidence for the hydrogen molecule was given
by James and Coolidge (/) in 1933. These two numerical treatments
started a long series of papers on the helium atom and the hydrogen
molecule which culminated in the works by Pekeris (5) and by Kolos and
Wolniewicz (6), respectively, and which is still going on.

However, in the treatment of many-electron systems, the Schrédinger
equation (1) is not enough—one must also consider Pauli’s famous exclu-
sion principle for the electrons. Since the total Hamiltonian H in Eq. (2) is
spin free and invariant under all permutations P, of the electronic coordi-
nates (ry, 3, . . ., ry) so that P.H = HP,, one may formulate the exclu-
sion principle in a spin-free theory in terms of the properties of the irreduc-
ible representations of the symmetric group (7).

Following Slater, one may instead introduce the spin coordinates {,,
L, . . ., L, of the electrons explicitly and assume that the total wave
function ¥ depends on the combined coordinates X = (x;, x5, . . ., Xn),
where x; = (ry, ), so that ¥ = ¥(x,, x5, . . ., Xy). In forming the binary
product

(W[¥,) = [ ¥rv,ax, 5)

where dX = dx, dx, - - - dxy, one should further integrate over the ordi-
nary coordinates r, rs, . . ., ry, and sum over the spins {;, &, . . ., .
One may then formulate the exclusion principle as an antisymmetry condi-
tion, which has to be fulfilled by an electronic wave function ¥:

PY = (-1)*V, (6)
where p is the parity of the permutation P = P, of the coordinates
X =(x, xa, . . ., xy). If one has found a solution ® = ®(x;, xz, . . ., Xp)

to the Schrodinger equation (1) that is not fully antisymmetric, one may
always consider its antisymmetric component ®,; = 0,,P, which is se-
lected by the projector for the antisymmetric representation:

Ous = NDT 3 (= 1)*P. N
P

It satisfies the relations O3s = 0,5, PO, = (—1)?0,5 and O'y,g = 0,5,
where the adjoint T of an arbitrary linear operator T is defined by the
relation (TW,|¥,) = (¥,|T"¥,). Using this projector, one may replace
the antisymmetry condition (6) by the single relation

OV = V. (3

It is hence evident that the solutions to the Schridinger equation (1) have
to satisfy certain auxiliary conditions associated with the Pauli exclusion
principle in order to represent many-electron systems.
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In retrospect over the last 50 years, one can now say that the original
belief that the Schrédinger equation (1) should present a firm basis for the
nonrelativistic theory of atomic and molecular structure has turned out to
be valid, and that Dirac’s famous prediction (§) of 1928 has become true:

The general theory of quantum mechanics is now almost complete, the imperfec-
tions that still remain being in connection with the exact fitting in of the theory with
relativity ideas. These give rise to difficulties only when high-speed particles are in-
volved, and are therefore of no importance in the consideration of atomic and molecular
structure and ordinary chemical reactions. . . . The underlying physical laws necessary
for the mathematical theory of a large part of physics and the whole of chemistry are
thus completely known, and the difficulty is only that the exact application of these laws
leads to equations much too complicated to be soluble. . . .

At the same time, it is also true that our knowledge of the proper
relativistic corrections and radiation effects are highly uncertain—at least
in principle—and that a great deal remains to be done in developing a fully
relativistic theory for many-electron systems and to study its implications
for our understanding of atomic and molecular structure.

II. Calculation of Approximate Eigenfunctions

A. The Born—-Oppenheimer Approximation

Since one can solve the Schridinger equation (1) exactly in closed
form only for a few exceptional cases, one has instead to rely on approxi-
mate methods in the study of molecular structure such that, in principle,
they will give any numerical accuracy desired. Some methods of this type
are discussed in this section.

Most molecular studies start from the Born—Oppenheimer (9) scheme,
in which the atomic nuclei are assumed to be fixed in a first approxima-
tion. Denoting the electrons by the indices / and j, respectively, one finds
that the Hamiltonian (2) reduces to the form

Helzezzgé_*_ip_%-ezzzgg_f_ ff, 9)
g<h Ron i=1 2m 7 g T iey T

where the first term H,, is the internuclear Coulomb repulsion, the second
term 7 the electronic kinetic energy, the third term L the Coulomb attrac-
tion between the electrons and the atomic nuclei, and the fourth term C
the interelectronic Coulomb repulsion. After solving the electronic
Schrédinger equation for various values of the nuclear coordinates R,,
one gets an energy map E = E(R,) from which one can determine the
various energy minima corresponding to the different conformations o